STAT7032, Spring 2017 Homework 5

Due Wed. Feb 29 in class. Problems with (xx) are for extra credits

only.
1.
2.

Read lecture notes 3.1 — 3.2.

Recall the definition of convergence in probability: we say X, con-
verges to X, if

lim P(]X,, — X|>¢€) =0, for all e > 0. (1)
n—oo
Consider another condition:
lim P(X, # X) = 0. 2)
n— o0
Show that (2) implies (1), but the opposite is not necessarily true
without further assumption.

Let {X,,}nen be a stationary sequence of random variables with co-
variance function ¢, so that Cov(X;, X;) = ¢(i — j). Write S,, =
X1+ -+ X,,. Show that

n—1 n—1
Var(S,) = Y. (n— li))p(i) = np(0) + 2 (n — i)(i).
i=—n+1 =1

Let X1, Xo,... be uncorrelated random variables such that EX; = u;
and lim;_,~, Var(X;)/i = 0. Consider S,, = Xj +---+ X,,, and v,, =
ES, /n. Show that S, /n — v, — 0 in L? and in probability.

Hint: Compute Var(S,,) and find an upper bound for Var(S,)/n?. You

may use the fact that for any sequence of real numbers {a, } ey such
that lim,, o0 ap = a € R,

n
1
lim — g a; = a.
n—oo n
i=1

(2016 April Prelim) Consider i.i.d. Poisson random variables { X, } nen
with parameter A > 0. Consider Y,, := X, X9,,n € N and T, :=
Yi+---4Y,.

(a) Compute ET,,.

(b) Find an explicit constant C' such that Var(T,,) < Cn for alln € N.

Explain clearly how you determine the constant C'. The constant
does not have to be optimal and may depend on A. However, it
must be independent from n.
Hint: {Y,}nen is not a stationary sequence, so the calculation
of Var(S,) before cannot be used. However, the calculation of
Var(7},) is not much more complicated, and here we need only an
upper bound instead of an exact expression.

(¢) Find a sequence of real numbers {ay, },en, such that

T,
—" — 1 in probability.
an

Justify your result.



