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Introduction

In this talk, we will show how analysis on Wiener space namely the
combination between Stein’s method and Malliavin calculus which was
initiated by Nourdin and Peccati in 2008 can be used to solve parameter
estimation problems for fBm-driven models and for more general stationary
and non-stationary Gaussian models.
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Quick review about the drift estimators

There are several approaches to estimate drift parameters in fBm-driven
models, which have been developed over the past 15 years.

The MLE approach : based on Girsanov transforms and depends on
the properties of the deterministic fractional operators related to the
fBm. MLE is not easily computable. It relies on being able to compute
stochastic integrals with respect to fBm which is difficult and
Skorohod-type integrals can not be computed based on the data.
The LS approach relies on an unobservable Skorohod integral.
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Motivations

This work continues the line of research of the paper of Es-Sebaiy and
Viens [10], where they solved several parameter estimation problems for
observations that are assumed to be stationary or asymptotically so.

One of the applications they did concerns estimating the drift parameter of
the FOU, which is the solution of the SDE

dXt = −θXtdt + dBH
t , t ≥ 0, X0 = 0. (1)

where BH , is a fBm of Hurst parameter H ∈ (0, 1).
Equation (1) has the explicit solution

Xt =

∫ t

0
e−θ(t−s) dBH

s (2)
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Xt can be written as
Xt = Z θt − e−θt Z θ0

where Z θt =
∫ t
−∞ e−θ(t−s) dBH

s is stationary and ergodic.
They work with the following estimator

Qfq ,n(Z θ) :=
1
n

n−1∑
i=0

fq(Z θi )

and
λfq(Z θ) := E

[
fq(Z θ0 )

]
.

where fq is a polynomial function such that fq possesses the following
decomposition

fq(x) :=

q/2∑
k=0

dfq ,2kH2k

(
x√

rZθ(0)

)
(3)

where q is an even integer,
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They proved that :

• Qfq ,n(X )→ λfq(Z θ) a.s. as n→ +∞.
•
√
n(Qfq ,n(X )− λfq(Z θ))→ N (0, ufq(Z θ)) in law as n→ +∞.

where ufq(Z θ) := limn→+∞ E
[
(
√
n(Qfq ,n(Z θ)− λfq(Z θ)))2]

Then writing λfq(Z θ) = µfq(θ), we can consider the following estimator (if
µfq is invertible)

θ̂fq ,n = µ−1
fq

[Qfq ,n(X )]
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In the case where q = 2, µf2(θ) = HΓ(2H)
θ2H

and

θ̂n =
(

1
nHΓ(2H)

∑n
k=1 X

2
k

)− 1
2H

They proved that

• θ̂n → θ a.s. as n→ +∞.
• √vn(θ̂n − θ)→ N (0, σ2

Hθ) in law as n→ +∞.
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Now when the driving noise in (1) is any Gaussian process how to prove
that

• θ̂n remains a good estimator ?
• How to calculate the limiting law ?
• And speed of this convergence in law?

without relying on the ergodicity or the stationarity?
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General Context

Let X = {Xn = I1(fn)}n≥0 be a sequence of random variables such that
I1(fn) is a Wiener Integral with respect to a Gaussian process G where
fn ∈ H. In particular, we don’t assume that X is stationary.

We aim to estimate the asymptotic variance of {Xn}n≥0

lim
n→+∞

E [X 2
n ] = f ?.

Based on the following statistic:

f̂n(X ) =
1
n

n∑
i=1

X 2
i . (4)

we also define

An(X ) := E [f̂n(X )] and Vn(X ) =
1√
n

n∑
i=1

(X 2
i − E [X 2

i ]).
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The following assumptions are required

(H1) E [X 2
n ] −→ f , when n −→∞.

(H2) E [Vn(X )2] −→ σ2, when n −→∞.

(H3) |E [XtXs ]| ≤ Cρ (|t − s|) ∀t, s ∈ R where t 6= s where ρ : R→ R is a
symmetric function such that ρ(0) = 1.

(H4)
√
n|An(X )− f | −→ 0, as n −→∞.
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The strong consistency

Theorem

Assume that (H1) and (H2) hold . Then

f̂n(X ) −→ f

almost surely n −→∞.
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Asymptotic normality

Theorem (see [6])

Fix an integer q ≥ 2 and consider a sequence of random variables
{Fn; n ≥ 1} belonging to the qth Wiener chaos of an isonormal Gaussian
process and such that E [F 2

n ] = 1 and let N ∼ N (0, 1) be a standard
Gaussian random variable. Then, there exists c ,C > 0 such that

c max{|E [F 3
n ]|,E [F 4

n ]− 3} ≤ dTV (Fn,N) ≤ C max{|E [F 3
n ]|,E [F 4

n ]− 3}

We set vn(X ) = E [Vn(X )2] and Fn(X ) = Vn(X )√
vn

= I2(gn) where

gn = 1√
nvn(X )

∑n
k=1 f

⊗2
k .
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Remark

Since E [Fn(X )] = 0, we have κ3(Fn(X )) = E [Fn(X )3], and
E [Fn(X )2] = 1, κ4(Fn(X )) = E [Fn(X )4]− 3.

Sous (H3)

κ3(Fn(X )) = 8〈gn, gn ⊗1 gn〉2H⊗2

=
8

(nvn(X ))3/2

n∑
i ,j ,k=1

〈fi , fk〉H〈fi , fj〉H〈fk , fj〉H

=
8

(nvn(X ))3/2

n∑
i ,j ,k=1

E [XiXk ]E [XiXj ]E [XjXk ]

E
8

(nvn(X ))3/2

n∑
i ,j ,k=1

ρ(i − k)ρ(i − j)ρ(j − k)

E
8

vn(X )3/2√n
(
∑
|k|<n

|ρ(k)|3/2)2. (5)
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Under (H3), we have

κ4(Fn(X )) =
1

vn(X )2n2

n∑
k1,k2,k3,k4=1

E [Xk1Xk2 ]E [Xk2Xk3 ]E [Xk3Xk4 ]E [Xk4Xk1 ]

E
1

vn(X )2n2

n∑
k1,k2,k3,k4=1

ρ(k − l)ρ(i − j)ρ(k − i)ρ(l − j)

E
1

vn(X )2n
(
∑
|k|<n

|ρ(k)|
4
3 )3 (6)
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Theorem

Let N ∼ N (0, 1). If (H3) holds and if exists 1
2 < β < 2 such that

ρ (t) ≤ C |t|−β for a large |t|. Then

dTV (Fn(X ),N) ≤ C

vn(X )2 ∧ vn(X )3/2



1 if β = 1
2

n
3
2−3β if β ∈

(1
2 ,

2
3

)
n−

1
2 log(n)2 if β = 2

3

n−
1
2 if β ∈

(2
3 , 2
)
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Theorem

Let N ∼ N (0, 1). If (H3) holds and exits 1
2 < β < 2 such that

ρ (t) ≤ C |t|−β for a large |t|. Then

dW

(√
n

vn(X )

(
f̂n(X )− f

)
,N

)
≤
√

n

vn(X )
|An(X )− f |

+
C

vn(X )2 ∧ vn(X )3/2



1 si β = 1
2

n
3
2−3β si β ∈

(1
2 ,

2
3

)
n−

1
2 log(n)2 si β = 2

3

n−
1
2 si β ∈

(2
3 , 2
)
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Moreover if (H2) holds,

dW

(√
n

σ

(
f̂n(X )− f

)
,N

)
≤ C

(√
n|An(X )− f |+ |vn(X )− σ2|

)

+C



n
3
2−3β if β ∈

(1
2 ,

2
3

)
n−

1
2 log(n)2 if β = 2

3

n−
1
2 if β ∈

(2
3 , 2
)
.

In particular, if (H2)-(H4) hold, then

√
n(f̂n(X )− f )

law−→ N (0, σ2)

when n→∞.
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Application to gaussian process

Consider an Ornstein-Uhlenbeck process X = {Xt}t≥0 which is defined by
the following SDE

dXt = −θXtdt + dGt , X0 = 0; (7)

where G is a gaussian process holderien with a positif exponent and θ > 0
is an unknow parameter. The solution of (4) is

Xt =
∫ t
0 e−θ(t−s) dGs , t ≥ 0

where the integral is understood in the Young sense.
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SUbfractional O.U

Suppose that G in (7) is a SubFBM SH such that H ∈ (0, 1) i.e a centred
gaussian process, with covariance function

RSH (s, t) := E
(
SH
t SH

s

)
= t2H + s2H − 1

2

(
(t + s)2H + |t − s|2H

)
.

When H = 1
2 , S

1
2 is a BM. By Kolmogorov’s Criteria

E
(
SH
t − SH

s

)2
≤ (2− 22H−1)|s − t|2H ; s, t ≥ 0,

SH is Hölderien with exponent H − ε, ∀ε ∈ (0,H).
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Proposition

If G dans (7) is a SubFBM SH such that H ∈ (0, 1). Then for a large t,

|E [X 2
t ]− fH(θ)| ≤ Ct2H−2

where fH(θ) = HΓ(2H)
θ2H

and

√
n|An(X )− fH(θ)| ≤ C

 n−
1
2 if 0 < H < 1/2

n2H−3/2 if H ≥ 1/2.
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Proposition

For H ∈ (0, 1) then (H3) holds, and we have ∀t, s ∈ R such that t 6= s,

|E [XtXs ]| ≤ C |t − s|2H−2.
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Proposition

For all 0 < H < 3/4,

|E [Vn(X )2]− σ2
H |E


n−1 si 0 < H < 1/2

n4H−3 si 1/2 ≤ H < 3/4

where σ2
H = 2

∑
i∈Z ρH(i)2 with ρH(k) := E [ZH

k ZH
0 ], k ∈ N, where

ZH
k := e−θk

∫ k
−∞ eθu dBH

u , and ρH(0) = fH(θ) = HΓ(2H)
θ2H

. In particular (H2)
holds.
If H = 3/4, we have ∣∣∣∣E [Vn(X )2]

log(n)
− 9

16θ4

∣∣∣∣E log(n)−1.
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Theorem
Let 0 < H < 1, then we have

f̂n(X ) −→ fH(θ) (8)

a.s when n −→∞, where fH(θ) = HΓ(2H)
θ2H

.

For the limiting law of f̂n(X ) when 0 < H ≤ 3
4 . We apply the results of

section (1) by taking β = 3− 2H.
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Theorem
Let 0 < H < 3/4 and N ∼ N (0, 1), then

dW

(√
n(f̂n(X )− fH(θ))/σH ,N

)
≤ C

 n−
1
2 si 0 < H < 1/2

n2H−3/2 si 1/2 ≤ H < 3/4

and if H = 3/4, we have

dW (

√
n(f̂n(X )− fH(θ))

σH
√

log(n)
,N) ≤ C log(n)−1/2.
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In particular, if 0 < H < 3/4, the when n→∞

√
n(f̂n(X )− fH(θ))

law−→ N (0, σ2
H)

and if H = 3/4,

√
n(f̂n(X )− fH(θ))√

log(n)

law−→ N (0, σ2
H)

as n→∞.
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Bifractional OU

If G in (7) is a BifFBM BH,K of parameters H ∈ (0, 1) and K ∈ (0, 1].
BH,K is a Gaussian process, centred with covariance function

E (BH,K
s BH,K

t ) =
1
2K

((
t2H + s2H

)K
− |t − s|2HK

)
.

When K = 1, BH,1 is a fBM. BH,K verifies

E

(∣∣∣BH,K
t − BH,K

s

∣∣∣2) ≤ 21−K |t − s|2HK ,

so BH,K has (HK − ε)−-Holder continuous paths for any ε ∈ (0,HK )
thanks to Kolmogorov’s continuity criterion.
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Proposition

Suppose that H ∈ (0, 1) and that K ∈ (0, 1], when for a large ∀t > 0, we
have

|E [X 2
t ]− fH,K (θ)| ≤ Ct2HK−2

où fH,K (θ) = 21−KHKΓ(2HK )/θ2HK .
Hence

√
n|An(X )− fH,K (θ)| ≤ C

 n−
1
2 if 0 < HK < 1/2

n2HK−3/2 if HK ≥ 1/2.

In particular when HK < 3/4, the assumption (H4) holds.
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Proposition

For all (H,K ) ∈ (0, 1)× (0, 1], the assumption (H3) holds. And we have
∀t, s ∈ R such that t 6= s,

|E [XtXs ]| ≤ C |t − s|2HK−2.

Soukaina D. Parameter estimation for general Gaussian sequences using analysis on Wiener space28 / 33



Proposition

For all 0 < HK < 3/4,

|E [Vn(X )2]− σ2
H,K |E


n−1 if 0 < HK < 1/2

n4HK−3 if 1/2 ≤ HK < 3/4

where

σ2
H,K = 4

∑
i∈N∗

(ρH,K (i)− (1− 21−K ) e−θi ρH,K (0))2 + 23−2KρH,K (0)2

where ρH,K (k) := E [ZH
k ZH

0 ], k ∈ N and ρH,K (0) = HKΓ(2HK)
θ2HK

. In
particular, the assumption (H2) holds. If HK = 3/4, we have∣∣∣∣E [V 2

n ]

log(n)
− 9

16θ4

∣∣∣∣E log(n)−1.
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Theorem
Let 0 < H < 1 and 0 < K < 1, then we have

f̂n(X ) −→ fH,K (θ) (9)

a.s when n −→∞, where fH,K (θ) = 21−KHKΓ(2HK )/θ2HK .
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Theorem
Let 0 < HK < 3/4 and N ∼ N (0, 1), then

dW

(√
n(f̂n(X )− fH,K (θ))/σH,K ,N

)
≤ C

 n−
1
2 if 0 < HK < 1/2

n2H−3/2 if 1/2 ≤ HK < 3/4

and if HK = 3/4, we have

dW

(√
n(f̂n(X )− fH,K (θ))

σH,K
√

log(n)
,N

)
≤ C log(n)−1/2.
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In particular, if 0 < HK < 3/4, then when n→∞

√
n(f̂n(X )− fH,K (θ))

law−→ N (0, σ2
H,K )

and if HK = 3/4,

√
n(f̂n(X )− fH,K (θ))√

log(n)

law−→ N (0, σ2
H,K )

as n→∞.
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Thank you for your attention
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