A universality property of Sobolev spaces in metric measure spaces

Nageswari Shanmugalingam^∗

May 27, 2008

Abstract Current research on analysis in metric measure spaces has used alternative notions of Sobolev functions on metric measure spaces. We will show that under some mild geometric assumptions on the metric measure space, all these notions give the same class of functions.

1 Introduction

Motivated by the goal of understanding geometry of singular (non-Riemannian) spaces, the study of analysis on metric measure spaces in recent years has seen significant development. The metric spaces obtained as Gromov-Hausdorff limits of Riemannian manifolds may be non-Riemannian in nature, and the study of smooth analysis may be insufficient in understanding the geometry of such singular spaces. Furthermore, analysis on fractal-type sets would be incomplete if one is restricted to studying only smooth functions. Thus the current research on metric spaces utilizes notions of first-order Sobolev space and an appropriate formulation of Poincaré inequalities. In metric spaces where this machinery is available, some of the current research considers variational problems, partial differential equations, potential theory and other aspects of analysis.

The theory of Sobolev spaces of functions in Euclidean domains is now wellunderstood, see for example a standard reference [Maz]. Currently there exist

∗Address: Department of Mathematical Sciences, P.O. Box 210025, University of Cincinnati, Cincinnati, OH 45221-0025, U.S.A. E-mail: nages@math.uc.edu

various approaches to defining Sobolev-type spaces of functions in metric measure spaces. The geometric construction using the notion of upper gradients from [HeK] was first studied independently in [C] and [Sh1]; this construction yields the classical first-order Sobolev space W^{1,p}(Ω) for 1 ≤ p < ∞ when Ω is an Euclidean domain or a Riemannian manifold, and under additional assumptions such as Poincaré inequality, allows for a comprehensive first-order theory of variational methods in potential theory and partial differential equations ([KiSh]). These Sobolev type spaces are called Newtonian spaces. A second notion of Sobolev type spaces, due to Hajłasz [Ha], gives an almost everywhere pointwise control of Sobolev type functions in terms of a function that plays the role of a maximal function of the gradient. A third avenue of development of first-order calculus in metric measure spaces is due to Korevaar and Schoen [KS]. The approaches of [Ha], [HaK], and [KS] yield notions of gradients that are not local; that is, from the fact that a Sobolev function is constant on a Borel set one cannot conclude that the corresponding notion of gradient is zero almost everywhere on that set. However, the Newtonian space, where the notion of gradient is the concept of upper gradient, has this locality property. Another concept of Sobolev-type space is obtained via a probabilistic approach using a symmetric bilinear form called a Dirichlet form. This concept yields a version of the Sobolev space W^{1,2} which is naturally endowed with a Hilbert-space structure. The standard reference for this approach is Fukushima–Oshima–Takeda [FOT], and has been developed in the setting of fractals in [BB], [Ki1], [Ki2]. The literature on Dirichlet forms on self-similar sets is rapidly expanding and we cannot hope to provide a bibliography which does justice to the field here. Concurrently the abstract theory of Dirichlet forms on general metric spaces has been studied for example in Mosco [M], Biroli–Mosco [BM1], [BM2], Sturm [St1], [St2], [St3], Jost [J], and the references therein.

By examining the analytic properties satisfied by the above various notions of Sobolev spaces in metric measure spaces, in [GT] Goldshtein and Troyanov developed the foundational theory of axiomatic Sobolev spaces. Of the different approaches to the notion of Sobolev functions in metric measure spaces, in this article we will focus on the Newtonian spaces of [Sh1], the axiomatic Sobolev spaces of Goldshtein and Troyanov [GT], and the Drichlet forms developed in [FOT] and [J]. Under suitable conditions such as strong locality of the Sobolev-type spaces, doubling property of the measure, and the satisfaction of a Poincaré inequality, we will show that these three spaces are isomorphic. For an expository description of connections between the Hajłasz-Sobolev spaces, the Sobolev spaces of Korevaar-Schoen, and the Newtonian spaces we refer the interested reader to [ShMat].

This article is structured as follows. Section 2 provides the background material and basic concepts used in the main theorems. There are two main results in this article. The first, demonstrating that under certain conditions that are standard in analysis of Dirichlet forms, the domain of such a Dirichlet form, called the Dirichlet domain, coincides with the Newtonian space N^{1,2}(X). Section 3 begins with a description of Dirichlet forms, and then provides a proof of Theorem 3.13. The final section gives a definition of the axiomatic Sobolev spaces of Goldshtein-Troyanov, and proves that under strong locality assumptions these spaces coincide with the Newtonian spaces (Theorem 4.3).

Acknowledgement. We wish to thank Marc Troyanov and Sergey Timoshin for valuable discussions on the topic of axiomatic Sobolev spaces.

2 Background

In this article (X, d, μ) will denote a set X equipped with a metric d and a Borel measure μ such that non-empty open sets have positive measure and bounded sets have finite measure. We will also assume that X is complete and that μ is doubling, that is, there is a constant C > 0 such that whenever B(x, r) = {y ∈ X : d(x, y) < r} is a ball in X, μ(B(x, 2r)) ≤ C μ(B(x, r)). It is easy to see that such a metric space X is proper, that is, closed and bounded subsets of X are compact.

In [HeK], Heinonen and Koskela proposed the following substitute for gradients in metric spaces.

Definition 2.1. Given a function u : X → [−∞, ∞], we say that a nonnegative Borel measurable function ρ on X is an upper gradient of u if whenever γ is a compact rectifiable path in X, |u(x) − u(y)| ≤ ∫ γ ρ ds, where x, y denote the end points of γ. If u(x) or u(y) is not finite, the above inequality is interpreted to mean that ∫ γ ρ ds = ∞. We say that ρ is a p-weak upper gradient of u for some 1 ≤ p < ∞ if there is a non-negative Borel measurable function ρ_0 ∈ L^p(X) such that whenever γ does not satisfy the above inequality, ∫ γ ρ_0 ds = ∞.

The uniform convexity of L^p(X) when 1 < p < ∞ implies that if u has a p-weak upper gradient ρ ∈ L^p(X), then u has a minimal p-weak upper gradient ρ_u ∈ L^p(X), see [Sh1]. If u is constant on a Borel set A and ρ ∈ L^p(X) is a p-weak upper gradient of u, then ρ χ_{X\A} is also a p-weak upper gradient of u; for a proof of this fact we refer the interested reader to [Sh2]. Such a property is called the strong locality property.

For functions u ∈ L^p(X) with upper gradients ρ ∈ L^p(X), we define

‖u‖_N 1,p_{(X)} = ‖u‖_Lp_{(X)} + inf_ρ ‖ρ‖_Lp_{(X)},

where the infimum is taken over all upper gradients of u. The function space ^N 1,p(X) is the collection of all functions u on X such that u ∈ Lp(X) and u has an upper gradient in L^p(X). It is easy to see that ^N^{1,p}(X) is a vector space with a lattice structure. The Newtonian space N^{1,p}(X) = ^N^{1,p}(X)/ ∼, where the equivalence relation ∼ is given by the rule u ∼ v if ‖u − v‖_N 1,p_{(X)} = 0.

Observe that if X is a domain in an Euclidean space, equipped with the Euclidean metric and the standard Lebesgue measure, then N^{1,p}(X) = W^{1,p}(X); see for example [Sh1].

Definition 2.2. We say that X supports a (1, p)-Poincaré inequality for Newtonian functions if there are constants C > 0, τ ≥ 1 such that for all u ∈ N^{1,p}(X), all upper gradients ρ of u, and all balls B(x, r) ⊂ X, ∫ B(x,r) |u − u_{B(x,r)}| dμ ≤ Cr ∫ B(x,τ r) ρ^p dμ 1/p . (2.3)

Here ∫ B(x,r) u dμ = uB(x,r) = μ(B(x, r)) −1 ∫ B(x,r) u dμ. The following deep result, due to Cheeger [C], was proven for a Sobolevtype space H^{1,p}(X) that appears on the surface to be different from the Newtonian space. However, when 1 < p < ∞, it can be seen that H^{1,p}(X) = N^{1,p}(X); we direct interested readers to [Sh1].

Proposition 2.4 ([C, Section 6]). If the measure on X is doubling and supports a (1, p)-Poincaré inequality for Newtonian functions with p > 1, and u is a Lipschitz function on X, then

Lipu(x) := lim sup_{y→x} |u(y) − u(x)| d(y, x) is the unique (up to sets of μ-measure zero) minimal p-weak upper gradient of u. The following result, due to Keith, is a key tool in proving that the three candidate Sobolev spaces are isomorphic under certain conditions.

Proposition 2.5 ([Kei, Theorem 2]). Let X be a complete metric measure space equipped with a doubling measure, and p ≥ 1. The following are equivalent.

1. X supports a (1, p)-Poincaré inequality for all measurable functions.

2. X supports a (1, p)-Poincaré inequality for all compactly supported Lipschitz functions with compactly supported continuous upper gradients.

3. X supports a (1, p)-Poincaré inequality for all Newtonian functions.

In proving one of the two focal theorems of this note, Theorem 3.13, we need the auxiliary candidate space called the Korevaar-Schoen space, first given in [KS] and also studied in [KMc]. The Korevaar-Schoen space KS^{1,2}(X) is defined to be the collection of all functions f ∈ L^2(X) for which the approximating energies

e^2_ϵ (x; f) = ∫ B(x,ϵ) d_Y (f(x), f(y))^2 ϵ^2 dμ_X (y)

converge to a finite energy

E_{KS}(f) := sup_{balls B} lim sup_{ϵ→0} ∫ B e^2_ϵ (x; f) dμ_X (x) < ∞.

3 Dirichlet forms and N^{1,2}(X)

We follow the spirit of [J] in defining Dirichlet forms. Recall that L^2(X) = L^2(X, μ) is a Hilbert space endowed with the inner product (u, v) := ∫ X uv dμ. Definition 3.1. A symmetric bilinear form E : L^2(X) × L^2(X) → R^+ ∪ {∞} is a Dirichlet form if the following conditions are satisfied:

1. Quadratic contraction property - If E(u, u) < ∞ and φ : R → R is L-Lipschitz with φ(0) = 0, then E(φ ∘ u, φ ∘ u) ≤ L^2E(u, u). (3.2) 2. Closedness - If {u_n} is a Cauchy sequence in L^2(X) so that E(u_n) < ∞ for all n and E(u_n −u_m, u_n −u_m) → 0 as n, m → ∞, then E(u_n −u, u_n −u) → 0 as n → ∞. Here u denotes the L^2-limit of the Cauchy sequence {u_n}.

3. Density condition - The domain D(E) of the bilinear form, consisting of all functions u in L^2(X) for which E(u, u) < ∞, is dense in L^2(X) with respect to its norm and is dense in the space C_0(X) of continuous functions with compact support with respect to the supremum norm.

4. For every u, v ∈ L^2(X), we have the Minkowski inequality √ E(u + v, u + v) ≤ √ E(u, u) + √ E(v, v). (3.3) The approach of [FOT] begins with a Markovian condition which is weaker than the quadratic contraction property. However, as much of the current research on Dirichlet forms also require them to satisfy the quadratic contraction property, we include it as part of the definition.

It can be seen by the quadratic contraction property that D(E) is a vector space, and indeed is a normed space when equipped with the norm

‖u‖_E := ‖u‖_L2_{(X)} + √ E(u, u). The closability condition implies that if {u_n} is a sequence which is Cauchy in this norm with L^2-limit u, then E(u, u) = lim_{n→∞} E(u_n, u_n) is finite. Moreover, as a consequence of the closedness condition and the Minkowski inequality, the normed space (D(E), ‖ · ‖_E ) is a Hilbert space equipped with the norm ‖ · ‖_E .

Using the fact that L^2(X) is a Hilbert space, Beurling and Deny [BD] construct a unique signed Radon measure-valued symmetric bilinear form associated with E: η : D(E) × D(E) → M(X) (where M(X) is the collection of all finite signed Radon measures on X) which satisfies E(u, v) = ∫ X dη(u, v). The measure η(u, u) plays the role of the (square of the norm of the) point-wise derivative of u in the general setting, satisfying the quadratic contraction property dη(φ ∘ u, φ ∘ u) ≤ L^2dη(u, u) whenever φ is an L-Lipschitz function on R, and for all Oriels sets E ⊂ X, |η(u, v)(E)| ≤ √ η(u, u)(E) η(v, v)(E). (3.4) If E is strongly local, then for all u, v ∈ D(E) the singular (jump) part of η(u, v) with respect to μ is zero.

For more discussion about Dirichlet forms, we refer the reader to [J], [BD], [St1], [St2], [M] and the text [FOT].

Definition 3.5. We say that E is local if whenever u, v ∈ D(E) such that the support of u and the support of v are disjoint compact sets, then E(u, v) = 0. We say that E is strongly local if whenever U ⊂ X is an open set and u ∈ D(E) is constant on U, then for all v ∈ d(E), η(u, v) is supported in X \ U.

If X is a Euclidean domain, the form E(u, v) = ∫ X ⟨∇u, ∇v⟩ dx is a strongly local Dirichlet form in the above sense. Bilinear Dirichlet forms on certain fractals and more general self-similar sets have been constructed by Barlow– Bass [BB] and Kigami [Ki1], [Ki2]; these are not strongly local in general. If X is a metric measure space equipped with a doubling measure supporting a (1, 2)-Poincaré inequality for Newtonian functions, then by a deep Rademacher type theorem of [C], it follows that N^{1,2}(X) = D(E) for some strongly local Dirichlet form on X. Sturm [St3] proved that the Korevaar-Schoen space KS^{1,2}(X) (a definition of this space is provided at the end of Section 2) is a Dirichlet domain corresponding to a local Dirichlet form.

In considering Dirichlet forms, traditionally the underlying space is only a Hausdorff topological space equipped with a Borel measure, and the Poincaré inequality for a such a Dirichlet form E is typically expressed using the socalled intrinsic metric associated with E.

A subspace Γ of D(E) ∩ C_0(X) is a μ-separating core if it is dense in C_0(X) with respect to the supremum norm, is dense in D(E) with respect to the norm ‖ · ‖_E , and has the following separation property: for every pair of distinct points x, y in X there is a function φ ∈ Γ so that φ(x) ≠ φ(y) and dη(φ, φ) ≤ dμ. The intrinsic metric d_E is defined as follows: d_E (x, y) = sup{φ(x) − φ(y) : φ ∈ Γ, dη(φ, φ) ≤ dμ}, x, y ∈ X. (3.6) Following [J] and [BM1], we make the standing assumption that the topology induced by d_E coincides with the underlying topology on X and that the measure μ is doubling for balls in the new metric, i.e., there exists a constant C ≥ 1 so that μ(2B_E ) ≤ Cμ(B_E )

for every ball B_E in X. A change in the underlying metric results in a change in the corresponding Newtonian spaces. Hence we will from now on assume also that d_E = d and that every 1-Lipschitz function φ on X is in the μ-separating core Γ with dη(φ, φ) ≤ dμ. Given a Lipschitz function φ on X, let

Lip(u, x) := lim_{r→0+} sup y,z∈B(x,r),y≠z |φ(y) − φ(z)| d(y, z) . (3.7)

Standard measure theoretic arguments show that Lip(u, ·) is a bounded μmeasurable function on X.

Lemma 3.8. Let E be a strongly local Dirichlet form such that every compactly supported 1-Lipschitz function φ on X is in D(E) with dη(φ, φ) ≤ dμ. Then whenever u is a compactly supported Lipschitz function on X, u ∈ D(E) and for μ-almost every x ∈ X, dη(u, u)(x) ≤ Lip(u, x)^2 dμ(x). Proof. Fix x ∈ X, and r > 0. Let

L_u(x; r) := sup y,z∈B(x,r),y≠z |φ(y) − φ(z)| d(y, z) . Then Lip(u, x) = lim_{r→0}+ L_u(x; r). Restricting u to the ball B(x, r), it is easy to see that this restriction is L_u(x; r)-Lipschitz continuous on this ball. We can find a Lipschitz extension φ of the restriction of u to X (for example, via a

McShane construction [He]) such that φ is L_u(x; r)-Lipschitz on X. By modifying φ outside B(x, r) (by multiplying φ by a compactly supported Lipschitz function that is 1 on B(x, r) if necessary), we can ensure that φ is compactly supported. Hence L_u(x; r)^{−1}φ ∈ D(E) with dη(L_u(x; r)^{−1}φ, L_u(x; r)^{−1}φ) ≤ dμ by hypothesis. Now by the quadratic contraction property, dη(φ, φ) ≤ L_u(x; r)^2 dμ.

Since E is strongly local, by (3.4) we have dη(φ, φ) = dη(u, u) on B(x, r). Hence dη(u, u) ≤ L_u(x; r)^2 dμ on B(x, r). Now letting r → 0 completes the proof for x ∈ X that are Lebesgue points for Lip(u, ·).

Definition 3.9. We say that X supports a weak (1, 2)-Poincaré inequality for the form E if there are constants τ ≥ 1 and C > 0 so that for all u ∈ D(E) and balls B(x, r) ⊂ X, ∫ B(x,r) |u − u_{B(x,r)}| dμ ≤ Cr √ η(u, u)(B(x, τr)) μ(B(x, τr)) . (3.10)

Remark 3.11. The paper [KST] studies metric space-valued Sobolev-type spaces and Dirichlet domains, and demonstrates that if a strongly local Dirichlet form satisfies a Poincaré inequality and for all Lipschitz functions φ on X, dη(φ, φ)(x) ≈ Lip(φ, x) dμ(x), then the corresponding Dirichlet domain embeds isomorphically into the Korevaar-Schoen space K^{1,2}(X) ([KST, Proposition 4.2]). The condition that dη(φ, φ)(x) ≈ Lip(φ, x) dμ(x) for all Lipschitz functions φ on X was used there only to ensure that the underlying metric used in constructing the Korevaar-Schoen space is biLipschitz equivalent to the intrinsic metric of the Dirichlet form. We will need this result of [KST], but as we consider only the intrinsic metric on the space (d_E = d), this condition on the measures η will not be needed by us. The main theorem of this section, Theorem 3.13, is an improvement of Proposition 4.2 of [KST].

Recall that X is said to be quasiconvex if there is a constant C > 0 such that whenever x, y ∈ X there is a curve γ connecting x to y with length no more than Cd(x, y).

Lemma 3.12. Let (X, d, μ) be a complete metric measure space such that μ is doubling and supports the following Poincaré inequality: for every Lipschitz function φ on X, whenever B(x, r) is a ball in X, ∫ B(x,r) |u − u_{B(x,r)}| dμ ≤ Cr ∫ B(x,τ r) Lip(u, y)^2 dμ(y) 1/2 .

Then X is quasiconvex.

Proof. The proof of this lemma is along the lines of a proof of Semmes on quasiconvexity; see [C, Appendix]. For ϵ > 0 and x, y ∈ X, we say that x ∼_ϵ y if there is a finite collection of points x_1, . . . , x_k in X such that d(x_1, x) < ϵ, d(x_k, y) < ϵ, and for j = 1, . . . , k − 1, d(x_j, x_{j+1}) < ϵ. An easy topological argument shows that the equivalence relation ∼_ϵ partitions X into pairwise disjoint closed sets. If U_1 and U_2 are such sets, then if both are non-empty, the distance between them is at least ϵ, and hence these sets are open as well. Hence the characteristic function u = χ_{U1} of U_1 is 1/ϵ-Lipschitz, with Lip(u, ·) = 0. Since U_2 is non-empty and open, for sufficiently large balls B in X the integral ∫ B |u − u_B| dμ is positive, thus violating the above version of Poincaré inequality. Hence every x, y ∈ X have x ∼_ϵ y.

For ϵ > 0 and x ∈ X, let ρ_ϵ : X → R be the function given by ρ_ϵ(y) = inf_{(x1,...,xk)} d(x, x_1) + d(x_k, y) + k−1∑ j=1 d(x_j, x_{j+1}). If y_1, y_2 ∈ X such that d(y_1, y_2) < ϵ, then |ρ_ϵ(y_1) − ρ_ϵ(y_2)| ≤ d(y_1, y_2); that is, Lip(ρ_ϵ, y) ≤ 1 on X. Hence an employment of the above version of Poincaré inequality together with the telescoping argument given in [C, Section 4] shows that (ρ_ϵ)_ϵ is a bounded sequence of continuous functions in L^1(B(x, R)) for all R > 0. Since ρ_ϵ increases as ϵ decreases, the limit lim_{ϵ→∞} ρ_ϵ exists, and by the above boundedness converges to a finite-valued function ρ_∞ on X. The final part of the argument of [C, Appendix] now completes the proof.

The main theorem of this section is the following result.

Theorem 3.13. Let E be a strongly local Dirichlet form on X such that the intrinsic metric d induced by E is compatible with the topology of X. Suppose that X supports a Borel measure μ that is doubling (with respect to the metric d). If every compactly supported 1-Lipschitz function on X is in D(E) with dη(φ, φ) ≤ dμ, and E satisfies a weak (1, 2)-Poincaré inequality, then

X supports a weak (1, 2)-Poincaré inequality for Newtonian functions and D(E) = N^{1,2}(X) as a Banach space isomorphism.

Proof. By Proposition 2.5, it suffices to prove the Poincaré inequality for compactly supported Lipschitz functions u with compactly supported Lipschitz upper gradients ρ.

Since E satisfies a Poincaré inequality, by Lemma 3.8, whenever B(x, r) is a ball in X, ∫ B(x,r) |u − u_B | dμ ≤ Cr ∫ B(x,τ r) Lip(u, y)^2 dμ(y) 1/2 .

Let ρ be a compactly supported Lipschitz upper gradient of u. By quasiconvexity of X (see Lemma 3.12), whenever z, y ∈ B(x, r), there is a curve γ connecting z and y in B(x, Cr) with length ℓ(γ) ≤ C_Qd(z, y). Hence |u(z) − u(y)| ≤ ∫ γ ρ ds ≤ ℓ(γ)ρ(w_γ ) ≤ C_Qd(z, y)ρ(w_γ) for some w_γ in the trajectory of γ. Hence |u(z) − u(y)|/d(z, y) ≤ C_Qρ(w_γ ). Therefore L_u(x; r) ≤ C_Q sup_{w∈B(x,Cr)} ρ(w). Letting r → 0 and noting that ρ is continuous, we obtain Lip(u, x) ≤ C_Qρ(x). It now follows that ∫ B(x,r) |u − u_B | dμ ≤ CC_Qr ∫ B(x,τ r) ρ^2 dμ 1/2 .

Since E supports a weak (1, 2)-Poincaré inequality, by [KST, Proposition 4.2] (see Remark 3.11 above), D(E) embeds via a Banach space isomorphism into the Korevaar-Schoen space KS^{1,2}(X). Since X supports a (1, 2)-Poincaré inequality for Newtonian functions, KS^{1,2}(X) = N^{1,2}(X) as a Banach space isomorphism. Therefore, D(E) is embedded isomorphically in N^{1,2}(X).

It suffices now to prove that N^{1,2}(X) embeds into D(E). For ϵ > 0 we can cover X by countably many balls B_i = B(x_i, ϵ) such that sup_{x∈X} ∑ i∈N χ_{5Bi} (x) ≤

C, and obtain a partition of unity φ_i subordinate to this cover; 0 ≤ φ_i ≤ 1, φ_i is supported on B_i, ∑ i∈N φ_i = 1, and φ_i is C/ϵ-Lipschitz (see [He] or [KMc]).

As in the proof of [KMc, Lemma 4.6], we obtain a discrete convolution of u ∈ N^{1,2}(X) = KS^{1,2}(X) as follows:

u_ϵ(x) = ∑ i∈N u_{Bi} φ_i(x). By Lemma 4.6 of [KMc] and Hölder’s inequality, whenever y, z ∈ X with d(y, z) < ϵ, |u_ϵ(y) − u_ϵ(z)| d(y, z) ≤ C ∫ B(y,2ϵ) e^2_{5ϵ}(w; u) dμ(w) 1/2 ,

and hence if x ∈ X and r < ϵ/2, we have

Lip_{uϵ} (x; r) ≤ C ∫ B(x,4ϵ) e^2_{5ϵ}(w; u) dμ(w) 1/2 .

It follows that

Lip(u_ϵ, x) ≤ C ∫ B(x,4ϵ) e^2_{5ϵ}(w; u) dμ(w) 1/2 ,

and hence by Lemma 3.8, η(u_ϵ, u_ϵ)(B_i) ≤ C ∫ B_i ∫ B(x,4ϵ) e^2_{5ϵ}(w; u) dμ(w) dμ(x) ≤ C ∫ B_i e^2_{5ϵ}(x; u) dμ(x). Hence by the bounded overlap property of the cover B_i, η(u_ϵ, u_ϵ)(X) ≤ C ∫ X e^2_{5ϵ}(x; u) dμ(x), that is, for sufficiently small ϵ > 0, E(u_ϵ, u_ϵ) ≤ CE_{KS} (u). By the fact that X supports (1, 2)-Poincaré inequality for Newtonian functions, as in [KMc] we see that u_ϵ → u in KS^{1,2}(X) = N^{1,2}(X). Thus by the closability property of the Dirichlet form, we see that E(u, u) ≤ C‖u‖^2_{N 1,2(X)}, that is, N^{1,2}(X) ⊂ D(E).

4 Axiomatic Sobolev spaces and N^{1,p}(X)

The focus of this section is the axiomatic theory of Goldshtein-Troyanov [GT]. The starting point for this theory is the assumption of a class of “derivatives” in the metric space setting, called a D structure, which associates with each u ∈ L^p_{loc}(X) a class D[u] of non-negative measurable functions on X such that the following five axioms are satisfied:

1. (non-triviality) If u is a non-negative L-Lipschitz function supported on a set A ⊂ X, then Lχ_A ∈ D[u].

2. (upper linearity) If ρ_1 ∈ D[u_1], ρ_2 ∈ D[u_2], and α, β ∈ R, and g ≥ |α|ρ_1 + |β|ρ_2, then g ∈ D[αu_1 + βu_2].

3. (Leibnitz rule) If g ∈ D[u] and φ is a bounded L-Lipschitz function on X, then ‖φ‖_L∞_{(X)}g + L|u| ∈ D[φu]. 4. (lattice property) If ρ_1 ∈ D[u_1], ρ_2 ∈ D[u_2], then max{ρ_1, ρ_2} ∈ D[max{u_1, u_2}]∩ D[min{u_1, u_2}].

5. (completeness) If g_i ∈ D[u_i] for i ∈ N, u_i → u in L^p(X), and g_i → g in L^p(X), then g ∈ D[u].

The Axiomatic Sobolev space L^{1,p}(X) consists of all u ∈ L^p(X) for which there exists g ∈ D[u] ∩ L^p(X). This space, equipped with the norm ‖u‖_L1,p_{(X)} = ‖u‖_Lp_{(X)} + inf_{g∈D[u]} ‖g‖_Lp_{(X)} is a Banach space by the axioms above.

It was shown in [GT] that if 1 < p < ∞, then for every u ∈ L^{1,p}(X) there is a unique function g_u ∈ D[u], called the minimal pseudo-gradient of u, such that inf_{g∈D[u]} ‖g‖_Lp_{(X)} = ‖g_u‖_Lp_{(X)}.

Definition 4.1. We say that the D structure supports a (1, p)-Poincaré inequality if there are constants C > 0 and τ ≥ 1 such that whenever u ∈ L^p_{loc}(X) and g ∈ D[u], for all balls B(x, r) in X, ∫ B(x,r) |u − u_{B(x,r)}| dμ ≤ Cr ∫ B(x,τ r) g^p dμ 1/p .

We say that the D structure is strongly local if whenever u_1, u_2 ∈ L^{1,p}(X) and u_1 = u_2 on a Borel set A ⊂ X, then for all g_1 ∈ D[u_1] and g_2 ∈ D[u_2], g_1χ_A + g_2χ_{X\A} ∈ D[u_2].

The axiomatic regularity theory developed in [Tim] would not be applicable to solutions to variational problems based on the axiomatic Sobolev space theory without the assumption of the support of Poincaré inequality and strict locality. Hence the hypotheses of the following main theorem of this section are reasonable.

Lemma 4.2. If the D structure is strongly local and 1 < p < ∞, then whenever u_∈L^{1,p}(X) and g ∈ D[u], g ≥ g_u μ-a.e. in X (g_u is the minimal pseudogradient of u).

The proof is a direct application of the strong locality of the D structure, and is left to the reader.

Theorem 4.3. Suppose that L^{1,p}(X) is an axiomatic Sobolev space on a complete metric measure space with doubling measure. If the associated D structure supports a (1, p)-Poincaré inequality and is strongly local, then X supports a (1, p)-Poincaré inequality for Newtonian functions, and L^{1,p}(X) ⊂ N^{1,p}(X) as a Banach space isomorphism.

Proof. First we show that under the strict locality assumption, whenever φ : X → R is a Lipschitz function on X, Lip(φ, ·) ∈ D[φ]. Without loss of generality we assume that φ is compactly supported, and hence by the nontriviality axiom, φ ∈ L^{1,p}(X). Fix r > 0, and for x ∈ X let ψ_{x,r} be a Lipschitz extension (given by McShane for example, see [He]) of φ|_{B(x,r)} to X; then the global Lipschitz constant of ψ_{x,r} is given as follows: L_{ψx,r} = sup y,z∈X:y≠z |ψ_{x,r}(y) − ψ_{x,r}(z)| d(y, z) = sup y,z∈B(x,r):y≠z |φ(y) − φ(z)| d(y, z) =Lip_φ(x; r). By the non-triviality axiom, L_{ψx,r} ∈ D[ψ_{x,r}] and . Note that Lip(φ, x) = lim sup_{r→0}+ Lip_φ(x; r). Since φ = ψ_{x,r} on the open ball B(x, r), by the strong locality property, if g_φ, is the minimal pseudo-gradient of φ, then g_φ ≤ ψ_{x,r} on B(x, r) (see the lemma above).

Let Z be the collection of all non-Lebesgue points of g_φ. Then μ(Z) = 0, and for all x ∈ X \ Z, 1 μ(B(x, r)) ∫ B(x,r) g_φ dμ ≤ Lip_φ(x; r), and hence

g_φ(x) = lim_{r→0+} 1 μ(B(x, r)) ∫ B(x,r) g_φ dμ ≤ lim sup_{r→0+} Lip_φ(x; r) = Lip(φ, x). That is, almost everywhere on X, g_φ ≤ Lip(φ, ·); hence Lip(φ, ·) ∈ D[φ] by the upper linearity axiom.

Now, if the axiomatic space satisfies a (1, p)-Poincaré inequality, then whenever φ is a Lipschitz function on X, for all balls B ⊂ X, 1 μ(B) ∫ B |φ − φ_B| dμ ≤ C rad(B) ∫ τ B Lip(φ, y)^p dμ(y) 1/p ,

and then as in the proof of Theorem 3.13, we obtain that X supports a (1, p)- Poincaré inequality for Newtonian functions and that N^{1,p}(X) = L^{1,p}(X), thus concluding the proof.

References

[BB] M. Barlow and R. Bass. Brownian motion and harmonic analysis on Sierpinski carpets, Canad. J. Math. 51 (1999), 673–744.

[BD] A. Beurling and J. Deny. Dirichlet spaces, Proc. Nat. Acad. Sci.

U.S.A. 45 (1959), 208–215.

[BM1] M. Biroli and U. Mosco. A Saint-Venant type principle for Dirichlet forms on discontinuous media, Ann. Mat. Pura Appl. (4) 169 (1995), 125–181.

[BM2] M. Biroli and U. Mosco. Sobolev and isoperimetric inequalities for Dirichlet forms on homogeneous spaces, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 6 (1995), 37–44.

[C] J. Cheeger. Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9 (1999), 428–517.

[FOT] M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric Markov processes, de Gruyter Studies in Mathematics, 19, Walter de Gruyter & Co., Berlin (1994).

[GT] V. M. Goldshtein and M. Troyanov. Axiomatic theory of Sobolev spaces, Axiomatic theory of Sobolev spaces Exposition. Math. (19), 2001.289–336

[Ha] P. Hajłasz. Sobolev spaces on an arbitrary metric space, Potential Anal. 5 (1996), 403–415.

[HaK] P. Hajłasz and P. Koskela. Sobolev met Poincaré, Mem. Amer. Math.

Soc. 145 (2000).

[He] J. Heinonen. Lectures on analysis on metric spaces, Springer-Verlag, New York (2000).

[HeK] J. Heinonen and P. Koskela. Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1998), 1–61.

[J] J. Jost. Generalized Dirichlet forms and harmonic maps, Calc. Var.

5 (1997), 1–19.

[Kei] S. Keith. Modulus and the Poincaré inequality on metric measure spaces, Math. Z. 245 (2003), 255–292.

[Ki1] J. Kigami. A harmonic calculus on the Sierpiński spaces, Japan J.

Appl. Math. 6 (1989), 259–290.

[Ki2] J. Kigami. Harmonic calculus on p.c.f. self-similar sets, Trans.

Amer. Math. Soc. 335 (1993), 721–755.

[KiSh] J. Kinnunen and N. Shanmugalingam. Regularity of quasiminimizers on metric spaces, Manuscripta Math. 105 (2001), 401– 423.

[KS] J. N. Korevaar and R. M. Schoen. Sobolev spaces and harmonic maps for metric space targets, Comm. Anal. Geom. 1 (1993), 561–659.

[KMc] P. Koskela and P. MacManus. Quasiconformal mappings and Sobolev spaces, Studia Math. 131 (1998), 1–17.

[KST] P. Koskela, N. Shanmugalingam, and J. T. Tyson. Dirichlet forms, Poincare inequalities, and the Sobolev spaces of Korevaar-Schoen, Potential Analysis 21 (2004), 241–262.

[Maz] V. G. Mazýa. Sobolev Sapces, Springer.

[M] U. Mosco. Composite media and asymptotic Dirichlet forms, J.

Funct. Anal. 123 (1994), 368–421.

[Sh1] N. Shanmugalingam. Newtonian spaces: an extension of Sobolev spaces to metric measure spaces, Rev. Mat. Iberoamericana 16 (2000), 243–280.

[Sh2] N. Shanmugalingam. Harmonic functions on metric spaces, Illinois J. Math. 45 (2001), 1021–1050.

[ShMat] N. Shanmugalingam. Sobolev type spaces on metric measure spaces, Potential theory in Matsue, Adv. Stud. Pure Math. 44 (2006), 77– 90. [St1] K. T. Sturm. Monotone approximation of energy functionals for mappings into metric spaces - II, Potential Anal. 11 (1999), 359– 386.

[St2] K. T. Sturm. Analysis on local Dirichlet spaces I. Recurrence, conservativeness and L^p-Liouville properties, J. Reine Angew. Math. 456 (1994), 173–196.

[St3] K. T. Sturm. Diffusion processes and heat kernels on metric spaces, Ann. Probab. 26 (1998), 1–55.

[Tim] S. Timoshin. Axiomatic regularity on metric spaces, Michigan Math.

J., to appear (2008).