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1. Introduction and Motivation

Let X = {X(t), t ∈ T} be a real-valued Gaussian random field, where T is the
parameter set. For u > 0, how to evaluate the excursion probability

P
{

sup
t∈T

X(t) ≥ u
}

=?
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Asymptotics for Gaussian fields

Double sum method [Pickands (1969), Piterbarg (1996), Chan and Lai
(2006), etc.]

Tube method [Sun (1993)]

Rice method: the expected number of local maxima. See Piterbarg (1996),
Adler (2000), Azaı̈s and Wschebor (2008), etc.

Euler heuristic: the expected Euler characteristic of the excursion set. See
Adler (1981, 2000), Worsley (1995), Taylor, Takemura and Adler (2005),
Adler and Taylor (2007), etc.
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Euler characteristic method

Let Au = {t ∈ T : X(t) ≥ u} be the excursion set.

Let χ(Au) and E{χ(Au)} be the Euler characteristic and mean Euler char-
acteristic of Au respectively.

In one dimension, the Euler characteristic is the number of connected
components; and in two dimensions, it is the number of connected com-
ponents minus the number of holes.
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Theorem [Taylor, Takemura and Adler (2005)]
Let X = {X(t), t ∈ T} be a centered smooth Gaussian random field with unit
variance. There exists α > 0 such that

P
{

sup
t∈T

X(t) ≥ u
}

= E{χ(Au)}+ o(e−αu2−u2/2), as u→∞.

E{χ(Au)} is computable [Adler and Taylor (2007)],

E{χ(Au)} = C0Ψ(u) +

dim(T)∑
j=1

Cjuj−1e−u2/2,

where Cj are constants depending on X and T .
When X is isotropic and T = [0,L]N ,

E{χ(Au)} = Ψ(u) +

N∑
j=1

(N
j

)
Ljλj/2

(2π)(j+1)/2 Hj−1(u)e−u2/2,

where λ = Var
(
∂X(t)
∂ti

)
and Hj−1(u) are Hermite polynomials.
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Gaussian vector fields

Let {(X(t),Y(s)) : t ∈ T, s ∈ S} be an R2-valued, centered, unit-variance
smooth Gaussian vector field, where T and S are rectangles in RN . For u > 0,
how to evaluate the excursion probability

P
{

sup
t∈T

X(t) ≥ u, sup
s∈S

Y(s) ≥ u
}

=?
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2. Euler characteristic

Consider rectangles T =
∏N

i=1[ai, bi] and S =
∏N

i=1[a′i, b
′
i].

Definition
A face J of dimension k, is defined by fixing a subset σ(J) ⊂ {1, · · · ,N} of size
k and a subset ε(J) = {εj, j /∈ σ(J)} ⊂ {0, 1}N−k of size N − k, so that

J = {t ∈ T : aj < tj < bj if j ∈ σ(J),

tj = (1− εj)aj + εjbj if j /∈ σ(J)}.

Let ∂kT be the collection of faces of dimension k in T , then
◦
T= ∂NT ,

∂T = ∪N−1
k=0 ∪J∈∂kT J and T = ∪N

k=0∂kT = ∪N
k=0 ∪J∈∂kT J.

Similarly, let ∂lS be the collection of faces of dimension l in S, then
◦
S=

∂NS, ∂S = ∪N−1
l=0 ∪L∈∂lS L and S = ∪N

l=0∂lS =
⋃N

l=0 ∪L∈∂lSL.
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Some notations

For a function f (·) ∈ C2(RN) and t ∈ RN , let

fi(t) =
∂f (t)
∂ti

, fij(t) =
∂2f (t)
∂ti∂tj

, ∀i, j = 1, . . . ,N,

∇f (t) = (f1(t), . . . , fN(t))T , ∇2f (t) = (fij(t))i,j=1,...,N .

For each t ∈ J ∈ ∂kT and s ∈ L ∈ ∂lS, let

∇X|J(t) = (Xi1(t), . . . ,Xik(t))T
i1,...,ik∈σ(J), ∇2X|J(t) = (Xmn(t))m,n∈σ(J),

∇Y|L(s) = (Yi1(s), . . . ,Yil(s))T
i1,...,il∈σ(L), ∇2Y|L(s) = (Ymn(s))m,n∈σ(L).
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Some notations

Define the excursion sets

Au(X,T) = {t ∈ T : X(t) ≥ u},
Au(Y, S) = {s ∈ S : Y(s) ≥ u},

Au(X,T)× Au(Y, S) = {(t, s) ∈ T × S : X(t) ≥ u,Y(s) ≥ u}.

For each J ∈ ∂kT and L ∈ ∂lS, define the number of extended outward critical
point of index i above level u as

µi(X, J) := #{t ∈ J : X(t) ≥ u,∇X|J(t) = 0, index(∇2X|J(t)) = i,

ε∗j Xj(t) ≥ 0 for all j /∈ σ(J)},
µi(Y,L) := #{s ∈ L : Y(s) ≥ u,∇Y|L(s) = 0, index(∇2Y|L(s)) = i,

ε∗j Yj(s) ≥ 0 for all j /∈ σ(L)},

where where ε∗j = 2εj − 1 and the index of a matrix is defined as the number
of its negative eigenvalues.
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Morse theorem

It follows from the Morse theorem [see Adler and Taylor (2007)] that the Euler
characteristic of the excursion set can be represented as

χ(Au(X,T)) =

N∑
k=0

∑
J∈∂kT

(−1)k
k∑

i=0

(−1)iµi(X, J),

χ(Au(Y, S)) =

N∑
l=0

∑
L∈∂lS

(−1)l
l∑

i=0

(−1)iµi(Y,L).

Moreover,

χ(Au(X,T)× Au(Y, S)) = χ(Au(X,T))× χ(Au(Y, S))

=

N∑
k,l=0

∑
J∈∂kT,L∈∂lS

(−1)k+l
( k∑

i=0

(−1)iµi(X, J)

)( l∑
j=0

(−1)jµj(Y,L)

)
.
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Expected Euler characteristic

Therefore, we have

E{χ(Au(X,T)× Au(Y, S))}

=

N∑
k,l=0

∑
J∈∂kT,L∈∂lS

(−1)k+lE


k∑

i=0

l∑
j=0

(−1)i+jµi(X, J)µj(Y,L)
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3. Excursion probability

For each J ∈ ∂kT and L ∈ ∂lS, define the number of extended outward maxima
above level u as

ME
u (X, J) := #{t ∈ J : X(t) ≥ u,∇X|J(t) = 0, index(∇2X|J(t)) = k,

ε∗j Xj(t) ≥ 0 for all j /∈ σ(J)},
ME

u (Y,L) := #{s ∈ L : Y(s) ≥ u,∇Y|L(s) = 0, index(∇2Y|L(s)) = l,

ε∗j Yj(s) ≥ 0 for all j /∈ σ(L)}.
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Example: Let T = [0, 1] = {0} ∪ {1} ∪ (0, 1), then with probability 1,{
sup
t∈T

X(t) ≥ u
}

= {X(0) ≥ u,X′(0) ≤ 0} ∪ {X(1) ≥ u,X′(1) ≥ 0}

∪ {∃t ∈ (0, 1) s.t. X(t) ≥ u,X′(t) = 0,X′′(t) < 0}.

For Gaussian fields, since T = ∪N
k=0 ∪J∈∂kT J, one can show that

{
sup
t∈T

X(t) ≥ u
}

=

N⋃
k=0

⋃
J∈∂kT

{ME
u (J) ≥ 1} a.s.

For Gaussian vector fields, since T = ∪N
k=0∪J∈∂kTJ and S =

⋃N
l=0 ∪L∈∂lSL,

one can show that{
sup
t∈T

X(t) ≥ u, sup
s∈S

Y(s) ≥ u
}

=

N⋃
k,l=0

⋃
J∈∂kT,L∈∂lS

{ME
u (X, J) ≥ 1,ME

u (Y,L) ≥ 1} a.s.
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Therefore, we obtain the upper bound for the excursion probability

P
{

sup
t∈T

X(t) ≥ u, sup
s∈S

Y(s) ≥ u
}

≤
N∑

k,l=0

∑
J∈∂kT,L∈∂lS

P{ME
u (X, J) ≥ 1,ME

u (Y,L) ≥ 1}

≤
N∑

k,l=0

∑
J∈∂kT,L∈∂lS

E{ME
u (X, J)ME

u (Y,L)}.
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On the other hand, notice that

E{ME
u (X, J)ME

u (Y,L)} − P{ME
u (X, J) ≥ 1,ME

u (Y,L) ≥ 1}

=

∞∑
i,j=1

(ij− 1)P{ME
u (X, J) = i,ME

u (Y,L) = j}

≤
∞∑

i,j=1

[i(i− 1)j + j(j− 1)i]P{ME
u (X, J) = i,ME

u (Y,L) = j}

= E{ME
u (X, J)[ME

u (X, J)− 1]ME
u (Y,L)}

+ E{ME
u (Y,L)[ME

u (Y,L)− 1]ME
u (X, J)}

(1)

and

P{ME
u (X, J) ≥ 1,ME

u (Y,L) ≥ 1,ME
u (X, J′) ≥ 1,ME

u (Y,L′) ≥ 1}
≤ P{ME

u (X, J) ≥ 1,ME
u (Y,L) ≥ 1,ME

u (Y,L′) ≥ 1}
≤ E{ME

u (X, J)ME
u (Y,L)ME

u (Y,L′)}.
(2)
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By the Bonferroni inequality, (1) and (2), we obtain the lower bound for the
excursion probability

P
{

sup
t∈T

X(t) ≥ u, sup
s∈S

Y(s) ≥ u
}

≥
N∑

k,l=0

∑
J∈∂kT,L∈∂lS

{
E{ME

u (X, J)ME
u (Y,L)} − E{ME

u (X, J)

× [ME
u (X, J)− 1]ME

u (Y,L)} − E{ME
u (Y,L)[ME

u (Y,L)− 1]ME
u (X, J)}

}
−

N∑
k,k′,l=0

∑
J∈∂kT,L∈∂lS
J′∈∂k′T,J 6=J′

E{ME
u (X, J)ME

u (X, J′)ME
u (Y,L)}

− CN

N∑
k,l,l′=0

∑
J∈∂kT,L∈∂lS
L′∈∂l′S,L 6=L′

E{ME
u (X, J)ME

u (Y,L)ME
u (Y,L′)},

where CN is a constant depending only on N.
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Let

r(t, s) = E{X(t)Y(s)}, ρ = sup
t∈T,s∈S

E{X(t)Y(s)}.

We call a function h(u) super-exponentially small [when compared with
the excursion probability P{supt∈T X(t) ≥ u, sups∈S Y(s) ≥ u}], if there
exists a constant α > 0 such that h(u) = o(e−αu2−u2/(1+ρ)) as u→∞.

The sketch of proof consists of the following two steps: (i) all terms,
except for those in the upper bound, are super-exponentially small; (ii) the
difference between the upper bound and the expected Euler characteristic
of the excursion set is also super-exponentially small.
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Lemma Under certain smoothness and regularity conditions, there exists some
α > 0 such that

P
{

sup
t∈T

X(t) ≥ u, sup
s∈S

Y(s) ≥ u
}

=

N∑
k,l=0

∑
J∈∂kT,L∈∂lS

E{ME
u (X, J)ME

u (Y,L)}+ o
(

exp
{
− u2

1 + ρ
− αu2

})
and

N∑
k,l=0

∑
J∈∂kT,L∈∂lS

E{ME
u (X, J)ME

u (Y,L)}

= E{χ(Au(X,T)× Au(Y, S))}+ o
(

exp
{
− u2

1 + ρ
− αu2

})
.
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Expected Euler characteristic approximation

Theorem Let {(X(t),Y(s)) : t ∈ T, s ∈ S} be an R2-valued, centered, unit-
variance Gaussian vector field. Then under certain smoothness and regularity
conditions, there exists α > 0 such that

P
{

sup
t∈T

X(t) ≥ u, sup
s∈S

Y(s) ≥ u
}

= E{χ(Au(X,T)× Au(Y, S))}+ o
(

exp
{
− u2

1 + ρ
− αu2

})
.
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Some remarks

The expected Euler characteristic approximation E{χ(Au(X,T)×Au(Y, S))}
can be written as an integral by the Kac-Rice formula. However, due to
the correlation function between X and Y , it is usually difficult to obtain
the exact value. We usually need to apply the Laplace method to approx-
imate the integral.

The expected Euler characteristic approximation can be extended to gen-
eral Rd-valued Gaussian vector fields.

Extensions for more general T and S are possible (such as spheres).
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Thank you!
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