
STAT7032, Spring 2016 Final Exam Sample

Name:

Instructions:

• This is a two-hour exam. Closed-book. No notes/homework.

1. Let X and {Xn}n∈N be non-negative random variables. Suppose Xn ↓
X as n→∞ almost surely. Does it necessarily follow that

lim
n→∞

EXn = EX?

Prove or disprove by providing a counterexample.

2. Let X1, X2, . . . be i.i.d. standard normal random variables. That is,

P(X1 ≤ x) =
∫ x

−∞
φ(y)dy with φ(y) =

1√
2π

exp

(
−y

2

2

)
.

It is known that

x

1 + x2
φ(x) < P(X1 > x) <

1

x
φ(x) for all x > 0.

Show that for all ε > 0,

P
(

Xn√
2 log n

> 1− ε i.o.
)

= 1.

3. Suppose the price of a stock changes by (1+Vn)·100% every year, with
{Vn}n∈N i.i.d. taking values uniformly from (−0.05, 0.05). Consider the
geometric average of the price changes after n years

Wn =

(
n∏
i=1

(1 + Vi)

)1/n

.

(a) Show that limn→∞ logWn = c almost surely.

(b) Mr. Jackson decides, if c > 0, then the stock is worth investigat-
ing. Is it?

Hint: you may want to use Jensen inequality.

4. Let {Xn}n∈N be i.i.d. random variables with P(Xn = ±1) = 1/2, n ∈
N. Find the values of β and σ2 > 0 such that

1

nβ

n∑
k=1

kXk ⇒ N (0, σ2).

Justify your answer.
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