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SPDE ON GRAPHS

How do spatial structure affects the dynamics, competition outcome and
genealogies of interacting populations?
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Our approach: develop and analyze novel RDE and SPDE on graphs
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SPDE ON GRAPHS

@ SPDE on manifolds [Tindel and Viens 1999, 2002]
@ SPDE on graphs first appeared in [Cerrai and Freidlin 2014, 2016]

{ O = aAu+ b(u)+o(u)W  on G
\Y%

out-a@ =0 onV

as the limit of a two dimensional SPDE.
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(1) We introduce more general SPDE on graphs

Orl :aAu+b(u)+a(u) W on %
Voutll - @ = —B(u) on V

(11) We obtain the first scaling limit results which rigorously connect individual
based models to both deterministic and noisy RDE on general metric graphs.
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SPDE ON GRAPHS
Precisely,
Oeu = ax) Au(t, x) + b(x, u(t,x)) + o(x, u(t,x)) W forx € G
Voutti- @ = —p(v, u(t,v)) forveV

is the shorthand of
t

ue(x) = Pruio(x) + /O Pe_o(b(-, 1)) (x) ds
H [ bl syl udy) aW(s.)
[0,t]xG

+ /Ot Z P(t -5, X, V) /@(V? US(V)) dS,

veVv

where {P;}:>0 is the Coo(G)-semigroup and p(t, x, y) the transition density for the
symmetric a-diffusion on G [Freidlin and Wentzell 1993, Freidlin and Sheu 2000].
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EXAMPLE (BRANCHING RANDOM WALKS)

{ O :aeAu+ﬂeu+\/4'yeuW on e
\Y

outll - & = —(u) on V.

EXAMPLE (CONTACT PROCESS)

{ atu:aeAu—i-Beu—éeuQ—i—\/veuW on e
\Y

outl - = —B(u) on V.

EXAMPLE (GINZBURG-LANDAU EQUATION)

{ 8tu:aeAu+ﬂeu—5eu3+\/%W on e
\Y4

outl - a = 75\(”) on V.
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SPDE ON GRAPHS
ExamMPLE (BVM)

Ort = e Au~+ Be u(l — 1) + /ve u(l — v)W on e
Voutl-a = —,@ u(l—u) on V.

() Uninfected cells

@ Infected cells




SPDE ON GRAPHS

INDIVIDUAL BASED MODELING

Me

@ 1/L¢ as the diameter of a biological cell,
@ M¢€ as the capacity of each cell.




CASE (1) if wis on e” and is not adjacent to any vertex, then

Z,w ae(Le)2 z,w Be
a = T and b = W

CAsE (11) if wis on e” and is adjacent to v € V while z is on §,

L€ C. .

¥ =——> and b>" = b€

Me

With rate a®"%, z is replaced by an offspring of w. With rate b*", z is replaced
by an offspring of w only if w has type 1.
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THEOREM (F, 2017)

Given B(v) for all vertex v € V and a triple (ce, Be, Ve) for each edge e. Suppose
Q L¢/M® — ~. /4. and L& — oo for all e,
@ AIl L¢ are comparable,
Q > ecr() 2eeEw) it = B(v).
Then the approximate density process converges in distribution in
D([0, 00), Cjo,1(G)) to a continuous Cg 1)(G) valued process (ut)s>0 which is the
weak solution to

{ Oett = e Au+ Be (1 — u) + /e u(1 — u) W on e
\Y

outl - & :78 U(]-*U) onV.

We have two more approximating schemes:
Interacting SDEs and Interacting random walks.




Proof outline:

Step 1) {u"},>1 is C-tight in D([0, T], Cjo,1)(G)) for every T > 0.

Step 2) Any sub-sequential limit u is a weak solution.

Step 3) Weak uniqueness for the SPDE holds

New challenges:

(A) Interactions near vertex singularities in relation to {M¢} and {L¢}.

(B) Weak uniqueness via a new duality

(¢) Uniform heat kernel estimates for random walks and diffusions on G




SPDE ON GRAPHS

NON-UNIQUENESS OF SPDE

THEOREM (MUELLER, MYTNIK AND PERKINS 2014)

If 0 < v < 3/4, then uniqueness in law and pathwise uniqueness fail for
1 .
Oru(t, x) = 5 Au(t,x) + |u(t, x)|” W(t,x), u(0,x) =0

on the space of C(R)-valued adapted processes.

Open questions:

@ strong uniqueness for case v = 3/4.

@ strong uniqueness for stochastic FKPP on C, (R)-valued processes
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DUAL PROCESS

Ou =aAu+Bu(l —u)+/yu(l —u)W on G
Voutl-@ = —p3 u(l—u) on V

LemMmA (F, 2017)

(1.1)

Suppose «, 3, v/, [ are nonnegative, bounded and continuous. Then (1.1) has
a dual process which is a branching coalescing a-diffusions on G
@ branching for a particle X; occurs at rate
B(Xe)dt + B(Xe)dLY
o two particles X;, Y; coalesce at rate
YXe) x.v)
dLy .

a(Xe)

Corollary: Weak uniqueness of SPDE (1.1) holds on C 1j(G). Useful to the
study of time-asymptotic properties.
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Thank you!
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