Lipschitz continuity of Cheeger-harmonic functions in metric measure spaces

Pekka Koskela, Kai Rajala^{∗†}

University of Jyväskylä, Department of Mathematics and Statistics, P.O. Box 35, FIN-40351 Jyväskylä, Finland.

e-mail: pkoskela@maths.jyu.fi, kirajala@maths.jyu.fi; and Nageswari Shanmugalingam^‡

Department of Mathematics, University of Texas at Austin, Austin, TX 78712–1082, U.S.A.

e-mail: nageswari@math.utexas.edu

Abstract

We use the heat equation to establish the Lipschitz continuity of Cheeger-harmonic functions in certain metric spaces. The metric spaces under consideration are those that are endowed with a doubling measure supporting a (1, 2)-Poincaré inequality and in addition supporting a corresponding Sobolev-Poincaré type inequality for the modification of the measure obtained via the heat kernel. Examples are given to illustrate the necessity of our assumptions on these spaces. We also provide an example to show that in the general setting the best possible regularity for the Cheeger-harmonic functions is Lipschitz continuity.

∗This research was begun when N.S. was visiting at the University of Jyväskylä, partially supported by CIMO, and completed when P.K. and K.R. were visiting at the University of Michigan, P.K. as the Fred and Lois Gehring professor. They wish to thank the departments for the hospitality.

†P.K. and K.R. were supported in part by the Academy of Finland, project 39788. K.R. was also supported by the foundations Magnus Ehrnroothin Säätiö and Vilho, Yrjö ja Kalle Väisälän Rahasto.

‡N.S. was supported in part by the NSF, grant DMS 0100132.

Mathematics Subject Classification (2000): 31C25, 31B05, 35B05, 35B45. keywords Cheeger-harmonic, Lipschitz regularity, doubling measure, Poincaré inequality, hypercontractivity, logarithmic Sobolev inequality, Newtonian space, heat kernel.

1 Introduction

Suppose that X is a pathwise connected metric space equipped with a doubling, Borel regular measure μ. For simplicity, we will assume that X is proper: each closed ball in X is compact. Given u : Ω → R, where Ω ⊂ X is a domain, we call a Borel function g : Ω → [0, ∞] an upper gradient of u on Ω provided

|u(x) − u(y)| ≤ ∫ γ g ds (1)

for all x, y ∈ Ω and each rectifiable curve γ : [0, l] → Ω that joins x and y. This concept was introduced in [16] as a substitute for the length of the gradient. In order to have control, in average, of functions in terms of upper gradients, it is then natural to require a Poincaré inequality. Following [16], we say that the metric measure space (X, μ) supports a (weak) p-Poincaré inequality if there exist C > 0 and λ ≥ 1 such that for every ball B(x, r) ⊆ X and for all continuous functions u and all upper gradients g of u on B(x, λr), ∫ B(x,r)

|u(y) − u_B| dμ(y) ≤ Cr (∫ B(x,λr)

g(y)^p dμ(y)

) 1_p . (2)

Here and throughout we will use the notation

u_B = ∫ B u(y) dμ(y) = μ(B)^{−1} ∫ B u(y) dμ(y).

Upper gradients allow us to define the first order Sobolev spaces on X. We define the Newtonian (generalized Sobolev) space N^{1,p}(X) = N^{1,p}(X, μ) to consist of those p-integrable functions on X for which there exists a p-integrable upper gradient, see [27] and Section 2 below. The amazing fact is that this setting allows one to assign a differential Du to each function u ∈ N^{1,p}(X, μ). The differential Du that we call the Cheeger derivative (cf. [6]) will be further discussed in Section 2. This derivative satisfies the usual Leibniz rule, and Du(x) ∈ R^N for almost all x, where N only depends on the data of the space X (including the constants in the p-Poincaré inequality above). Further, Du is naturally connected with the upper gradients in the sense that, for Lipschitz functions, the length of Du is comparable to a suitably defined minimal upper gradient.

Armed with a Poincaré inequality and the concepts of a differential and a Sobolev class, it is then natural to define harmonic functions and to try and establish their basic properties. To this end, we assume that the 2-Poincaré inequality holds in X. We will give more precise definitions of Newtonian spaces in Section 2. Especially the “Newtonian spaces with zero boundary values” (N^{1,p}_0 ), which are needed in order to assign the Dirichlet problem, will be defined there.

Let Ω ⊆ X be a domain. We say that a function u ∈ N^{1,2}_{loc} (Ω) is Cheegerharmonic in Ω if, for each relatively compact open subset V ⊆ Ω, and for all v ∈ N^{1,2}_0 (V ), ∫ V |Du(x)|^2 dμ(x) ≤ ∫ V |D(u + v)(x)|^2 dμ(x). (3)

Equivalently, u is harmonic in Ω if for all Lipschitz functions ϕ with compact support in Ω, ∫ Ω Du · Dϕ = 0. (4)

The equivalence is shown by the same argument that is used in the Euclidean setting, see [17].

Cheeger-harmonic functions have been considered in [6] where many of the basic properties have been established. One can show the existence of solutions to the Dirichlet problem (cf. [6], [28]), and harmonic functions are known to be locally Hölder continuous under the above assumptions, assuming the Poincaré inequality for p = 2 (cf. [4], [6]): the usual iteration arguments apply even in this generality. To be precise, a seemingly stronger Poincaré inequality, the (2, 2)-Poincaré inequality, is required in [4]. However this is equivalent to the 2-Poincaré inequality under the above assumptions, see [14], [15]. It is then natural to further inquire for conditions under which better regularity of harmonic functions could be obtained.

Smoothness does not make sense in our abstract setting, and thus local Lipschitz continuity seems to be what one should aim for. Indeed, it is immediate from the definitions that the function u, defined by u(x, y) = y when y ≤ 0 and u(x, y) = 2y when y ≥ 0, is harmonic in (R^2, |.|, μ) when dμ(x) = dx for y < 0 and dμ(x) =^1_2 dx for y ≥ 0. Here dx refers to the Lebesgue measure.

Our next example shows that even when the underlying space is R^n equipped with the Euclidean metric, the doubling property of the measure μ is not sufficient to guarantee the Lipschitz continuity of Cheeger-harmonic functions.

Consider X = R^2 and the domain Ω = (−1, 1) × (−1, 1). Let w(x, y) = √ |x| when |x| ≤ 1, and w(x, y) = 1 otherwise, and set dμ = wdx. Then, by [17], (R^2, μ) supports a 2-Poincaré inequality and μ is a doubling measure. The function u(x, y) = sgn(x) √ |x| when |x| ≤ 1, u(x, y) = 1 when x > 1 and u(x, y) = −1 when x < −1 is harmonic on Ω, but is not locally Lipschitz on Ω. However, u is indeed locally Hölder continuous.

Motivated by the previous example, we will from now on assume that μ is (Ahlfors) Q-regular for some Q > 1; there exist constants Q > 1 and C > 0 such that for every x ∈ X and all r > 0, 1 C r^Q ≤ μ ( B(x, r) ) ≤ Cr^Q.

At first sight, it does not seem unreasonable that the Poincaré inequality and the Q-regularity could be sufficient for the Lipschitz continuity of Cheegerharmonic functions. This hope turns out to futile. Indeed, let π < α < 2π and consider the space (X_α, |.|, dx), where

X_α = { (x, y) = (r cos φ, r sin φ) ∈ R^2 : φ ∈ [0, α], r ≥ 0 } . Then the function u(r, θ) = r^{πα} cos ( π α θ ) , defined in polar coordinates, is harmonic in our sense, because Δu(x, y) = 0 in the interior of X_α, the partial derivatives of u are integrable and the normal derivatives on the boundary vanish. However, u fails to be Lipschitz continuous at (0, 0).

Our additional assumption will be given in terms of the heat kernel p(t, x, y) associated with the Dirichlet form E, defined by E(f, g) = ∫ X Df(y)· Dg(y) dμ(y), Df being the Cheeger derivative of f. Let us now state our main theorem.

Theorem 1.1. Let (X, μ) be a pathwise connected, proper metric measure space endowed with a Q-regular measure μ, Q > 1. Assume that μ supports a 2-Poincaré inequality. Furthermore, assume that there exist constants C > 0 and t_0 > 0 such that for each 0 < t < t_0 and every f ∈ N^{1,2}(X) we have ∫ X f(y)^2 p(t, x, y) dμ(y) ≤ (2t + Ct^2) ∫ X |Df(y)|^2p(t, x, y) dμ(y) (5) + (∫ X f(y) p(t, x, y) dμ(y)

)_2

for almost every x ∈ X. Then, every function u ∈ N^{1,2}_{loc} (X) that is harmonic on a domain Ω ⊆ X is locally Lipschitz continuous on Ω.

Notice that the Sobolev inequality (5) holds for the space (X_α, |.|, dx) when α = π (see Section 5) and fails for π < α < 2π. Thus inequality (5) appears to be a rather natural assumption. It holds in many situations, for example, when the curvature of X is bounded from below in the sense of Bakry and Emery [3], [2]; in particular for those Riemannian manifolds whose Ricci curvature is bounded from below. For this see the discussion in Section 5. For these manifolds, the Lipschitz continuity follows from the Cheng- Yau gradient estimate [8]. We do not know if inequality (5) is stable under Gromov-Hausdorff convergence; see [7] for interesting results regarding eigenfunctions on Gromov-Hausdorff limits of manifolds whose Ricci curvature is bounded from below. Inequality (5) is also guaranteed by the logarithmic Sobolev inequality ∫ X f(x)^2 log ( f(x)^2 ||f||^2_{L2(X,p(t,x0,x) dμ)} ) p(t, x_0, x) dμ(x) (6)

≤ (4t + 2Ct^2) ∫ X |∇f(x)|^2 p(t, x_0, x) dμ(x),

see for instance [2]. By Gross’s Theorem [12], the logarithmic Sobolev inequality (6) with C = 0 is equivalent to the hypercontractivity of the semigroup (T̃_t)_{t>0}, which is the semigroup corresponding to the Dirichlet form Ẽ defined by Ẽ(u, v) = ∫ X Du(x) · Dv(x) p(t, x_0, x) dμ(x).

Hypercontractivity properties of heat semigroups and relations to logarithmic Sobolev inequalities have been widely studied, see for instance [1], [2], [3], [9], [12], [13], [33], and [34].

How does one then prove the Lipschitz continuity? In the Euclidean setting, the C^∞-regularity of a harmonic function u is proven by using mollifications or by using harmonic approximations^1_h ( u(x + e_ih) − u(x) ) to ∇u, see for instance [11]. Neither technique is available in the general setting considered in Theorem 1.1. We instead adapt a very recently established technique of Caffarelli and Kenig [5]. Naturally, our abstract setting causes new difficulties. These get handled using the abstract theory of Dirichlet forms, some old ideas of Moser and Serrin, and recent results by Sturm [29], [30], [31].

The paper is organized as follows. In Section 2, we give a brief introduction to Newtonian spaces and define the Cheeger derivative. In Section 3, we recall the basic theory of Dirichlet forms and the associated abstract heat equation. We also prove some auxiliary results that are needed in order to prove Theorem 1.1. Section 4 contains the proof of Theorem 1.1. Finally, in

Section 5, we discuss some situations where the assumptions of Theorem 1.1 can be verified.

2 Cheeger-harmonic functions

Let (X, μ) be a metric measure space, i.e. a set X with metric d and a Borel regular measure μ. A measure μ is doubling if there exists a C_d > 0 such that for every x ∈ X and all r > 0, μ ( B(x, 2r) ) ≤ C_dμ ( B(x, r) ) . Note that Q-regular measures are always doubling.

Following [27], we define the Newtonian (generalized Sobolev) space, denoted N^{1,p}(X), in a metric measure space (X, μ) to be the class of those p-integrable (equivalence classes of) functions for which there exists a pintegrable upper gradient. We equip N^{1,p}(X) with the pseudonorm

||u||_N 1,p_{(X)} = ||u||_Lp_{(X)} + inf_g ||g||_Lp_{(X)},

where the infimum is taken over all upper gradients of u. We recall from [27] that, under the p-Poincaré inequality and doubling assumptions, Lipschitz functions are dense in N^{1,p}(X). Newtonian spaces of open subsets, as well as local Newtonian spaces, are now defined in an obvious manner. We follow [18] and define for a domain Ω the “Newtonian space with zero boundary values”, N^{1,p}_0 (Ω), to be the class of those Newtonian functions u for which uχ_{X\Ω} vanishes p-quasieverywhere. See, for instance, [16], [18] and [27] for the definition of capacity in metric measure spaces. Cheeger [6] defines Sobolev spaces based on upper gradients in a different way, but his function classes coincide with the corresponding Newtonian spaces for p > 1. This was proven in [27].

For a function u there exists a minimal upper gradient g_u (or a “minimal generalized upper gradient”, see [6]), minimal in a sense that g_u ≤ g almost everywhere for every upper gradient g of u. Cheeger showed in [6], assuming the doubling property and the p-Poincaré inequality for some p > 1, that for Lipschitz functions the minimal upper gradient coincides with the pointwise Lipschitz constant lip defined by

lip u(x) = lim inf_{r→0} sup_{d(x,y)≤r}

|u(x) − u(y)| r . In this paper, we will use the so-called Cheeger derivatives as our generalization of Euclidean gradients in metric spaces. The important existence results and properties of such derivatives are proved in [6]. The following theorem, proved in [6], gives the most essential information about the differential structure we are dealing with.

Theorem 2.1. Assume that (X, μ) supports a weak p-Poincaré inequality for some p > 1 and that μ is doubling. Then there exists N > 0, depending only on the doubling constant and the constants in the Poincaré inequality, such that the following holds. There exists a countable collection of measurable sets U_α, μ(U_α) > 0 for all α, and Lipschitz functions X^α_1 , . . . , X^α_{k(α)} : U_α → R with 1 ≤ k(α) ≤ N such that

μ (X \ ∪^∞_{α=1}U_α) = 0,

and for all α and X^α_1 , . . . , X^α_{k(α)} the following holds:

For f : X → R Lipschitz, there exists V_α(f) ⊆ U_α such that μ(U_α \ V_α(f)) = 0, and Borel functions b^α_1 (x, f), . . . , b^α_{k(α)}(x, f) of class L^∞ such that if x ∈ V_α, then g_{f−a1X}α_{1 −···−ak(α)X}α_{k(α)} (x) = 0

if and only if (a_1, . . . , a_{k(α)}) = ( b^α_1 (x, f), . . . , b^α_{k(α)}(x, f) ) . Moreover, for almost every x ∈ U_{α1} ∩ U_{α2} , the “coordinate functions” X^{α2}_i are linear combinations of the X^{α1}_i :s.

By Theorem 2.1, we now have a finite-dimensional L^∞ vector bundle T^∗X, and for each Lipschitz function u there exists a corresponding L^∞ section of this bundle. We call this section the Cheeger derivative of u and denote it by Du. We will repeatedly use the fact that the Cheeger derivative satisfies the Leibniz rule, i.e.

D(uv)(x) = u(x)Dv(x) + v(x)Du(x).

In addition, the Euclidean norm |Du| of Du is comparable to the minimal upper gradient g_u, see [6]. Thus Cheeger-harmonic functions are quasiminimizers in the sense of [19]. Cheeger also proved that the differential operator D can be extended to all functions of the associated Sobolev space. In particular, this holds for the Newtonian space N^{1,p}(X), which coincides with the space considered by Cheeger.

In proving Theorem 1.1, we will use the fact that Cheeger-harmonic functions satisfy the Caccioppoli inequality: there exists C > 0, not depending on the harmonic function u, such that ∫ B(x,r)

|Du(x)|^2 dμ(x) ≤ C (R − r)^2 ∫ B(x,R)

u(x)^2 dμ(x) (7) whenever B(x, r) ⊂⊂ B(x, R) ⊂⊂ Ω. This estimate is obtained by the same argument as in the Euclidean setting (cf. [17]); apply (4) to ϕ = uη^2, where η is a suitable Lipschitz cut-off function and use Hölder’s inequality.

3 Dirichlet forms and heat kernels

Let E : L^2(X, μ) × L^2(X, μ) → [−∞, ∞] be the bilinear form defined by

E(f, g) = ∫ X Df(x) · Dg(x) dμ(x)

if f, g ∈ N^{1,2}(X) and, if f or g does not belong to the class N^{1,2}(X), then

E(f, g) = ∞.

Such a bilinear operator is an example of a regular and strongly local Dirichlet form; see [10] and [20]. Corresponding to such a form there exists an infinitesimal generator A which acts on a dense subspace D(A) of N^{1,2}(X) so that for all f ∈ D(A) and each g ∈ N^{1,2}(X), ∫ X g(x)Af(x) dμ(x) = −E(g, f). (8)

Note that if X = R^n with Lebesgue measure and the operator D is the classical gradient ∇, then A is the Laplacian operator △. The following lemma indicates that, even in the abstract setting considered in this paper, the operator A behaves like the Laplacian in the sense that it satisfies the Leibniz theorem of calculus.

Lemma 3.1. If u, v ∈ N^{1,2}(X), and ϕ ∈ N^{1,2}(X) is a bounded Lipschitz function, then

E(ϕ, uv) = E(ϕu, v) + E(ϕv, u) + 2 ∫ X ϕ Du(x) · Dv(x) dμ(x). (9)

Moreover, if u, v ∈ D(A), then we can unambiguously define the measure A(uv) by setting A(uv) = uAv + vAu + 2Du · Dv. (10)

Proof. Equation (9) follows from the Leibniz rule obeyed by the Cheeger derivative, and equation (10) is seen to be consistent (that is, it does not create inconsistencies in the event that uv ∈ D(A) ) by combining equation (9) with (8).

Also, associated with the Dirichlet form E, there is a semigroup (T_t)_{t>0}, acting on L^2(X), with the following properties (see [10], Chapter 1):

1. T_t ∘ T_s = T_{t+s} ∀ t, s > 0, 2. ∫ X |T_tf(x)|^2 dμ(x) ≤ ∫ X f(x)^2 dμ(x) ∀ f ∈ L^2(X, μ) ∀ t > 0,

3. T_tf → f in L^2(X, μ) when t → 0,

4. if f ∈ L^2(X, μ) satisfies 0 ≤ f ≤ C, then 0 ≤ T_tf ≤ C for all t > 0,

5. if f ∈ D(A), then^1_t ( T_tf − f ) → Af in L^2(X, μ) as t → 0, and

6. AT_tf =^∂_{∂t} T_tf ∀ t > 0, ∀ f ∈ L^2(X, μ).

By the above properties, T_tf is the unique solution to the heat problem

u : X × [0, ∞) → R, Au(x, t) =^∂_{∂t} u(x, t), u(·, t) → f(·) in L^2(X, μ) as t → 0.

See also [31], Proposition 1.2, for uniqueness of such solutions. In the Euclidean case, Moser proved a parabolic version of the Harnack inequality for weak solutions of the heat equation

△u = ∂ ∂t u. Using the technique developed by Moser in [22], the parabolic Harnack inequality has been proven by many people in different settings; Saloff-Coste in the setting of manifolds ([23] and [24]), Kuwae, Machigashira and Shioya in the setting of Alexandrov spaces ([21]), and Sturm in the setting of complete metric spaces endowed with a doubling measure supporting a 2-Poincaré inequality; see [29], [30], [31] and [32].

A measurable function p : R × X × X → [0, ∞] is said to be a heat kernel on X if T_tf(x) = ∫ X f(y) p(t, x, y) dμ(y)

for every f ∈ L^2(X, μ) and all t > 0, and p(t, x, y) = 0 for every t ≤ 0. Sturm proves the existence of the heat kernel under the assumption that the measure on X is doubling and supports a 2-Poincaré inequality; see [31], Proposition 2.3. Under the doubling assumption, it is true, by [29], that the heat kernel is a probability measure; for each x ∈ X and every t > 0 ∫ X p(t, x, y) dμ(y) = 1.

Sturm also proves a Gaussian estimate for the heat kernel in [31], Corollary 4.10 and inequality 4.4; there exist C, C_1 and C_2 > 0 such that

p(t, x, y) ≤ C ( μ ( B(x, √ t) ))−^1_2 ( μ ( B(y, √ t) ))−^1_2

e^{−d(x,y)} 2 C1t and p(t, x, y) ≥ 1 C ( μ ( B(x, √ t) ))−^1_2 ( μ ( B(y, √ t) ))−^1_2

e^{−d(x,y)} 2 C2t .

Under our assumption of Q-regularity of the measure μ, we thus have the heat kernel estimate

C^{−1}t^{− Q2} e^{−d(x,y)} 2 C2t ≤ p(t, x, y) ≤ Ct^{− Q2} e^{−d(x,y)} 2 C1t . (11)

In what follows, constants denoted by C_1 or C_2 will refer to the corresponding constants in (11).

It is also seen from the argument of Moser in [22] (while the argument there is phrased for Euclidean spaces, the proof holds in this generality), that for every x ∈ X,

∫_{T1}

T_0 ∫ B(x,R_1)

|D_yp(t, x, y)|^2 dμ(y) dt (12) ≤ C [ 1 (R_2 − R_1)^2 + 1 (T_2 − T_1)

] ∫_{T2}

T_0 ∫ B(x,R_2)

p(t, x, y)^2 dμ(y) dt

whenever 0 < R_1 < R_2 and 0 ≤ T_0 < T_1 < T_2, where C is a constant independent of R_1, R_2, T_0, T_1, T_2 and x.

We will use the estimates (11) and (12) in our proof of Theorem 1.1. In particular, we use inequality (12) to obtain the estimates in the following two lemmas. In what follows, we will make the assumptions of Theorem 1.1, except that the inequality (5) will not be used before Section 4.

Lemma 3.2. For μ-almost every x ∈ X, ∫_T 0 ∫ X |D_yp(t, x, y)|^2 dμ(y) dt ≤ C_{T,x}

and hence |D_yp(·, x, ·)| ∈ L^2([0, T ] × X) whenever 0 < T .

Proof. Letting R_2 = 2R_1 and T_2 = 2T_1, we obtain from inequality (12) the following inequality: ∫_{T1} 0 ∫ B(x,R_1)

|D_yp(t, x, y)|^2 dμ(y) dt ≤ C [ 1 R^2_1 + 1 T_1

] ∫_{2T1} 0 ∫ B(x,2R_1 )

p(t, x, y)^2 dμ(y) dt.

Letting R_1 → ∞, we see that

∫_{T1} 0 ∫ X |D_yp(t, x, y)|^2 dμ(y) dt ≤ C 1 T_1

∫_{2T1} 0 ∫ X p(t, x, y)^2 dμ(y) dt.

By [31], Proposition 2.3, ∫_{2T1} 0 ∫ X ∫ X p(t, x, y)^2 dμ(y) dμ(x) dt < ∞.

Hence for μ-a.e. x ∈ X, ∫_{2T1} 0 ∫ X p(t, x, y)^2 dμ(y) dt = C^′_{T1,x} < ∞.

Hence ∫_{T1} 0 ∫ X |D_yp(t, x, y)|^2 dμ(y) dt ≤ C^′_{T1,x}.

Letting T_1 = T we obtain the desired inequality.

Lemma 3.3. If 0 < T < r^3 < 1, then there exists a constant C > 0, independent of T and r, such that for every x ∈ X, ∫_T 0 ∫ B(x,2r)\B(x,r)

|D_yp(t, x, y)|^2dμ(y) dt ≤ e^{−CT −13} .

Proof. Let A denote the annulus B(x, 2r) \ B(x, r). Because the measure is doubling, we can cover A by a fixed finite number of balls B_i of radius^r_4 so that the balls {2B_i} (balls with the same centers and twice the radii) have bounded overlap with the bound independent of r; see [25]. Now, by inequality (12),

∫_T 0 ∫ B_i

|D_yp(t, x, y)|^2 dμ(y) dt ≤ C [ 1 r^2 + 1 T ] ∫_{2T} 0 ∫ 2B_i

p(t, x, y)^2 dμ(y) dt.

Therefore,

∫_T 0 ∫ A |D_yp(t, x, y)|^2 dμ(y) dt ≤ ∑ i ∫_T 0 ∫ B_i

|D_yp(t, x, y)|^2 dμ(y) dt ≤ C ∑ i [ 1 r^2 + 1 T ] ∫_{2T} 0 ∫ 2B_i

p(t, x, y)^2 dμ(y) dt ≤ C [ 1 r^2 + 1 T ] ∫_{2T} 0 ∫ A_0

p(t, x, y)^2 dμ(y) dt, where A_0 = B(x, 3r) \ B(x,^r_2 ). By the pointwise estimate (11), this is no more than C [ 1 r^2 + 1 T ] ∫_{2T} 0 ∫ A_0

t^{−Q}e^{− r} 2 C1t dμ(y) dt ≤ C r^Q T ∫_{2T} 0 t^{−Q}e^{−Ct −13} dt, (13)

since t^23 ≤ T^23 < r^2, and μ is Q-regular. But now

T^{−1}t^{−Q}e^{−Ct −13} ≤ CT^{−Q−1}e^{−CT −13} ≤ e^{−C′T −13}

for some constant C^′ > 0 and for every t < 2T . Thus, since r < 1, the right hand side in (13) is no more than e^{−CT −13} . The claim follows.

We next prove that the heat kernel is, at least in the weak sense, a fundamental solution to the heat equation. We define test functions as continuous functions ϕ : [0, T ] × X → R such that for every fixed t > 0, ϕ(t, ·) = ϕ_t(·) ∈ N^{1,2}(X), |D_yϕ(t, y)| ∈ L^2([0, T ] × X), and for μ-almost every x ∈ X, ϕ(·, x) is absolutely continuous on [0, T ]. Moreover, we assume that there is a constant δ_0 = δ_0(x) > 0 such that the following Hölder continuity property holds for ϕ and the “center point” x of the heat kernel p(·, x, ·): there exist C and α > 0 such that for every δ < δ_0 and for all (t, y) ∈ [0, δ] × B(x, δ),

|ϕ(t, y) − ϕ(0, x)| ≤ Cδ^α. (14)

Proposition 3.4. There exists a constant K, independent of x and ϕ, such that for every test function ϕ_t(y) and for almost every x ∈ X, ∫_T 0 ∫ X ϕ_t(y) A_yp(t, x, y) dμ(y) dt (15)

:= −

∫_T 0 ∫ X Dϕ_t(y) · D_yp(t, x, y) dμ(y) dt = ∫_T 0 ∫ X ϕ_t(y) ∂ ∂t p(t, x, y) dμ(y) dt + Kϕ_0(x).

Proof. By [31], for all t_2 > t_1 > 0,

∫_{t2}

t_1 ∫ X ϕ_t(y) A_yp(t, x, y) dμ(y) dt =

∫_{t2}

t_1 ∫ X ϕ_t(y) ∂ ∂t p(t, x, y) dμ(y) dt. (16)

Observe the difference between equation (15) and equation (16); since the distributional measure of −^{∂p}_{∂t} + A_yp(·, x, ·) is supported in {(0, x, x)}, equation (16) does not detect it while equation (15), based on the integral over the region [0, T ] × X, does detect the measure −^{∂p}_{∂t} + A_yp(·, x, ·). We follow an argument of Serrin [26] in proving equation (15), where the constant K is independent of x, T and ϕ.

Let θ_1 and θ_2 be two test functions on [0, T ] × X so that both are identically 1 in a neighborhood of the point (0, x). Then θ_1 − θ_2 vanishes in a neighborhood of (0, x), and hence by equation (16), ∫_T 0 ∫ X θ_1(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt = ∫_T 0 ∫ X θ_2(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt.

Hence, there exists a constant K so that ∫_T 0 ∫ X θ(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt = K (17)

for every test function θ : [0, T ] × X → R which is identically equal to 1 in a neighborhood of (0, x).

Now let ϕ(t, y) be any test function. Choose θ = θ_r to be a Lipschitz function whose support lies in [0, 2r) × B(x, 2r) so that 0 ≤ θ_r ≤ 1, |D θ_r| ≤^C_r (recall that |D θ_r| is comparable to the Lipschitz constant of θ_r) and θ_r ≡ 1 on [0, r) × B(x, r). We split ϕ by writing

ϕ = θϕ + (1 − θ)ϕ.

By equation (16),

∫_T 0 ∫ X ( 1 − θ_r(t, y) ) ϕ(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt = 0

i.e. ∫_T 0 ∫ X ϕ(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt = ∫_T 0 ∫ X θ_rϕ(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt.

Therefore, by equation (17), | | | | ∫_T 0 ∫ X ϕ(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt − Kϕ(0, x) | | | | = | | | | ∫_T 0 ∫ X ( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt | | | | = | | | | ∫_T 0 ∫ X D (( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ) · D_yp(t, x, y) dμ(y) dt

+ ∫_T 0 ∫ X ( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ∂ ∂t p(t, x, y) dμ(y) dt | | | | ≤ | | | | ∫_T 0 ∫ X D (( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ) · D_yp(t, x, y) dμ(y) dt | | | |

+ | | | | ∫_T 0 ∫ X ( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ∂ ∂t p(t, x, y) dμ(y) dt | | | |. Now we estimate the two terms separately. Taking T > 2r and applying the

Leibniz rule and Hölder inequality, we see that | | | | ∫_T 0 ∫ X D (( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ) · D_yp(t, x, y) dμ(y) dt | | | | ≤ C r ||ϕ − ϕ(0, x)||_L∞_{(B(x,2r)×[0,2r])}

∫_{2r} 0 ∫ B(x,2r)

|D_yp(t, x, y)| dμ(y) dt + ∫_{2r} 0 ∫ B(x,2r)

|D_yϕ(t, y)| |D_yp(t, x, y)| dμ(y) dt

≤ C r ( 2rμ ( B(x, 2r)

))^1_2 (∫_T 0 ∫ B(x,2r)

|D_yp(t, x, y)|^2 dμ(y) dt

)^1_2 +

+ (∫_{2r} 0 ∫ B(x,2r)

|D_yϕ(t, y)|^2 dμ(y) dt

)^1_2 (∫_T 0 ∫ B(x,2r)

|D_yp(t, x, y)|^2 dμ(y) dt

)^1_2 . By Lemma 3.2, Dp(·, x, ·) ∈ L^2([0, T ]×X) for almost every x ∈ X. Since ϕ is

a test function and r^{−1} ( rμ(B(x, 2r))

) 1_2

< C^12 for r < 1 (C is the Q-regularity

constant of μ), both terms tend to 0 as r → 0, for almost every x ∈ X.

In [30], Sturm proved an estimate for^∂_{∂t} p(t, x, y) as well: | | | ∂ ∂t p(t, x, y) | | | ≤ Ct^{− Q2 −1}e^{−d(x,y)} 2 C1t .

Combining this with the estimate (14) yields (we may assume that 2r < δ_0, where δ_0 is as in (14)) | | | | ∫_T 0 ∫ X ( ϕ(t, y) − ϕ(0, x) ) θ_r(t, y) ∂ ∂t p(t, x, y) dμ(y) dt | | | | ≤ C ∫_{2r} 0 ∫ B(x,2r)

|ϕ(t, y) − ϕ(0, x)| t^{− Q2 −1}e^{−d(x,y)} 2 C1t dμ(y) dt = C ∫_{2r} 0 ∫ B(x,2r)\B(x,t^13 )

|ϕ(t, y) − ϕ(0, x)| t^{− Q2 −1}e^{−d(x,y)} 2 C1t dμ(y) dt + C ∫_{2r} 0 ∫ B(x,t^13 )

|ϕ(t, y) − ϕ(0, x)| t^{− Q2 −1}e^{−d(x,y)} 2 C1t dμ(y) dt

≤ Cμ(B(x, 2r)) ||ϕ||_L∞_{([0,2r]×B(x,2r))}

∫_{2r} 0 t^{− Q2 −1}e^{−Ct −13} dt + C ∫_{2r} 0 ∫ B(x,t^13 )

t^{− Q2 −1+ α3} e^{−d(x,y)} 2 C2(lt) dμ(y) dt

≤ Cμ(B(x, 2r)) ||ϕ||_L∞_{([0,2r]×B(x,2r))}

∫_{2r} 0 t^{− Q2 −1}e^{−Ct −13} dt + C ∫_{2r} 0 t^{−1+ α3} ∫ B(x,t^13 )

p(lt, x, y) dμ(y) dt

≤ Cμ(B(x, 2r)) ||ϕ||_L∞_{([0,2r]×B(x,2r))}

∫_{2r} 0 t^{− Q2 −1}e^{−Ct −13} dt + C ∫_{2r} 0 t^{−1+ α3} dt ≤ C_r||ϕ||_L∞_{([0,r]×B(x,2r))} + C^′_r,

where l = C_1/C_2 and C_r, C^′_r → 0 as r → 0. Now, letting r → 0, we obtain | | | | | ∫_T 0 ∫ X ϕ(t, y) ( A_y − ∂ ∂t ) p(t, x, y) dμ(y) dt − Kϕ(0, x) | | | | | = 0.

Thus equation (15) holds true for every test function ϕ, for almost every x ∈ X.

4 Proof of Theorem 1.1

Proof. Our proof is based on an adaptation of an argument from [5]. Let u be harmonic on a domain Ω ⊆ X and let B = B(y_0, 10r) ⊂⊂ Ω. Our proof will bound |Du(x_0)| for every x_0 ∈ B(y_0, r) \ A, where A is a set of measure zero depending on u and containing the set of measure zero on which the previous statements about the heat kernel are not valid.

Fix T < r^3 < 1. Consider a Lipschitz function ϕ on X such that ϕ ≡ 1 on B(x_0, r), spt ϕ ⊆ B(x_0, 2r), and |Dϕ| ≤^C_r . Let v = uϕ and for every T > t > 0, let w(t, x) := u(x)ϕ(x) − T_t(uϕ)(x_0).

Note that Dw = Dv and Aw = Av, and by Lemma 3.1,

|Dw|^2 = 1 2 Aw^2 − w ( uAϕ + ϕAu + 2Du · Dϕ ) in the weak sense of measures. Here and in what follows we extend A formally to all of N^{1,2}(X) by defining ∫ X vAu = − ∫ X Du · Dv = ∫ X uAv. (18)

Notice that this is consistent with (8).

Let m(t) = T_t(uϕ)(x_0). Then^∂_{∂t} w^2 = 2w^∂_{∂t} w = −2w m^′(t) (we know from [10] that m(t) is differentiable in the t- variable, and hence m^′(t) makes sense here). Therefore,

|Dw|^2 = 1 2 ( A + ∂ ∂t ) w^2 − w ( uAϕ + ϕAu + 2Du · Dϕ − m^′(t) ) in the weak sense. Hence, ∫_t 0 ∫ X |Dw|^2(s, x) p(s, x_0, x) dμ(x) ds (19)

= 1 2 ∫_t 0 ∫ X ( A + ∂ ∂s ) w^2(s, x) p(s, x_0, x) dμ(x) ds − ∫_t 0 ∫ X w(s, x) ( u(x)Aϕ(x) + ϕ(x)Au(x) + 2Du(x) · Dϕ(x) − m^′(s) ) p(s, x_0, x) dμ(x) ds.

Observe that ∫_t 0 ∫ X w(s, x) m^′(s) p(s, x_0, x) dμ(x) ds = ∫_t 0 m^′(s) ∫ X ( u(x)ϕ(x) − T_s(uϕ)(x_0) ) p(s, x_0, x) dμ(x) ds = ∫_t 0 m^′(s) T_s(uϕ)(x_0) ( 1 − ∫ X p(s, x_0, x) dμ(x) ) ds.

Recall that for every s > 0 and x_0 ∈ X, ∫ X p(s, x_0, x) dμ(x) = 1.

Hence ∫_t 0 ∫ X w(s, x) m^′(s) p(s, x_0, x) dμ(x) ds = 0. (20)

Thus (19) holds without m^′(s). We will estimate the remaining terms in (19) separately.

First, integrating by parts and using (18), we see that ∫_t 0 ∫ X ( A + ∂ ∂s ) w^2(s, x) p(s, x_0, x) dμ(x) ds = ∫_t 0 ∫ X w^2(s, x) A_xp(s, x_0, x) dμ(x) ds − ∫_t 0 ∫ X w^2(s, x) ∂ ∂s p(s, x_0, x) dμ(x) ds + ∫ X w^2(t, x) p(t, x_0, x) dμ(x) − ∫ X w^2(0, x) p(0, x_0, x) dμ(x).

Next we wish to use Proposition 3.4 for ϕ_t(y) = w^2(t, y). In order to do this, we have to show that w^2(t, y) can be used as a test function. Our function w^2(t, ·) may not belong to L^2(X, μ) for a fixed t, but this clearly does not cause any problems. The other test function properties, required in Proposition 3.4, hold for w^2(t, y), and only the Hölder continuity estimate (14) is not obvious from the definition of w^2(t, y). We use the local Hölder continuity of u to show that (14) holds for w^2(t, y). Note that w^2(0, x_0) = 0. Choose δ_0 > 0 so that u is Hölder continuous, with exponent α, in B(x_0, δ^{1/3}_0 ). Fix δ < δ_0 and suppose that (t, x) ∈ [0, δ] × B(x_0, δ). Then

|w(t, x)| = |u(x)ϕ(x) − T_t(uϕ)(x_0)|

= |u(x)ϕ(x) − u(x_0)ϕ(x_0) + u(x_0)ϕ(x_0) − T_t(uϕ)(x_0)|

≤ Cδ^α + ∫ X |u(x_0)ϕ(x_0) − u(x)ϕ(x)| p(t, x_0, x) dμ(x)

= Cδ^α + ∫ B(x_0,t^13 )

|u(x_0)ϕ(x_0) − u(x)ϕ(x)| p(t, x_0, x) dμ(x) + ∫ X\B(x_0 ,t^13 )

|u(x_0)ϕ(x_0) − u(x)ϕ(x)| p(t, x_0, x) dμ(x) ≤ Cδ^α

+ Ct^{α3} + C||u||_L∞_{(B(x0,8r))} ∫ X\B(x_0 ,t^13 )

t^{−Q2} e^{−d(x,x0)} 2 2C1t e

−d(x,x0)2 2C1t dμ(x).

Hence,

|w(t, x)| ≤ Cδ^{α3} + C||u||_L∞_{(B(x0,8r))}e^{−Ct −13} ∫ X\B(x_0 ,t^13 )

(lt)^{−Q2} e^{−d(x,x0)} 2 C2(lt) dμ(x)

≤ Cδ^{α3} + C||u||_L∞_{(B(x0,8r))}e^{−Ct −13} ∫ X p(lt, x_0, x) dμ(x) ≤ Cδ^{α3} . (21)

Here l = 2C_1/C_2. Thus, (14) holds for w as a test function, which implies that it holds for w^2 as a test function as well. Now we can use equation (15) for w^2(t, y), and we have ∫_t 0 ∫ X ( A + ∂ ∂s ) w^2(s, x) p(s, x_0, x) dμ(x) ds

= Kw^2(0, x_0) + ∫ X w^2(t, x) p(t, x_0, x) dμ(x) − ∫ X w^2(0, x) p(0, x_0, x) dμ(x). Now ∫ X w^2(s, x) p(s, x_0, x) dμ(x) = ∫ X (uϕ)^2(x) p(s, x_0, x) dμ(x) (22)

+ m(s)^2 ∫ X p(s, x_0, x) dμ(x) − 2 ∫ X m(s) (uϕ)(x) p(s, x_0, x) dμ(x)

= T_s(uϕ)^2(x_0) + m(s)^2 − 2m(s) T_s(uϕ)(x_0) = T_s(uϕ)^2(x_0) − m(s)^2,

and thus

lim_{s→0} ∫ X w^2(s, x) p(s, x_0, x) dμ(x) = lim_{s→0} T_s(uϕ)^2(x_0) − ( T_s(uϕ)(x_0)

)_2 , provided the last limit exists. On the other hand, the Hölder continuity estimate (21) implies that

lim_{s→0} T_s(uϕ)^2(x_0) = ( u(x_0)ϕ(x_0)

)_2 . Similarly lim_{s→0} ( T_s(uϕ)(x_0)

)_2 = u(x_0)^2ϕ(x_0)^2.

Hence lim_{s→0} ∫ X w^2(s, x) p(s, x_0, x) dμ(x) = 0.

Therefore, as w(0, x_0) = 0, we see that ∫_t 0 ∫ X ( A + ∂ ∂s ) w^2(s, x) p(s, x_0, x) dμ(x) ds = ∫ X w^2(t, x) p(t, x_0, x) dμ(x).

(23) Secondly, since u is harmonic on spt ϕ,

∫_t 0 ∫ X w(s, x) ϕ(x) Au(x) p(s, x_0, x) dμ(x) ds (24) = − ∫_t 0 ∫ X D ( w(s, x) ϕ(x) p(s, x_0, x) ) · Du dμ(x) ds = 0.

Note that (24) is well-defined, since w(s, ·) ϕ(·) p(s, x_0, ·) is in N^{1,2}(X). This can be seen as follows: let (h_i) and (v_i) be sequences of Lipschitz-functions converging in N^{1,2}(E) to w(s, ·) and p(s, x_0, ·), respectively, where E is a bounded domain. Then, by the Leibniz rule and the continuity of w(s, ·) and p(s, x_0, ·), (h_iϕv_i) is a Cauchy sequence in N^{1,2}(E) converging to wϕp in L^2(E). Now the N^{1,2}(E)-limit of (h_iϕv_i) exists and has to be wϕp.

Thirdly, by the fact that ϕ ≡ 1 on B(x_0, r) and spt ϕ ⊆ B(x_0, 2r), | | | | ∫_t 0 ∫ X w(s, x) Du(x) · Dϕ(x) p(s, x_0, x) dμ(x) ds | | | | ≤ C_r ||w||_L∞_{([0,t]×B(x0,2r))}

∫_t 0 ∫ B(x_0,2r)\B(x_0 ,r)

|Du(x)|^2 p(s, x_0, x) dμ(x) ds

≤ C_r ||w||_L∞_{([0,t]×B(x0,2r))}

∫_t 0 ∫ B(x_0,2r)\B(x_0 ,r)

|Du(x)|^2 s^{−Q2} e^{−Cr2s} dμ(x) ds

≤ C_r ||u||_L∞_{(B(x0 ,2r))}e^{−Ct −13} ∫ B(x_0,2r)\B(x_0 ,r)

|Du(x)|^2 dμ(x),

where we used the fact that s^{−Q}2 e^{−Cr2}s ≤ Ce^{−Ct −13} for all s < t < T < r^3, and the fact that by the Markov property (property 4 in Section 3) of the heat semigroup (T_t)_{t>0}, ||w||_L∞_{([0,t]×B(x0 ,2r))} ≤ 2||u||_L∞_{(B(x0 ,2r))}. Now, by the Caccioppoli inequality (7) for harmonic functions, | | | ∫_t 0 ∫ X w(s, x) Du(x) · Dϕ(x) p(s, x_0, x) dμ(x) ds | | | (25)

≤C_r||u||^2_L∞_{(B(x0 ,4r))}e^{−Ct −13} .

We finally estimate the remaining term of equation (19). By Lemma 3.3, | | | ∫_t 0 ∫ X w(s, x) u(x) Aϕ(x) p(s, x_0, x) dμ(x) ds | | | (26) = | | | | ∫_t 0 ∫ X D ( w(s, x) u(x) p(s, x_0, x) ) · Dϕ(x) dμ(x) ds | | | | ≤ | | | | ∫_t 0 ∫ X u(x) p(s, x_0, x) Dw(s, x) · Dϕ(x) dμ(x) ds | | | | + | | | | ∫_t 0 ∫ X w(s, x) p(s, x_0, x) Du(x) · Dϕ(x) dμ(x) ds | | | | + | | | ∫_t 0 ∫ X w(s, x) u(x) Dp(s, x_0, x) · Dϕ(x) dμ(x) ds | | |

≤ C_r||u||_L∞_{(B(x0 ,2r))}e^{−Ct −13} (∫ B(x_0,2r)\B(x_0 ,r)

|Du(x)|^2 dμ(x)

) 1_2

+ C_r||u||_L∞_{(B(x0 ,2r))}e^{−Ct −13} (∫ B(x_0,2r)\B(x_0 ,r)

|Du(x)|^2 dμ(x)

) 1_2

+ C_r||u||_L∞_{(B(x0 ,2r))}e^{−Ct −13} (∫_t 0 ∫ B(x_0,2r)\B(x_0 ,r)

|Dp(s, x_0, x)|^2 dμ(x) dt

) 1_2

≤ C_r||u||_L∞_{(B(x0 ,4r))}e^{−Ct −13} + C_r||u||_L∞_{(B(x0 ,2r))}e^{−Ct −13}

≤ C_r||u||_L∞_{(B(x0 ,4r))}e^{−Ct −13} .

From [4] we know that there exists a constant C, independent of r, x_0 and u,

such that

||u||_L∞_{(B(x0 ,4r))} ≤ Cr^{−Q}||u||_L2_{(B(x0 ,8r))}. (27)

Combining inequalities (19), (20), (23), (24), (25), (26) and (27), we see that 0 ≤ ∫_t 0 ∫ X |Dw(s, x)|^2 p(s, x_0, x) dμ(x)ds (28) ≤ 1 2 ∫ X w^2(t, x) p(t, x_0, x) dμ(x)

+ C_r||u||^2_L2_{(B(x0 ,8r))}e^{−Ct −13} .

For T > t > 0, let

J(t) := 1 t ∫_t 0 ∫ X |D(uϕ)(x)|^2 p(s, x_0, x) dμ(x) ds = 1 t ∫_t 0 ∫ X |Dw(s, x)|^2 p(s, x_0, x) dμ(x) ds.

Then, by inequality (28) (here we use again the fact that t^{−α}e^{−Ct −13} ≤ e^{−C′t −13} for α > 0, t < T ),

0 ≤ J(t) ≤ 1 2t ∫ X w^2(t, x) p(t, x_0, x) dμ(x) (29)

+ C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))}.

Moreover, note that d dt J(t) = − 1 t J(t) + 1 t ∫ X |D(uϕ)(x)|^2 p(t, x_0, x) dμ(x) ≥ −1 2t^2 ∫ X w^2(t, x) p(t, x_0, x) dμ(x) − C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))} + 1 t ∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x) ≥ 1 t (∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x) − 1 2t ∫ X w^2(t, x) p(t, x_0, x) dμ(x) )

− C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))}.

Now, for fixed t, either ∫ X w^2(t, x) p(t, x_0, x) dμ(x) ≤ 2t ∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x)

or ∫ X w^2(t, x) p(t, x_0, x) dμ(x) > 2t ∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x).

In the first case, d dt J(t) ≥ −C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))}. (30)

In the second case, we use (21) and (27) in order to obtain the estimate ∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x) ≤ 1 2t ∫ X w^2(t, x) p(t, x_0, x) dμ(x) ≤ 1 2t (∫ B(x_0 ,t^13 )

w^2(t, x) p(t, x_0, x) dμ(x) + ∫ X\B(x_0,t^13 )

w^2(t, x) p(t, x_0, x) dμ(x) )

≤C_rt^{23 α−1} + 1 t C_r||u||^2_L∞_{(B(x0 ,8r))} ∫ X\B(x_0 ,t^13 )

t^{−Q2} e^{−d(x0,x)} 2 2C1t e

−d(x0,x)2 C2(lt) dμ(x)

≤C_rt^{23 α−1} + C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))}, where l = 2C_1/C_2 and α > 0. Note that ∫ X w^2(t, x) p(t, x_0, x) dμ(x) = ∫ X ( u(x)ϕ(x)

)_2

p(t, x_0, x) dμ(x) − (∫ X u(x)ϕ(x) p(t, x_0, x) dμ(x)

)_2 . Thus, using inequality (5), we have d dt J(t) ≥ 1 t (∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x) − 1 2t ∫ X w^2(t, x) p(t, x_0, x) dμ(x) )

− C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))} ≥ − C ∫ X |Dw(x)|^2 p(t, x_0, x) dμ(x) − C_re^{−Ct −13} ||u||^2_L2_{(B(x0,8r))} (31) ≥ − C_re^{−Ct −13} ||u||^2_L2_{(B(x0 ,8r))} − C_rt^{23 α−1} − C_re^{−Ct −13} ||u||_L2_{(B(x0 ,8r))} in the second case. Since (30) implies (31), inequality (31) holds in either of the two cases.

By the fundamental theorem of calculus, J(0) := lim_{t→0+} 1 t ∫_t 0 ∫ X |D(uϕ)(x)|^2 p(s, x_0, x) dμ(x) ds

= lim_{s→0+} ∫ X |D(uϕ)(x)|^2 p(s, x_0, x) dμ(x) = lim_{s→0+} T_s|D(uϕ)(x_0)|^2 = |D(uϕ)(x_0)|^2 = |Du(x_0)|^2 (for almost every x_0 ∈ X). Because J(T ) − J(0) = J(T ) − |Du(x_0)|^2 = ∫_T 0 d dt J(t) dt, combining inequalities (29) and (31) gives

|Du(x_0)|^2 = J(T ) −

∫_T 0 J^′(t) dt ≤ 1 2T ∫ X w^2(T, x) p(T, x_0, x) dμ(x)

+ C_re^{−CT −13} ||u||^2_L2_{(B(x0 ,8r))} + C_r

∫_T 0 ||u||^2_L2_{(B(x0 ,8r))}e^{−Ct −13} + t^{23 α−1} dt ≤ C_{T,r}||u||^2_L2_{(B(x0 ,8r))}.

Thus we have an a priori local bound on the Cheeger derivative of u; |Du(x_0)| ≤ C_{T,r}||u||^2_L2_{(B(x0,8r))}.

Now by a local chaining argument using chains of balls converging to x, y ∈ Ω and using the local 2-Poincaré inequality, we see that |u(x) − u(y)| ≤ C_{T,r}||u||_L2_{(B(x0,10r))}d(x, y) whenever x, y ∈ Ω satisfy B(x, 10d(x, y)) ⊂⊂ Ω. Actually, this estimate is first only obtained a.e., but it then extends to hold for all points. For this reasoning we need to know that the metric space X is quasiconvex, i.e. that there exists C > 0 such that for every x, y ∈ X there exists a closed curve joining x and y whose length does not exceed Cd(x, y). By Semmes’ Theorem we know that this is true in our case, see for instance [6]. Thus u is locally Lipschitz continuous on Ω, proving the theorem.

5 Curvature conditions

Let the assumptions of Theorem 1.1 be valid, except for the Sobolev inequality (5). Then we can define the “square of the length of the gradient” (opérateur carré du champ)

Γ(u, v)(x) = 1 2 ( A(uv)(x) − u(x)Av(x) − v(x)Au(x) )

pointwise whenever u, v and uv ∈ D(A). By Lemma 3.1, Γ(u, v)(x) coincides with Du(x) · Dv(x) in our situation. Let us assume that we have a dense subspace S ⊂ N^{1,2}(X) such that we can also define, for all u, v ∈ S, the operator

Γ_2(u, v)(x) = 1 2 ( A ( Γ(u, v) ) (x) − Γ(u, Av)(x) − Γ(v, Au)(x) )

pointwise. Then, following [3], we say that the diffusion semigroup has curvature greater or equal to some κ ∈ R, if for every u ∈ S and x ∈ X,

Γ_2(u, u) ≥ κΓ(u, u). (32)

Now we have the following result which is part of Proposition 2.1 of [2].

Proposition 5.1. Assume that the subspace S is as above, and that the diffusion semigroup has curvature greater or equal to some κ ∈ R. Then, for every u ∈ N^{1,2}(X), each t > 0, and for almost every x_0 ∈ X, ∫ X ( u(x) − T_tu(x_0)

)_2 p(t, x_0, x) dμ(x) ≤ 1 − e^{−2κt} κ ∫ X |Du(x)|^2 p(t, x_0, x) dμ(x). (33)

When κ = 0,^{1−e−2κt}_κ is replaced by 2t.

It is easy to check, using an argument as in (22), that inequality (33) implies the Sobolev inequality (5) when t < t_0 for some t_0 and when the constant C is sufficiently large. Consequently, our Sobolev inequality (5) holds when the curvature of the diffusion semigroup is bounded from below, in particular for Riemannian manifolds with Ricci curvature bounded from below. Here the generator A is the Laplace-Beltrami operator. In this case, the lower curvature bound of the diffusion semigroup is equivalent to the lower Ricci curvature bound, see [3], [2] for a discussion. Here S = C^∞ ∩ L^2(X).

Let us briefly comment on Euclidean spaces with smooth Ahlfors-regular weights. When the weight w ∈ C^2(R^n), we can calculate Γ(u, u) and Γ_2(u, u) for every u ∈ C^∞_0 (R^n), and we have

Γ_2(u, u)(x) = A(|∇u|^2)(x) − 2∇u(x) · ∇(Au)(x) ≥ κ|∇u(x)|^2 = κΓ(u, u)(x)

if^1_{w2} ( |∇w(x)|^2 − w(x)Δw(x) ) ≥ κ. Thus the curvature is locally bounded from below whenever w ∈ C^2(R^n) is a locally Ahlfors-regular weight. One could also consider weights in those Riemannian manifolds mentioned above.

Let us return to one of the examples discussed in the introduction. Define X_α ⊂ R^2 by

X_α = { (x, y) = (r cos φ, r sin φ) ∈ R^2 : φ ∈ [0, α], r ≥ 0 } . Restrict the Euclidean metric and the Lebesgue measure to X_α. Recall from the introduction that, when π < α < 2π, Cheeger-harmonic functions need not be locally Lipschitz. When α = π, X_α is the closed upper half-plane. We wish to show that the assumptions of Theorem 1.1 are satisfied in this case, as stated in the introduction. For this, it suffices to show that those L^2-integrable C^∞-functions u, for which ∂_2u vanishes in some ϵ-neighborhood of {y = 0}, are dense in N^{1,2}(R^+_2 ). This is sufficient because, for them, the generator A coincides with the Laplacian Δ, and hence we have the lower curvature bound zero. Here the Newtonian functions are the extensions of functions in N^{1,2}(R^+_2 ) = W^{1,2}(R^+_2 ) to the closure {y = 0}. So, let u ∈ W^{1,2}(R^+_2 ). Because ∫ R |∂_1u(x, ·)|^2 dx is integrable in R^+, we can use the Fubini Theorem to find a decreasing sequence (ϵ_i) of positive real numbers converging to zero such that

ϵ_i ∫ R |∂_1u(x, ϵ_i)|^2 dx → 0

as i → ∞. Now, for each i, define u_i by setting

u_i(x, y) = { u(x, y), y ≥ ϵ_i u(x, ϵ_i), y < ϵ_i.

Then u_i ∈ W^{1,2}(R^+_2 ). Next take a convolution approximation u_{ϵi} to u_i in y ≥^1_2 ϵ_i so that the smoothing kernel has support in B(0,^1_4 ϵ_i), and extend u_{ϵi} to the rest of R^+_2 in the obvious manner. Then the sequence (u_{ϵi} ) converges to u in the W^{1,2}(R^+_2 )-norm, u_{ϵi} ∈ C^∞(R^+_2 ) ∩ W^{1,2}(R^+_2 ), and ∂_2u_{ϵi} vanishes in an^{ϵi}_2 -neighborhood of the x-axis. Thus we have the desired dense subspace of W^{1,2}(R^+_2 ), and we can apply Proposition 5.1. Lipschitz continuity also holds in X_α when α < π.

References

[1] Aida, S., Stroock, D.: Moment estimates derived from Poincaré and logarithmic Sobolev inequalities, Math, Res. Letters, 1 (1994), 75-86.

[2] Bakry, D.: On Sobolev and logarithmic inequalities for Markov semigroups, New trends in stochastic analysis (Charingworth 1994), 43-75, World Sci. publishing, River Edge, NJ 1997.

[3] Bakry, D., Emery, M.: Diffusions hypercontractives, Seminaire de probabilities, XIX 1983/84, 177-206.

[4] Biroli, M., Mosco, U.: A Saint-Venant type principle for Dirichlet forms on discontinuous media, Ann. Mat. Pura Appl. (4), 169 (1995), 125-181.

[5] Caffarelli, L. A., Kenig, C. E.: Gradient estimates for variable coefficient parabolic equations and singular perturbation problems, Amer. J. Math., 120 (1998), no. 2, 391–439.

[6] Cheeger, J.: Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal., 9 (1999), no. 3, 428–517.

[7] Cheeger, J., Colding, T. H.: On the structure of spaces with Ricci curvature bounded below. III, J. Differential Geom. 54 (2000), no. 1, 37–74.

[8] Cheng, S. Y., Yau, S. T.: Differential equations on Riemannian manifolds and their geometric applications, Comm. Pure Appl. Math. 28 (1975), no. 3, 333–354.

[9] Deuschel, J.-D., Stroock, D. W.: Large deviations. Pure and Applied Mathematics, 137. Academic Press, Inc., Boston, MA, 1989.

[10] Fukushima, M., Oshima, Y., Takeda, M.: Dirichlet forms and symmetric Markov processes, de Gruyter Studies in Mathematics, 19., Walter de Gruyter & Co., Berlin, 1994.

[11] Gilbarg, D., Trudinger, N. S.: Elliptic partial differential equations of second order, Second edition, Grundlehren der Mathematischen Wissenschaften, 224. Springer-Verlag, Berlin, 1983.

[12] Gross, L.: Logarithmic Sobolev inequalities, Amer. J. Math., 97 (1975), 1061-1083.

[13] Gross, L.: Hypercontractivity over Complex Fields, Acta Math., 182 (1999), 159-206.

[14] Hajlasz, P., Koskela, P.: Sobolev meets Poincaré, C. R. Acad. Sci. Paris Sér I Math., 320 (1995), no. 10, 1211-1215.

[15] Hajlasz, P., Koskela, P.: Sobolev met Poincaré, Mem. Amer. Math. Soc., 145 (2000), no. 688.

[16] Heinonen, J., Koskela, P.: Quasiconformal maps in metric spaces with controlled geometry, Acta Math., 181 (1998), no. 1, 1-61.

[17] Heinonen, J., Kilpeläinen, T., Martio, O.: Nonlinear potential theory of degenerate elliptic equations, Oxford Mathematical Monographs,Oxford Science Publications, The Clarendon Press, Oxford University Press, New York, 1993.

[18] Kilpeläinen, T., Kinnunen, J., Martio, O.: Sobolev spaces with zero boundary values on metric spaces, Potential Anal., 12 (2000), no. 3, 233– 247.

[19] Kinnunen, J., Shanmugalingam, N.: Regularity of quasi-minimizers on metric spaces, Manuscripta Math., 105 (2001), no.3, 401-423.

[20] Koskela, P. Shanmugalingam, N. Tyson, J.: Dirichlet forms, Poincaré inequalities, and the Sobolev spaces of Korevaar-Schoen, preprint.

[21] Kuwae, K., Machigashira, Y., Shioya, T.,: Sobolev spaces, Laplacian, and heat kernel on Alexandrov spaces, Math. Z., 238 (2001), 269-316.

[22] Moser, J.: A Harnack inequality for parabolic differential equations, Comm. Pure Appl. Math., 17 (1964), 101–134.

[23] Saloff-Coste, L.: A note on Poincaré, Sobolev, and Harnack inequalities, Internat. Math. Res. Notices 1992, no. 2, 27–38.

[24] Saloff-Coste, L.: Parabolic Harnack inequality for divergence-form second-order differential operators. Potential theory and degenerate partial differential operators (Parma), Potential Anal., 4 (1995), no. 4, 429– 467.

[25] Semmes, S.: Appendix in ’Metric structures for Riemannian and non- Riemannian spaces’ by M. Gromov, Progress in Mathematics, 152. Birkhäuser Boston, Inc., Boston, MA, 1999.

[26] Serrin, J.: Isolated singularities of solutions of quasi-linear equations, Acta Math. 113 (1965), 219–240.

[27] Shanmugalingam, N.: Newtonian spaces: an extension of Sobolev spaces to metric measure spaces, Rev. Mat. Iberoamericana 16 (2000), no. 2, 243–279.

[28] Shanmugalingam, N.: Harmonic functions on metric spaces, Illinois J.

Math., 45 (2001), 1021-1050.

[29] Sturm, K. T.: Analysis on local Dirichlet spaces. I. Recurrence, conservativeness and L^p-Liouville properties, J. Reine. Angew. Math., 456 (1994), 173-196.

[30] Sturm, K. T.: Analysis on local Dirichlet spaces. II. Upper Gaussian estimates for the fundamental solutions of parabolic equations, Osaka J. Math. 32 (1995), no. 2, 275–312.

[31] Sturm, K. T.: Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality, J. Math. Pures Appl., (9) 75 (1996), no. 3, 273–297.

[32] Sturm, K. T.: Diffusion processes and heat kernels on metric spaces, Ann. Probab., 26 (1998), no. 1, 1–55.

[33] Varopoulos, N. Th., Saloff-Coste, L., Coulhon, T.: Analysis and geometry on groups, Cambridge Tracts in Mathematics, 100. Cambridge University Press, Cambridge, 1992.

[34] Weissler, F. B.: Logarithmic Sobolev inequalities for the heat-diffusion semigroup, Trans. Amer. Math. Soc., 237 (1978), 255–269.