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1. (Symmetric) Stable random fields

Let X = {X(¢),t € R"} be a real-valued symmetric -
stable random field with the following representation

{X(r),teRN}i{/ftx teRN} (1)

where M, is a SaS random measure on a measurable space
(F, F) with control measure m, f(z,-) : F — R (t € RY) is
a family of functions on F satisfying

/ If (2, x)|* m(dx) < oo, VieRY. (2)
F
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Foranyn > landt',..., " € R", the characteristic func-
tion of X(¢'),..., X(#") is given by

Eexp (iznjij(tO) = (- ifff ©),)

where §; € R (1 <j <n)and || - ||om is the L*(F, F, m)-
normif & > 1 and quasinormif 0 < o < 1.

See Samorodnitsky and Tagqu (1994) for more informa-
tion.

AN]
Yimin Xiao (Michigan State University) Maximal Moments and Uniform Modulus of Cc



We will also consider real-valued stable random fields X
represented by

(X(r), re RV} £ {fﬁe/Ff(t,x)JVIa(dx), te RN},

where M, is a complex-valued, rotationally invariant o-
stable random measure on a measurable space (F, F) with
control measure m and the complex-valued, measurable
functions f(z, ) (t € RY) satisfy (2).
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2. Some Examples

2.1 Linear fractional stable sheets

Given 0 < o < 2and H = (Hy, ...,Hy) € (0,1)V, a
linear fractional stable sheet Z" = {Z" (1), € RY} with
values in R is defined by

/ Hh l‘g,Sg a(ds),
RN

where

e (R C
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Basic properties of zH

@ Along the j-th direction of RY, ZH becomes a real-
valued linear fractional stable motion of index H;.

o ZH is operator self-similar in the following sense

{Zﬁ(At), = R’_\[} 4 {(ﬁaﬁ)zﬁ(t), te R’i}, (3)

=1
where A = (a;;) is an N x N diagonal matrix with
g a; >0 if i=j,
Y710 if i+#].
@ Modulus of continuity and other properties studied in

Ayache, Roueff and Xiao (2009) by using the wavelet
method.
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2.2 Harmonizable fractional stable sheets
Given 0 < a < 2and H = (Hy, ...,Hy) € (0,1) :

the harmonizable fractional stable sheet ZH = (ZH (1), 1
R} with values in R is defined by

~z NGt ]
ZH (1) :9‘{6/ | | — M, (d)).
RN
j:

PN R

Similar to the linear fractional stable sheet, ZH is operator
self-similar in the sense of (3). Along each direction of RY,

ZH is a real-valued harmonizable fractional stable motion.
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3. Uniform Modulus of Continuity

Uniform modulus of continuity of stable random fields have
been studied by several authors using different methods.

For example, Kono and Maejima (1991), Takashima (1989),
Ayache, Roueff and Xiao (2009), Biermé and Lacaux (2009,
2015), Xiao (2010), Ayache and Boutard (2017), and Pan-
igrahi, Roy, and Xiao (2018).
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A modification of the chaining argument

The chaining arguments in the proofs of Kolmogorov’s
continuity theorem, Dudley’s entropy theorem, Talagrand’s
majorizing measures are powerful for Gaussian and other
light-tailed random fields. However, they are not suitable
for stable random fields.

X. (2010) modified the chaining argument so that it can be
applied to random fields with heavy-tailed distributions.

Let {X(¢), t € T} be a real-valued random field indexed
by a compact metric space (T, p).
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Let {D, : n > 1} be a sequence of finite subsets of T
satisfying the following conditions:

(i) There exists an integer ¢ such that for all n > 1 and
all ,, € D,, we have #(On_l(Tn)) < Ko, where

On (1) =47, | €Du_1:plryn,7._1) <27}

(ii) For every s,t € T with p(s,7) < 27", there exist
{mp(s) : p > n} and {7,(¢) : p > n} such that
Ta(s) = 7,(¢) and, for every p > n, 7,(s), 7,(t) € D,,
p(1p(s),8) < 277, p(1,(¢),1) < 277, and 7,(s) €
Op(Tp11(5)), (1) € Op(7p11(21)).

If s € D := U2 | Dy, then there exists an integer g > 1
such that 7,(s) = s forall p > g.
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If T = [0, 1]V, a natural choice of {D,, : n > 1} is
D, — {(k12”,...,kN2") 0<k <2 1< gN}.
Then D, C D,y and |J~, D, = [0, 1]V,

The following picture gives D and D;.

w1y
o1 P
> 4
(1/4,3/2)
6175 iz 172
(0,0)

Picture in the d=2 case
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Theorem 3.1 [X. (2010]

Let {X(t), t € T} be a real-valued random field indexed
by a compact metric space (7, p) and let {D, : n > 1}
be a chaining sequence satisfying (i) and (i1). Suppose o :
R, — R, is a nondecreasing continuous function which

is regularly varying at the origin with index o > 0.
If there are constants v > 0, and K > 0 such that

E( max  max  |X(7,) — X(T,/l_l)”y) <K(e2™)" @

Th€Dy 7";7160"71(7},)
for all integers n > 1, then for all € > 0,

. SUP,er SUP  <p X (1) — X(s)]
lim

h—0+ o(h)(log 1/h)(+e)/y R )
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Proof. Given any s,t € D = |-, Dy with p(s, 1) < 27",
let {7,(s),n < p < g} and {7,(¢),n < p < g} be the two
approximating chains to s and ¢ given by Condition (ii).
The triangle inequality and the fact 7,,(s) = 7,(¢) imply

X(1) = X(5)|
< 3" (1X(30) ~ X )] + X (7(5)) — X(5p-1(5))]) o
S 2 gleaD)i T Ie%ai(n) ‘X(Tp) B X(T;_l)"

It 1s helpful to note that, for each p > n + 1, the max-
imum in (6) is taken over at most o #(D,) instead of

#(Dp—l)#(l)ﬁ)'
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For any integer n > 1, let

A, =sup sup |X(r)—X(s)|.

$,0€D p(s,1) <27

It follows from (6) and (4) that

E(A)) <K Z E(max max ‘X(Tp> —X(T/—l)P)

p=ntl T])GD]) Tplileopfl(Tp)

< Ko(27").

Hence Markov’s inequality gives that for all integers n > 1
and real numbers u > 0

P(A, > 027" u) <Ku.

The rest follows from a Borel-Cantelli argument.
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4. Maximal Moment Estimates

Panigrahi, Roy, and X. (2018) obtained sharp estimates on
E ( max; <<, |&]|7) for a stationary SaS random field, and
applied them to derive uniform modulus of continuity for
self-similar SaS random fields with stationary increments.

@ The main tools are ergodic theoretic in nature; see
Rosinski (1995, 2000).

@ It is based on Samorodnitsky (2004), which is on ex-
treme value theory of SaS processes.

@ The solution is strongly connected to the effective di-
mension of the random field; Roy and Samorodnitsky
(2008), Chakrabarty and Roy (2013).
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Rosinski (1995, 2000) showed that every stationary SasS
random field Y = {Y(¢), t € Z"} can be represented as

o 1/
Yo - [ c,<s>(d“dff<s>> fod(sMa(ds), 1€Z", (D

where f € L*(S, 1), and where

@ M, is a SaS random measure on a standard Borel
space (S, S) with o-finite control measure i,

@ {¢:}1ezv is a nonsingular Z¥-action on (S, S, 1) (i.e.,
each ¢, : § — Sis ameasurable map, ¢ is the identity
map on S, ¢, = ¢, 0 ¢, for all u,v € ZN and each
14 © ¢, is equivalent to u), and

@ {c/};ezv is a measurable cocycle for {¢,} (i.e., each ¢,
is a {£1}-valued measurable map defined on S satis-
fying ¢, (s) = cu(éy(s))c,(s) for all u,v € Z" and
for all s € ).
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A measurable set W C § is called a wandering set for the
nonsingular ZN-action {¢,},czv if {¢,(W) : t € ZV} is a
pairwise disjoint collection.

The set S can be decomposed into two disjoint and invari-
ant parts as follows:

S=CuUD,

where D = |,z ¢:(W*) for some wandering set W* C S,
and C has no wandering subset of positive j-measure; see
Aaronson (1997).

This decomposition is called the Hopf decomposition, and
the sets C and D are called conservative and dissipative

parts (of {¢;},czv), respectively.
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The action and, correspondingly, the random field Y, is
called conservative if S = C and dissipative if § = D.

Samorodnitsky (2004), Roy and Samorodnitsky (2008) prove:
the following dichotomy:

—N/a

n max |Y(7)| =

[t]lcc<n

cyZ,, 1fY is dissipative,
0, if Y is conservative

as n — oo. Here Z, is a standard Frechét type extreme
value random variable with distribution

P(Z, <x)=e"* , x>0,

and cy is a positive constant depending on Y.
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For conservative actions, Roy and Samorodnitsky (2008)
showed that the actual rate of growth of

M, = max |Y (1)

] o <n

depends on further properties of the action. Let
A={¢: 1eZ"}

be a subgroup of the group of invertible nonsingular trans-
formations on (S, ) and define a group homomorphism,
®:7ZN — Aby ®(t) = ¢, forall t € ZV. Let

K =Ker(®) = {re Z" : ¢, = 15},

where 1g denotes the identity map on S.
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Then /C is a free abelian group and by the first isomorphism
theorem of groups, we have

A=7VN/K.

Now, by the structure theorem of finitely generated abelian
groups (see, for example, Lang (2002)), we get,

A=F®G,

where F is a free abelian group and G is a finite group.
Assume rank(F) = p > 1 and |G| = L

There exists an injective group homomorphism, ¥ : F —
ZN such that ® o U = 1. Then F = U(F) is a free sub-
group of ZV of rank p, which is the effective dimension of
the random field.
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Roy and Samorodnitsky (2008) showed that, depending on
the nature of the action restricted to F', the asymptotic be-
havior of the partial maxima can be sharpened:

n oM,
cyZ, if the restricted F-action is dissipative,
0 if the restricted F-action is conservative.
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In the representation (7), we denote

o 1/
dp ¢t(s)) fodis). 8)

Analogously to Samorodnitsky (2004), Roy and Samorod-
nitsky (2008), the asymptotic behavior of the moments of
{M,} is related to the deterministic sequence:

{bn}@]:{( [ max 16)uld >)1/a} o

n>1
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Samorodnitsky (2004), Roy and Samorodnitsky (2008) have
proved:

) . ) 10
0 if action is conservative, (10)

_ cy 1if action is dissipative
n b, — { patlve,
where cy is a positive constant.

In the conservative case, a refined result on {b,} in terms
of the effective dimension was also proved.
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Theorem 4.1 [Panigrahi, Roy, and X. (2018)]
LetY = {Y(¢), t € Z"} be a stationary SaS random field
with 0 < a < 2 and having integral representation (7).

o If Y is dissipative, then for 0 < 8 < a,

n VIR [MI] — C asn— oo, (11)

where C > 0 is a finite constant.
@ If Y is conservative, then for 0 < 8 < «a,

nVYOE[MP] -0 asn— oo (12)
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Sketch of Proof of (11)

We will make use of the following series representation for
{Yi,0 <k <(n—1)1}:

4 1/a - —1/a
Yi = b,CY* Y 4T —,
j=1 ! MaXme(0,(n—1)1] lfm(Uj( ))|

In the above, {I',},>1 is a sequence of arrival times of
a unit rate Poisson process on (0,00), {&,},>1 are i.i.d.

Rademacher random variables, and {Ué")}nzl ¢ =1,2)
are i.i.d. S-valued random variables with common law 7,
whose density is given by

dany -~
_po a S.
an Ogtrg(gg)llﬁ(m , S€

All four sequences are independent.
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By applying Samorodnitsky (2004), one has the following
upper bound on the tail distribution of b, 'M,;:

P(b,'M, > \) <P(CYoT7"* > A1 = 6)) + ¢ule, ) + (e, 8, \).

where ¢, (e, \) and 1,(€,0, ) are negligible. More ex-
plictly

O™ o
maXe(o,(n—1)1] lfm ( l]J(n) ) ’ C(lx/a

for at least 2 different j)

dule, ) = P(Hk c [0, (n— 1],

_ bneX .
< nP <F. Ve o 7% for at least 2 different j>.

o flla
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For any 0 < 3 < «, we have
E[b;"M?] = / P(b;'M, > /%) dr
0

</ P(C/ory Y > 751 — §))dr

/gzﬁeT d7'+/ wneérl/ﬁ

)+ T3 (e) + T3 (e, 6

(13)

We prove that TZ(”)(e) and T\" (¢, 6) go to 0 as n — oo, and

asn — oo and § — 0+.
Similarly, we prove the desired lower bound for E [b,; mp ] .
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Thank you
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