Dirichlet forms, Poincaré inequalities, and the Sobolev spaces of Korevaar-Schoen^1

Pekka Koskela^2, Nageswari Shanmugalingam^3, Jeremy T. Tyson^{4 5}

May 19, 2003

12000 Mathematics Subject Classification. Primary 46E40, 31C25; Secondary 46E35, 46C05, 43A85.

Key words and phrases. Dirichlet form, Sobolev space, Lipschitz function, Poincaré inequality, Cheeger’s differentiation theorem, doubling measure.

2P.K.: Department of Mathematics and Statistics, University of Jyväskylä, P. O. Box 35 (MaD), FIN-40014, Jyväskylä, Finland. E-mail: pkoskela@math.jyu.fi 3N.S.: Department of Mathematical Sciences, P.O. Box 210025, University of Cincinnati, Cincinnati, OH 45221-0025, U.S.A. E-mail: nages@math.uc.edu 4J.T.T.: Department of Mathematics, University of Illinois, 1409 West Green Street, Urbana, IL 61801, U.S.A. E-mail: tyson@math.uiuc.edu

5P.K. supported by the Academy of Finland, project 39788. N.S. partially supported by a grant from Enterprise Ireland and by NSF grant DMS-0243355. J.T.T. supported by an NSF Postdoctoral Research Fellowship and by NSF grant DMS- 0228807.

Abstract

We answer a question of Jost on the validity of Poincaré inequalities for metric space-valued functions in a Dirichlet domain. We also investigate the relationship between Dirichlet domains and the Sobolev-type spaces introduced by Korevaar and Schoen.

1 Introduction

In recent years the subject of analysis and function theory on singular (non- Riemannian) metric spaces has seen significant progress. Motivation for such an abstract formulation comes from applications to sub-Riemannian manifolds and Carnot-Carathéodory geometry, analysis on fractals, and the classification of boundaries of word hyperbolic groups. Some principal tools required in these theories are a notion of first-order Sobolev space and a suitably formulated Poincaré inequality for elements of such a space. In cases where this machinery can be defined, one can reasonably proceed to consider variational problems, partial differential equations (at least, those that admit variational formulations), potential theory and other considerations of classical analysis.

There are various approaches to the development of Sobolev-type spaces on metric spaces. First, there is a geometric approach via the notion of upper gradients which was investigated independently by Cheeger [C] and Shanmugalingam [Sh1], [Sh2], [KiSh]. This method yields a comprehensive firstorder theory (by the results of [C]) which allows for natural applications of variational methods in potential theory and partial differential equations (cf. [KiSh]). Moreover, this method yields metric space analogs of the classical Sobolev spaces W^{1,p} for all values of p between 1 and ∞. However, there is a class of metric spaces not covered by this theory. In fact, the types of spaces for which the results of [C], [Sh1], [Sh2] have nontrivial content are those which support “sufficiently rich” families of rectifiable curves. While this class includes a number of geometrically diverse examples (Carnot-Carathéodory spaces, boundaries of hyperbolic groups, and other exotic metric spaces), it nevertheless rules out possibilities such as classical self-similar fractals.

A second avenue to the development of first-order analysis on metric spaces lies in what we would like to call the probabilistic approach. Here the central object of interest is a Dirichlet form, which in turn yields a version of the Hilbert-type Sobolev space W^{1,2}. Starting from a Dirichlet form, one constructs a panoply of standard probabilistic machinery (heat hernels, Markov processes, etc.). The canonical reference here is Fukushima–Oshima–Takeda [FOT]. While this approach is currently limited to the Hilbert setting W^{1,2} (p = 2), it has been shown to apply in more general metric spaces than those of [C] and [Sh1]. Barlow and Bass [BB] used probabilistic methods to construct Dirichlet forms on self-similar fractals and direct constructions were later carried out by Kigami [Ki1], [Ki2]. The literature on Dirichlet forms on self-similar sets is rapidly expanding and we cannot hope to provide a bibliography which does justice to the field here. Concurrently the abstract theory of Dirichlet forms on general metric spaces has seen substantial progress, see e.g. Mosco [M], Biroli–Mosco [BM1], [BM2], Sturm [St1], [St2], [St3] and the references therein. Here a natural question of interest is the regularity of minimizers for the canonical variational problem (i.e., harmonic functions). Such regularity is known to hold under the assumption of a Poincaré inequality expressed in terms of the Dirichlet form.^1

After the real-valued case has been studied, it is natural to turn to the question of mappings between metric spaces. Sobolev maps from Euclidean or Riemannian domains into metric spaces have been considered by Korevaar– Schoen [KS], Reshetnyak [R] and Tyson [T]. The paper [HKST] formulated a general theory of Sobolev maps between metric spaces making use of the upper gradient definition from [HeK]. Dirichlet forms for maps between metric spaces have been considered by Jost [J]. Jost also considers the question of the regularity of minimizers for maps into NPC (non-positively curved) spaces under the assumption of a Poincaré-type inequality for metric space-valued Dirichlet functions.

In light of the fundamental importance of the Poincaré inequality in both of these contexts, one would like to know in what cases it can be verified. In particular, it is natural to ask whether satisfaction of the scalar-valued Poincaré inequality necessarily implies the satisfaction of the corresponding metric space-valued Poincaré inequality. (This would reduce the question to the scalar valued case, whis is presumably easier.) Jost poses this question explicitly in [J] for the case of Poincaré inequalities defined in terms of Dirichlet forms. The principal result of this paper (Theorem 3.6) answers Jost’s question affirmatively. In fact, we considered precisely the same question in [HKST] for Poincaré inequalities defined in terms of upper gradients. We show here that the techniques from [HKST] can be adapted to the setting of Dirichlet forms. Thus maps between metric spaces with finite Dirichlet energy satisfy a

1We do not wish to imply that these are the only approaches to first-order Sobolev analysis on metric spaces. In particular, we would be remiss in not mentioning the pioneering work of Hajłasz [Ha]. Hajłasz’s construction makes sense in a variety of contexts, however— in contrast with the upper gradient approach [C], [Sh1], [Sh2]—it fails to satisfy certain natural localization properties which make it somewhat more difficult to work with. In particular, the functions in Hajłasz’s construction always satisfies a Poincaré inequality regardless of the metric space under consideration provided p > 1. It would be interesting to know what connections can be drawn between the Hajłasz-type Sobolev spaces and the domains of the Dirichlet forms on fractals considered in [BB] and [Ki1].

Poincaré inequality whenever all corresponding extended real-valued functions with finite Dirichlet energy satisfy a Poincaré inequality.

As has been mentioned, there are various approaches to the subject of Sobolev functions on and between metric spaces. In [HKST, §§5-6], we studied the relationship between some of these definitions. One can ask how the definition via Dirichlet forms fits into the picture. A canonical construction of a Dirichlet form between metric spaces was given by Korevaar and Schoen [KS]. It is reasonable to ask: in what situations is the Korevaar–Schoen form essentially unique (i.e., up to embedding of the relevant Sobolev spaces)? In the final section of this paper we consider this question. We identify suitable conditions on the underlying space and on the Dirichlet form which suffice to guarantee that it generates the same Sobolev space as the Korevaar-Schoen form.

This paper is designed as follows. The second section recapitulates the definition of Dirichlet energy forms, see also [J]. We answer Jost’s question [J, p. 12] in the third section. In the fourth section we study the connection between the Sobolev spaces of Korevaar and Schoen [KS] and the domains of general Dirichlet forms.

Acknowledgement. We wish to thank Juha Heinonen for valuable discussions on the topic of Dirichlet forms, and the referee for suggestions that improved the paper.

2 Definitions

We follow in spirit the approach of Jost in defining Dirichlet forms using energy forms; see [J, §2]. We begin by defining Dirichlet forms for (extended) realvalued functions on metric measure spaces and then use this to define Dirichlet forms for maps into general metric spaces. In this latter case we do not in general require that the form be bilinear; in fact, it is not at all clear how to polarize a given energy form if the target is not a Hilbert space. However, we do assume in general the existence of local energy measures (see condition 5 of Definition 2.5); these play an important role in Jost’s proof of the regularity of minimizers.

Throughout this paper we make the standing assumption that X = (X, d) is a metric space equipped with a nontrivial Borel regular measure μ. Recall that L^2(X) = L^2(X, μ) becomes a Hilbert space when endowed with the inner product (u, v) := ∫ X uv dμ. Definition 2.1. We say that a functional E_R : L^2(X, μ) → R^+ ∪ {∞} is a Dirichlet bilinear energy form if the following four conditions are satisfied:

1. Quadratic contraction property - If E_R(u) < ∞ and φ : R → R is L- Lipschitz with φ(0) = 0, then

(2.2) E_R(φ ∘ u) ≤ L^2E_R(u).

2. Closedness - If {u_n} is a Cauchy sequence in L^2(X) so that E_R(u_n) < ∞ for all n and E_R(u_n − u_m) → 0 as n, m → ∞, then E_R(u_n − u) → 0 as n → ∞. Here u denotes the L^2-limit of the Cauchy sequence {u_n}.

3. Density condition - The domain D(E_R) of the bilinear form, consisting of all functions u in L^2(X) for which E_R(u) < ∞, is dense in L^2(X) with respect to its norm and is dense in the space C_0(X) of continuous functions with compact support with respect to the supremum norm.

4. For every pair of functions u, v in L^2(X), we have the Minkowski inequality

(2.3) √ E_R(u + v) ≤ √ E_R(u) + √ E_R(v), and the parallelogram rule

(2.4) E_R(u + v) + E_R(u − v) = 2 (E_R(u) + E_R(v)) .

Remarks (1) The restriction in condition 1 to basepoint preserving functions φ : R → R is necessary in the case when the measure of X is infinite (otherwise φ∘f will not even be in L^2(X)). It is natural to extend the domain of definition of E_R to D(E_R) ⊕ R by defining E_R(u + k) = E_R(u) for k ∈ R. In this case (2.2) holds for all L-Lipschitz functions φ : R → R.

(2) By the Minkowski inequality (2.3) and the quadratic contraction property (2.2), D(E_R) is a vector space, and indeed is a normed space when equipped with the norm

‖u‖_{ER} := ‖u‖_L2_{(X)} + √ E_R(u).

Conditions 2 and 4 together imply that if {u_n} is a sequence which is Cauchy in this norm with L^2-limit u, then E_R(u) = lim_{n→∞} E_R(u_n) is finite. Moreover, as a consequence of condition 2, the normed space (D(E_R), ‖ · ‖_{ER}) is a Banach space.

(3) The usual polarization technique yields a bilinear form from an energy form satisfying conditions 1–4. To wit, set E_R(u, v) := 1 4 (E_R(u + v) − E_R(u − v)) . Condition 4 guarantees that E_R(·, ·) is a bilinear form on D(E_R) × D(E_R).^2 (4) Using the fact that L^2(X) is a Hilbert space, Beurling and Deny [BD] construct a unique measure-valued bilinear form associated with E_R:

η_R : D(E_R) × D(E_R) → M(X)

(where M(X) is the collection of all finite signed Radon measures on X) which satisfies E_R(u, v) = ∫ X dη_R(u, v). The measure η_R(u, u) associated with the Dirichlet function u plays the role of the (square of the norm of the) pointwise derivative of u in the general setting (cf. the discussion in the appendix of this paper).

For further properties of Dirichlet forms, we refer the reader to [J], [BD], [St1], [St2], [M] and the text [FOT].

Let now Y also denote a metric space (with metric d_Y ), fix y_0 ∈ Y , and let L^2(X; Y ) be the collection of all maps f : X → Y for which the “norm” ‖f‖_L2 := ( ∫ X d_Y (f(x), y_0)^2 dμ(x))^{1/2} is finite. The distance function

d_L2 (f, g) := (∫ X d_Y (f(x), g(x))^2 dμ(x) )_{1/2} , f, g ∈ L^2(X; Y ), makes L^2(X; Y ) into a metric space. Moreover, L^2(X; Y ) is complete whenever Y is complete. However, in general L^2(X; Y ) is not a vector space.

Definition 2.5. Given a complete metric space Y, a functional E : L^2(X; Y ) → R^+ ∪ {∞} is said to be a Dirichlet energy form if there is a corresponding bilinear Dirichlet energy form E_R : L^2(X, μ) → R^+ ∪ {∞} so that the following conditions 1–4 are satisfied. (As before, we denote by D(E) := {f ∈ L^2(X; Y ) : E(f) < ∞} the Dirichlet domain for E.)

2Condition 4 is not explicitly stated in [J] as part of the definition of the energy form, however, it is both necessary and sufficient to yield a bilinear form via polarization.

1. Closedness - Let {f_n} be a sequence in D(E) which is Cauchy in L^2(X; Y ) and assume that, for every Lipschitz map φ : Y → R, the sequence {φ ∘ f_n} satisfies the hypotheses of Definition 2.1, condition 2 for the functional E_R. Then the L^2-limit f of the sequence {f_n} is in D(E).

2. If φ ∘ f ∈ D(E_R) for every Lipschitz map φ : Y → R with φ(y_0) = 0, then f ∈ D(E).

3. Locality - For every open subset A of X the form E has a restriction to a form E_A on L^2(A; Y ) (i.e. f ∈ D(E) ⇒ f | A ∈ D(E_A)) that also satisfies the preceding two conditions.

4. There is a Radon measure-valued form η : D(E) → M(X) which satisfies the locality condition E_A(f | |_A) = ∫_A dη(f) for open sets A in X and the contraction inequality (2.6) dη_R(φ ∘ f, φ ∘ f) ≤ L^2dη(f) for L-Lipschitz functions φ : Y → R. Here η_R is the energy measure associated with the form E_R and inequality (2.6) is assumed to hold on the level of measures (this property is called strong locality in [J] and [M]).

Remarks (1) By applying (2.6) to the whole space X, we deduce the quadratic contraction property for E: if f ∈ D(E) and φ : Y → R is an L-Lipschitz map with φ(y_0) = 0, then φ ∘ f ∈ D(E_R) and E_R(φ ∘ f) ≤ L^2E(f). (2) In the case Y = R, any form E satisfying Definition 2.1 also satisfies Definition 2.5. Indeed, conditions 1 and 2 are obvious. For the energy measure η of condition 4, we may choose the Beurling-Deny measure η_R, and for the localized form E_A of condition 3, we may take E_A(f) = ∫ A dη_R(f, f). (3) Note that while conditions 3 and 4 in Definition 2.5 are not explicitly stated in [J], they are used in Jost’s proof of the regularity of minimizers. See page 15 of [J].

(4) In the metric-space valued case, the energy measure cannot be directly constructed by the method of [BD]. Therefore we assume this condition as part of the definition. In most examples, such measure-valued forms are easily seen to exist by the nature of the construction of the energy form E.

Examples The classical example of a Dirichlet form is given by the gradient operator: D(E) = W^{1,2}(R^n ), and E(f) = ∫ R^n |∇f| 2 for functions f in W^{1,2}(R^n ).

In this case the associated measure-valued form is the symmetric bilinear form dη(u, v)(x) := ∇u(x) · ∇v(x) dx. A generalization of the classical Sobolev space W^{1,2}(R^n ) for metric measure spaces X is the Newtonian space N^{1,2}(X) (see [Sh1]), or more generally, by the Newtonian space N^{1,2}(X; Y ) of mappings from X to another metric space Y (see §3 of [HKST]).^3 Denoting by ρ_f the minimal weak upper gradient of a function f ∈ N^{1,2}(X; Y ), we observe that the energy integral

(2.7) E_1(f) = ∫ X ρ^2_f dμ, f ∈ N^{1,2}(X; Y ), defines a Dirichlet energy form in the sense of Definition 2.5.

Even in the case Y = R, the energy form in (2.7) is in general not bilinear as the parallelogram rule typically fails: ρ^2_{f+g} + ρ^2_{f−g} ≠ 2(ρ^2_f + ρ^2_g). However, in this case an equivalent bilinear Dirichlet form on N^{1,2}(X) can be constructed using Cheeger’s differentiation theory. Assuming that the measure on X is doubling and supports a (1, 2)-Poincaré inequality (see [HeK] or [C] for the definition of the Poincaré inequality used here), Cheeger [C, Theorem 4.38] establishes a version of Rademacher’s theorem for Lipschitz functions. To wit, he constructs a finite-dimensional vector bundle F over X (the generalized cotangent bundle) and a differential operator d taking N^{1,2}(X) into the L^2- sections of F. The pointwise norms || · ||_x on the fibers of F is defined so that the identity ||du(x)||_x = ρ_u(x) holds almost everywhere. Thus the Dirichlet form of (2.7) can be rewritten

E_1(u) = ∫ X ||du||^2 dμ. Since the fibers of F are uniformly finite-dimensional, they can be uniformly renormed with equivalent inner product norms ||| · |||_x = ⟨·, ·⟩^{1/2}x so that for all u ∈ N^{1,2}(X) we have |||du|||_x ≤ ρ_u(x) for μ-almost every x ∈ X (compare the discussion on page 460 of [C]). Then

(2.8) E_2(u) = ∫ X |||du|||^2 dμ, u ∈ N^{1,2}(X) 3In [C], Cheeger gives an alternate definition of a Sobolev type space on metric measure spaces. By a result of [Sh1], Cheeger’s space is isometrically isomorphic with the Newtonian space studied in [Sh1] and [HKST].

defines a new Dirichlet form which is equivalent to E_1 on N^{1,2}(X). Indeed, E_2 plays the role of the bilinear form E_{1,R} related to E_1 in Definition 2.5. Polarization yields the bilinear form

(2.9) E_2(u, v) = ∫ X ⟨du, dv⟩ dμ. It is easy to verify that the forms E_1 and E_2 satisfy the conditions in Definitions 2.5 and 2.1 respectively.

In the real-valued case, bilinear Dirichlet forms on certain fractals and more general self-similar spaces have been constructed intrinsically by Barlow–Bass [BB] and Kigami [Ki1], [Ki2]. Note that these spaces typically do not satisfy the assumptions of Cheeger’s theory. We do not know of any attempts to generalize the constructions of [BB] and [Ki1], [Ki2] to the case of metric space targets.

3 Independence of Poincaré inequalities on target spaces

In this section we use a technique developed in [HKST] to answer a question of Jost [J, p. 12] regarding Poincaré inequalities for Dirichlet forms.

The Poincaré inequality for a Dirichlet form E is typically expressed using the so-called intrinsic metric associated with E. We briefly recall the definition of this concept. Given a real-valued Dirichlet form E_R satisfying Definition 2.1 we say that a subspace Γ of D(E_R) ∩ C_0(X) is a μ-separating core if it is dense in C_0(X) with respect to the supremum norm, is dense in D(E_R) with respect to the norm || · ||_{ER}, and has the following separation property: for every pair of distinct points x, y in X there is a function φ ∈ Γ so that φ(x) ≠ φ(y) and dη_R(φ, φ) ≤ dμ. Then the intrinsic metric d_E is defined as follows: (3.1) d_E(x, y) = sup{φ(x) − φ(y) : φ ∈ Γ, dη_R(φ, φ) ≤ dμ}, x, y ∈ X. Following [J] and [BM1], we make the standing assumption that the topology induced by d_E coincides with the underlying topology on X and that the measure μ is doubling for balls in the new metric, i.e., there exists a constant C ≥ 1 so that μ(2B_E) ≤ Cμ(B_E) for every ball B_E in X. Here and henceforth we denote by B_E = B_E(x, r) := {y ∈ X : d_E(x, y) < r} a ball in the intrinsic metric d_E , and we write λB_E = B_E (x, λr) for λ > 0.

Definition 3.2. Let (Y, d_Y ) be a complete metric space and let E be a Dirichlet form acting on maps from X to Y . We say that X supports a weak (2, 2)- Poincaré inequality for the form E with respect to Y (briefly, a weak Poincaré inequality with respect to Y ), if there are constants λ ≥ 1 and C > 0 so that the inequality

(3.3) inf_{a∈Y} ∫ B_E d_Y (f(x), a)^2 dμ(x) ≤ C diam_E(B_E )^2 ∫ λB_E dη(f), holds for every map f ∈ D(E) and every d_E-ball B_E in X. Here η denotes the energy measure associated with E from condition 4 of Definition 2.5. If Y = R, then we say that X supports a weak Poincaré inequality for E_R. The strong form of the inequality corresponds to the choice λ = 1.

In place of (3.3) we could require instead the a priori stronger inequality

(3.4) ∫ B_E ∫ B_E d_Y (f(x), f(y))^2 dμ(x) dμ(y) ≤ C diam_E (B_E)^2 ∫ λB_E dη(f)

provided we are willing to change the constant C. Indeed, it is clear that (3.4) implies (3.3) and a simple application of the triangle inequality in Y shows that (3.3) implies (3.4) with C replaced by 4C.

We now invoke the fact that every metric space can be isometrically embedded in a Banach space to obtain a third equivalent form of the Poincaré inequality. Recall that any metric space Y can be isometrically embedded in the Banach space ℓ^∞(Y ) of bounded real-valued functions on Y by mapping y ∈ Y to the function φ_y(z) = d_Y (y, z) − d_Y (y, y_0). Here as before y_0 denotes a fixed basepoint in Y .

Let Y ⊂ V be an isometric embedding into some Banach space (e.g. V = ℓ^∞(Y )) and denote the norm in V by ‖ · ‖. We then have the following third equivalent formulation of the weak Poincaré inequality:

(3.5) ∫ B_E ‖f(x) − f_{BE} ‖^2 dμ(x) ≤ C diam_E (B_E)^2 ∫ λB_E dη(f), where f_{BE} := 1 μ(B_E) ∫ B_E f dμ =: ∫ B_E f dμ ∈ V denotes the integral average of f over B_E , defined as a Bochner integral. See section 2 of [HKST] and the references therein for more on integration of Banach space-valued functions. We note here that for Borel sets A the mean value f_A satisfies the identity Λf_A =^1_{μ(A)} ∫ A Λf dμ for every Λ in the dual space V^∗. Again, it is easy to see that (3.5) is equivalent to (3.3) and (3.4), even though in general f_{BE} need not be in the target space Y itself.

Let X be a metric space equipped with a non-trivial Borel measure μ, and let E be a Dirichlet form acting on L^2-maps from X to a collection Y of nontrivial metric spaces Y so that there is a common Dirichlet form E_R satisfying conditions 1, 2, and 4 of Definition 2.5 for each Dirichlet domain corresponding to the metric spaces Y in Y.

Theorem 3.6. Let X and E be as above. Consider the following three conditions:

(1) X supports a weak Poincaré inequality for the form E_R.

(2) X supports a weak Poincaré inequality for E with respect to some metric space Y in Y.

(3) For every metric space Y in Y, X supports a weak Poincaré inequality for E with respect to Y .

Then condition (1) implies conditions (2) and (3).

If in addition we assume that for each Y ∈ Y there is a map ψ : [−1, 1] → Y with ψ(0) = y_0 and a constant K ≥ 1 such that for every s, t ∈ [−1, 1], (3.7) |t − s| ≤ K d_Y (ψ(t), ψ(s)) ≤ K^2|t − s|, and the contraction inequality (3.8) dη(ψ ∘ f) ≤ K dη_R(f, f) holds for each f ∈ D(E_R), then all three conditions are equivalent.

We remind the reader that we assume the measure μ is a doubling measure with respect to the induced metric d_E . The fact that condition (1) implies condition (3) answers the question posed by Jost in [J]; in fact (1) and (3) are equivalent if Y contains the metric space R. The existence of the map ψ in Equation (3.8) implies that Y has at least one rectifiable curve passing through y_0, and its existence is guaranteed if Y has at least one geodesic line segment passing through y_0. In this case, if α : [−ℓ/2, ℓ/2] → Y is such a geodesic with α(0) = y_0, the function ψ is given by ψ(t) = α(ℓt/2).

The proof of the above theorem follows closely that of Theorem 4.3 of [HKST] using the embedding of metric spaces into Banach spaces.

Proof. The implication (3) ⇒ (2) is trivial. The implication (2) ⇒ (1) follows from an application of (3.8), (3.7) together with the Poincaré inequality (3.4) to the truncated function ψ∘f_n : X → Y , followed by the dominated convergence theorem. Here, for each n ∈ N, f_n is the truncated function defined by

f_n(x) = 1 n min{n, max{−n, f(x)}}. Observe that the condition ψ(0) = y_0 guarantees that ψ ∘ f_n ∈ L^2(X : Y ) and the right hand side of Equation (3.7) ensures that ψ∘f_n ∈ D(E). It can be seen that n|f_n| ≤ |f| and nf_n → f in L^2(X), and by Condition 4 of Definition 2.5 applied to E_R, dη(ψ ∘ f_n) ≤ Kdη_R(f_n, f_n) ≤ K n^2 dη_R(f, f). To complete the proof, we will show the implication (1) ⇒ (3).

Let Y ∈ Y and V be a Banach space containing an isometric copy of Y , with the base point y_0 ∈ Y mapped to the zero vector in V . Let f ∈ D(E)∩L^2(X; Y ) ⊂ L^2(X; V ) and let Λ ∈ V^∗ with ‖Λ‖_V ∗ ≤ 1. Then Λ : V → R is an L-Lipschitz map, L = ‖Λ‖_V ∗ , and we have the strong locality inequality (2.6). By quadratic contraction, Λ ∘ f is in D(E_R). Hence ∫ B_E |Λ ∘ f − (Λ ∘ f)_{BE} |^2 dμ ≤ CL^2 diam_E(B_E )^2 η(f)(λB_E) μ(λB_E) for every Λ ∈ V^∗ and every d_E-ball B_E ⊂ X. If x, y are Lebesgue points of Λ ∘ f, then letting B_0 = B_E (x, 2d_E(x, y)) and B_i = B_E (x, 2^{−i}d_E(x, y)), B_{−i} =

B_E(y, 2^{−i}d_E(x, y)) for i ∈ N and using the standard telescoping argument we see that |Λ ∘ f(x) − Λ ∘ f(y)| ≤ ∑ i∈Z |(Λ ∘ f)_{Bi} − (Λ ∘ f)_{Bi+1} | ≤ CLd_E (x, y) ( M_{2λdE (x,y)}η(f)(x)^{1/2} + M_{2λdE (x,y)}η(f)(y)^{1/2} ) , (3.9)

where

(3.10) M_Rη(f)(x) = sup_{0<r<R} η(f)(B_E(x, r)) μ(B_E(x, r)) . (Note that d_E-balls are open sets in the metric space (X, d); since μ is a Borel measure, such balls are μ-measurable, and so the Lebesgue differentiation theorem holds.)

By Proposition 3.12 below, it now suffices to show that for μ-almost every x, y in X we have the inequality

d_Y (f(x), f(y)) = ‖f(x) − f(y)‖

(3.11)

≤ Cd_E (x, y) ( M_{λ1dE (x,y)}η(f)(x)^{1/2} + M_{λ1dE (x,y)}η(f)(y)^{1/2} ) for some λ_1 ≥ 1 independent of x, y and f. This can be done as in [HKST, Theorem 4.3]; the proof will be included here for the sake of completeness.

For each Λ ∈ V^∗ there is a set Z_Λ ⊂ X of measure zero so that inequality (3.9) holds for the function Λ ∘ f and all pairs of points x, y ∈ X\Z_Λ. Furthermore, f is essentially separably valued: there exists a set Z_0 ⊂ X of measure zero so that f(X\Z_0) is separable. See, for example, section 2 of [HKST]. Hence the difference set {f(x) − f(y) : x, y ∈ X\Z_0, x ≠ y} is also separable. Choose a countable dense subset {v_i}_{i∈N} of this difference set. By the Hahn-Banach theorem, there exist functionals Λ_i ∈ V^∗ so that ‖Λ_i‖_V ∗ = 1 and Λ_i(v_i) = ‖v_i‖. We abbreviate Z_i = Z_{Λi} . Now the measure of Z := Z_0 ∪ ⋃ i Z_i is zero, and for every pair of points x, y in X \ Z, inequality (3.9) holds for all of the functions Λ_i ∘ f, i ∈ N. Now for each pair x, y in X \ Z we can approximate ‖f(x) − f(y)‖ by a sub-sequence {Λ_{ik} ∘ f(x) − Λ_{ik} ∘ f(y)}, and inequality (3.11) follows.

The following proposition, used in the above proof, is similar to Proposition 4.6 in [HKST].

Proposition 3.12. Let (X, d_E) be a metric space equipped with a doubling measure μ, let V ⊃ Y be a Banach space, and let f ∈ D(E) ⊂ L^2(X; V ). If (3.13) ‖f(x) − f(y)‖ ≤ Cd_E(x, y) ( M_{λ1dE (x,y)}η(f)(x)^{1/2} + M_{λ1dE (x,y)}η(f)(y)^{1/2} ) for μ-almost every x, y ∈ X, then f satisfies the Poincaré inequality (3.3).

Proof. Let B_E be a d_E-ball and abbreviate d_E := diam_E(B_E ). By (3.13) ∫ B_E ∫ B_E ‖f(x) − f(y)‖ dμ(y) dμ(x) ≤ Cd_E ∫ B_E M_{λ1dE} η(f)^{1/2} dμ.

An application of Lemma 3.21 below yields ∫ B_E ∫ B_E ‖f(x) − f(y)‖ dμ(y) dμ(x) ≤ Cd_E √ η(f)(2λ_1B_E ) μ(B_E) ,

whence

(3.14) ∫ B_E ‖f(x) − f_{BE} ‖ dμ(x) ≤ 2Cd_E √ η(f)(2λ_1B_E) μ(B_E) ,

where we recall that f_{BE} = ∫ B_E f dμ ∈ V is the integral average of f discussed

above. This is the so-called (weak) (1, 2)-Poincaré inequality (expressed in terms of Dirichlet forms) which implies the desired (2, 2)-Poincaré inequality

(3.15) ∫ B_E ‖f(x) − f_{BE} ‖^2 dμ(x) ≤ 2C^′d^2_E η(f)(4λ_1B_E ) μ(B_E) by a standard argument, cf. Theorem 4.18 of [He]. For the sake of completeness, we recall this derivation. Fix 0 < ϵ < 1 (to be determined later), and, for t > 0, let A_t = {x ∈ B_E : ‖f(x) − f_{BE} ‖ > t}. For each i ∈ N let B_i = {z ∈ X : d_E(x, z) < 2^{−i}d_E}. Note that B_i ⊂ 2B_E . At each Lebesgue point x ∈ A_t for the map f : X → Y ⊂ V , we have C(ϵ)t ∑ i∈N 2^{−i(1−ϵ)} = t < ‖f(x) − f_{BE} ‖ ≤ ∑ i∈N ‖f_{Bi+1} − f_{Bi} ‖ ≤ C ∫ B_i ‖f(z) − f_{Bi} ‖ dμ(z)

≤ C d_E ∑ i∈N 2^{−i} √ η(f)(2λ_1B_i) μ(B_i) . by a standard telescoping argument and inequality (3.14). Hence there exists a positive integer i_x so that C(ϵ)t 2^{−ix(1−ϵ)} ≤ Cd_E 2^{−ix} √ η(f)(2λ_1B_{ix} ) μ(B_{ix} ) , equivalently,

(3.16) μ(B_{ix} ) ≤ C d^2_E t^2 2^{−2ixϵ}η(f)(2λ_1B_{ix} ). Since μ is doubling with respect to the metric d_E , there exists Q > 0 so that (_r d_E )_Q ≤ C^{μ(Br )}_{μ(BE )} for all balls B_r of radius 0 < r < d_E, where C depends only on the doubling constant. Applying this inequality to each ball B_i yields

(3.17) 2^{−ixQ} ≤ C μ(B_{ix} ) μ(B_E) . We now assume that ϵ > 0 is chosen so that ϵ < Q/2. In this case, substituting (3.17) into (3.16) and solving for μ(B_{ix} ) gives μ(B_{ix} ) ≤ C ( d_E t )_{2s} η(f)(2λ_1B_{ix} )^s μ(B_E)^{s−1} where we have abbreviated s = Q/(Q − 2ϵ).

Observe that the balls 5B_{ix} constitute a cover of the set of all Lebesgue points x of f in A_t. By the basic covering theorem (see [HaK, Theorem 14.12] or Theorem 1.2 of [He]), we can extract a countable subcover {5B^′_k}_{k∈N} so that the balls B^′_k are pairwise disjoint. Since almost every point of A_t is a Lebesgue point, μ(A_t) ≤ ∑ k∈N μ(5B^′_k) ≤ C ∑ k∈N μ(B^′_k) ≤ C ( d_E t )_{2s} μ(B_E)^{1−s} ∑ k∈N η(f)(2λ_1B^′_k)^s

≤ C ( d_E t )_{2s} μ(B_E)^{1−s} ( ∑ k∈N η(f)(2λ_1B^′_k) )_s

≤ C ( d_E t )_{2s} μ(B_E)^{1−s}η(f)(4λ_1B_E )^s

Now (3.15) follows by applying Lemma 3.23 to the function g(x) = ||f(x) − f_{BE} || with C_0 = C^{1/s}d^2_E η(f)(4λ_1B_E ).

To complete this section, we recall some basic facts about the Hardy- Littlewood maximal operator in doubling metric measure spaces which were used in the above proof.

Lemma 3.18. Let (X, d_E, μ) be a metric measure space and let η be a second Borel measure on X for which 0 < η(X) < ∞. Then the restricted Hardy- Littlewood maximal function

(3.19) M_Rη(x) = sup_{0<r<R} η(B_E(x, r)) μ(B_E (x, r)) satisfies the weak (1, 1)-inequality: there exists a constant C > 0 so that (3.20) μ({x ∈ B_E : M_Rη(x) > τ}) ≤ C τ η(2B_E)

for all τ > 0 and all d_E-balls B_E of radius greater than or equal to R.

Using Lemma 3.18, we can prove the following lemma as in [HaK, 14.11].

Lemma 3.21. Under the assumptions of Lemma 3.18,

(3.22) ∫ B_E M_Rη^{1/2} dμ ≤ C √ η(2B_E) μ(B_E ) .

Proof of Lemma 3.18. The classical proof of the Hardy-Littlewood theorem is as follows. Let A denote the set of points x in B_E for which M_Rη(x) > τ. For each x ∈ A there is a radius r_x > 0 so that r_x ≤ R and^{η(BE (x,rx))}_{μ(BE (x,rx))} > τ. Covering the set A by these balls B_E (x, r_x), x ∈ A, and applying again the basic covering theorem (see [HaK, Theorem 14.12] or Theorem 1.2 of [He]), we find a countable sub-cover {5B_i} for which the balls B_i are pairwise disjoint. Since μ is doubling and B_E (x, r_x) ⊂ 2B_E, μ(A) ≤ ∑ i μ(5B_i) ≤ C ∑ i μ(B_i) ≤ C τ ∑ i η(B_i) ≤ C τ η (∪_iB_i) ≤ C τ η(2B_E). The proof of Lemma 3.18 is complete.

Proof of Lemma 3.21. Let β > 0. Using Cavalieri’s principle and Lemma 3.18, ∫ B_E M_Rη(x)^{1/2} dμ(x) = ∫_∞ 0 μ({x ∈ B_E : M_Rη(x) > τ^2}) dτ ≤ ∫_β 0 μ(B_E) dτ + ∫_∞ β Cη(2B_E) τ^2 dτ = μ(B_E)β + C β η(2B_E). Choosing β = √_{η(2BE )} μ(B_E ) yields (3.22).

In a similar manner, we prove Lemma 3.23. Let g be a nonnegative function on B_E and, for t > 0, set A_t = {x ∈ B_E : g(x) > t}. If μ(A_t) ≤ C^s_0 μ(B_E)^{1−s} t^{2s} for some s > 1, then

(3.24) ∫ B_E g^2 dμ ≤ 2C_0 (s − 1)^{1/s} . Proof of Lemma 3.23. Fixing β > 0 and using Cavalieri’s principle, ∫ B_E g^2 dμ = 2 ∫_∞ 0 μ(A_t)t dt ≤ 2 ∫_β 0 μ(B_E )t dt + 2C^s_0 μ(B_E)^{1−s} ∫_∞ β t^{1−2s} dt = β^2μ(B_E) +

C^s_0 s − 1 μ(B_E)^{1−s}β^{2−2s}.

Choosing β = (s − 1)^{−1/(2s)} √_{C0} μ(B_E ) yields (3.24).

By means of Theorem 3.6 we strengthen the principal results of [J]. The assumption of a metric space-valued Poincaré inequality can be replaced with the corresponding real-valued inequality, which is in principle more easily verifiable. Recall that [J] proves the Harnack inequality and Hölder continuity for metric space-valued Dirichlet energy minimizers, under the additional (key) assumption that the target space has non-positive curvature. The proof depends on the crucial fact that if the target space Y has non-positive curvature, then for each f : X → Y which is a local minimizer (in the sense of [J]) on a domain and each a ∈ Y , the real-valued function v_a(x) := d_Y (f(x), a)^2 is a subsolution for the Dirichlet problem.

4 Dirichlet domains and the Sobolev spaces of Korevaar and Schoen

In this final section we will assume that the Dirichlet form E_R satisfies the following condition in addition to conditions 1 through 4 of Definition 2.1.

5. We assume that the separating core Γ consists of all Lipschitz functions φ : X → R with bounded support and that

(4.1) C^2 (Lip φ)^2 dμ ≥ dη_R(φ, φ) ≥ 1 C^2

(Lip φ)^2 dμ,

for all such Lipschitz functions φ, where

Lip φ(x) := lim_{r→0} sup_{y∈B(x,r)} |φ(x) − φ(y)| d(x, y) denotes the pointwise Lipschitz constant of φ and the constant C ≥ 1 is independent of x and φ.

We also assume henceforth that X is quasi-convex, that is, there is a constant C_0 > 0 so that every pair of points x, y in X can be joined by a rectifiable curve with length at most C_0d(x, y). For a relationship between Poincaré inequalities and quasi-convexity see [HaK, Proposition 4.4].

In general the computation of the metric d_E on X is very difficult, and it is in our interest to know when we can use the underlying metric of X instead of d_E. The next lemma shows that by condition 5 we can replace the d_E-balls in the Poincaré inequality with the underlying metric balls and the corresponding d_E-diameter of these balls by the regular diameter.

Lemma 4.2. If the Dirichlet form E_R satisfies condition 5, then the metric d_E is bilipschitz equivalent to the underlying metric d.

Proof. Let x and y be two points in X. Then we can construct a 1-Lipschitz map φ : X → R so that φ(x) = d(x, y), φ(y) = 0, and the support of φ lies in the closure of the ball B(x, d(x, y)). By the preceding assumptions, the modified function C^{−1}φ is an admissible function for calculating d_E(x, y), and therefore we see that d_E (x, y) ≥ C^{−1}d(x, y). Now suppose that φ ∈ Γ and dη_R(φ, φ) ≤ dμ. Then φ is Lipschitz with Lip φ(x) ≤ C, and hence the global Lipschitz constant of φ is bounded above by a constant L > 0 which depends only on C and the quasi-convexity constant C_0. Thus we have |φ(x) − φ(y)| ≤ Ld(x, y), and hence d_E(x, y) ≤ Ld(x, y). By the above lemma, the assumption in [J] and [BM1] regarding the topology induced by d_E is automatically satisfied (see the discussion in Section 3) provided condition 5 is satisfied by E_R.

As stated in section 2, the Newtonian space N^{1,2}(X) is an example of a Dirichlet domain. Another Sobolev type space defined on metric spaces was considered by Korevaar and Schoen [KS]. Sturm [St3] proved that the Korevaar-Schoen space KS^{1,2}(X; Y ) is a Dirichlet domain corresponding to a local Dirichlet form. Given the discussion in [St3], it is natural to ask whether KS^{1,2} is the only Dirichlet domain (up to isomorphism) of functions on a metric space. In this section we explore the relationship between the Sobolev type spaces KS^{1,2}(X; Y ) defined by Korevaar and Schoen [KS] and the domain D(E) of a general Dirichlet form E : L^2(X; Y ) → R^+ ∪ {∞}. As a consequence of Proposition 4.3 an extension of Sturm’s result follows: the Dirichlet domain constructed from the space KS^{1,2}(X; Y ) cannot be extended as a Dirichlet domain to a larger space.

Recall that the space KS^{1,2}(X; Y ) is defined to be the collection of all functions f ∈ L^2(X; Y ) for which the approximating energies

e^2_ϵ (x; f) := ∫ B(x,ϵ) d_Y (f(x), f(y))^2 ϵ^2 dμ_X (y) converge to a finite energy

E_{KS}(f) := sup_{balls B} lim sup_{ϵ→0} ∫ B e^2_ϵ (x; f) dμ_X (x) < ∞. We show that, under some additional conditions on the Dirichlet energy form E, the corresponding Dirichlet domain D(E) embeds into the Korevaar-Schoen space KS^{1,2}(X; Y ) continuously.

Recall that condition 5 is assumed for the following two propositions. Consequently a measure is doubling with respect to one of the metrics d and d_E if and only if it is doubling with respect to the other metric.

Proposition 4.3. Consider a metric measure space X supporting a doubling measure and a Poincaré inequality for the Dirichlet energy form E_R related to the Dirichlet form E : L^2(X; Y ) → R^+ ∪ {∞}. We assume in addition that E_R satisfies condition 5. Then D(E) embeds Lipschitz continuously into KS^{1,2}(X; Y ).

We follow the argument of [KMc, Section 4] in proving the above proposition.

Proof. We again use an isometric embedding Y ⊂ V of Y into a Banach space V that maps y_0 to the zero vector. By Theorem 3.6 X supports a Poincaré inequality for E with respect to Y . Indeed, by the proof of Theorem 3.6 we have the following version of the Poincaré inequality: ∫ B ‖f(x) − f_B‖ dμ(x) ≤ C (diam(B)) ( η(f)(λB) μ(λB) )_{1/2} . Let f ∈ D(E) ⊂ L^2(X; V ) and x, y ∈ X be two Lebesgue points for f. (By the doubling property of the measure on X such points constitute a set of full measure in X.) By the usual telescoping argument, ‖f(x) − f(y)‖ ≤ ∑ i∈Z ‖f_{Bi} − f_{Bi+1} ‖ ≤ ∑ i∈Z ∫ B_i ‖f − f_{Bi} ‖ dμ

where | · | denotes the norm in V and B_0 = B(x, d(x, y)), B_i = 2^{−i}B_0, and B_{−i} = 2^{−i}B(y, d(x, y)) for i ∈ N. Now by the Poincaré inequality for E, ‖f(x) − f(y)‖ ≤ C ∑ i∈Z 2^{−|i|}d(x, y) ( η(f)(λB_i) μ(λB_i) )_{1/2} .

As in [HaK, Section 5] and [KMc, Theorem 4.1], we define

J_rη(f)(x) := ∞∑ i=0 2^{−i}r ( η(f)(B(x, 2^{−i}λr)) μ(B(x, 2^{−i}λr)) )_{1/2}

as a generalization of the Riesz potential. Then we have ‖f(x) − f(y)‖ ≤ C (J_rη(f)(x) + J_rη(f)(y)) whenever r ≥ d(x, y). Hence ‖f(x) − f(y)‖^2 ≤ C ( J_rη(f)(x)^2 + J_rη(f)(y)^2 ) . Fix ϵ > 0 and let y ∈ B(x, ϵ). Choosing r = 2ϵ ≥ d(x, y) we have ‖f(x) − f(y)‖^2 ϵ^2 ≤ C ϵ^2 ( J_{2ϵ}η(f)(x)^2 + J_{2ϵ}η(f)(y)^2 ) , and therefore

e^2_ϵ (x; f) ≤ C ϵ^2 J2ϵη(f)(x)^2 + ∫ B(x,ϵ) J_{2ϵ}η(f)(y)^2 dμ_X (y) .

By an adaptation of the proof of [HaK, Theorem 5.3] we know that

(4.4) ∫ B(x_0,r) J_{2r}η(f)(z)^2 dμ_X (z) ≤ Cr^2η(f)(B(x_0, 2λr))

for every x_0 ∈ X. Thus

e^2_ϵ (x; f) ≤ C ϵ^2

J_{2ϵ}η(f)(x)^2 + C η(f)(B(x, 2λϵ)) μ(B(x, 2λϵ)) and hence (using (4.4) again) ∫ B(x_0,ϵ) e^2_ϵ (x; f) dμ_X (x) ≤ Cη(f)(B(x_0, 2λϵ)) + C ∫ B(x_0 ,ϵ) η(f)(B(x, 2λϵ)) μ(B(x, 2λϵ)) dμ_X (x).

From this we can conclude that ∫ B(x_0,ϵ) e^2_ϵ (x; f) dμ_X (x) ≤ Cη(f)(B(x_0, 3λϵ)), and now the doubling property and a standard covering argument imply that ∫ X e^2_ϵ (x; f) dμ_X (x) ≤ Cη(f)(X) = CE(f). Thus E_{KS}(f) ≤ CE(f) and we have the required embedding.

The next result provides us with a converse to the above proposition under some additional conditions on the form E.

Definition 4.5. We say that a Dirichlet form E : D(E) → R_+ has the strong quadratic contraction property if

(4.6) E(f) ≤ sup_φ E_R(φ ∘ f),

the supremum being taken over all 1-Lipschitz functions φ from Y into R.

Note that in fact equality holds in (4.6) by Remark (1) on page 6. Observe also that inequality (4.6) is a strengthened form of condition 2 in Definition 2.5.

The example N^{1,2}(X; Y ) of a Dirichlet domain for metric space-valued maps satisfies the condition in Definition 4.5, see e.g. [HKST, Section 3].

Proposition 4.7. Let X be a metric measure space which is proper (closed balls are compact) and let E be a Dirichlet form on maps from X to a complete metric space Y as before which satisfies conditions 1 through 5 as well as the strong quadratic contraction property (4.6). If in addition X supports a Poincaré inequality for the Korevaar-Schoen energy E_{KS}, then KS^{1,2}(X; Y ) embeds in D(E).

Proof. Let f ∈ KS^{1,2}(X; Y ) and φ : Y → R be a 1-Lipschitz function. Then φ ∘ f belongs to KS^{1,2}(X; R) = KS^{1,2}(X) with E_{KS}(φ ∘ f) ≤ E_{KS}(f).

Given ϵ > 0 we can cover X by a countable number of balls B_i = B(x_i, ϵ) of uniformly bounded overlap (since the measure on X is doubling). Fix such an ϵ > 0 and define a locally Lipschitz approximation f_ϵ as follows:

f_ϵ(x) := ∑ i∈N φ_i(x) (φ ∘ f)_{Bi} where the functions {φ_i}, i ∈ N, constitute a C/ϵ-Lipschitz partition of unity subordinate to the cover {B_i}. By [KMc, Lemma 4.6] we have |f_ϵ(x) − f_ϵ(y)| ≤ Cd(x, y) ∫ B(x,2ϵ) ( e^2_{5ϵ}(z; φ ∘ f) )_{1/2} dμ(z)

≤ Cd(x, y) ∫ B(x,2ϵ) e^2_{5ϵ}(z; φ ∘ f) dμ(z) 1/2

and so

Lip f_ϵ(x) ≤ C ∫ B(x,2ϵ) e^2_{5ϵ}(z; φ ∘ f) dμ(z) 1/2 .

By the assumption (4.1) on the energy measure η_R, ∫ B dη_R(f_ϵ, f_ϵ)(x) ≤ C ∫ B ∫ B(x,2ϵ) e^2_{5ϵ}(z; φ ∘ f) dμ(z) dμ(x)

≤ C ∫ B e^2_{5ϵ}(x; φ ∘ f) dμ(x) for all balls B of radius ϵ. By a standard covering argument the above inequality yields

(4.8) ∫ B_0 dη_R(f_ϵ, f_ϵ) ≤ C ∫ B_0

e^2_{5ϵ}(x; f) dμ(x)

for arbitrary balls B_0, where C > 0 is independent of B_0.

Now suppose f is a Lipschitz function with compact support—that is, outside a compact set, f takes on the constant value y_0 ∈ Y . By the Poincaré inequality E_{KS}(f) = 0 implies that f is constant and hence E(f) = 0. Therefore we may assume without loss of generality that E_{KS}(f) > 0. Since dη_R(f_ϵ + a, f_ϵ + a) = dη_R(f_ϵ, f_ϵ) for every constant a ∈ R, we may further assume that φ(0) = 0. We may choose a sufficiently large ball B_0 so that f and all of the functions f_ϵ, 0 < ϵ < 1, have support inside B_0. Then ∫ B_0

dη_R(f_ϵ, f_ϵ) = ∫ X dη_R(f_ϵ, f_ϵ) by the strong locality of η_R. Since E_{KS}(f) > 0, we have ∫ B_0 e 2 5ϵ(x; φ ∘ f) ≤ 2E_{KS}(f) for sufficiently small ϵ > 0. Using these facts in (4.8) we deduce that E_R(f_ϵ) ≤ CE_{KS}(f) for sufficiently small ϵ > 0. Thus {f_ϵ} is a bounded sequence of functions in (D(E_R), || · ||_{ER}), where ‖u‖_{ER} := E_R(u)^{1/2} + ‖u‖_L2 , u ∈ D(E_R), and f_ϵ → φ ∘ f almost everywhere by the proof of [HKST, Lemma 8.2]. Since (D(E_R), || · ||_{ER}) is a Hilbert space, we can use Mazur’s lemma to conclude that φ ∘ f ∈ D(E_R), and in this case we also see that E_R(φ ∘ f) ≤ CE_{KS}(f). Finally, f ∈ D(E) and E(f) ≤ sup_φ E_R(φ ∘ f) ≤ CE_{KS}(f) by (4.6) (if we do not have (4.6), then by condition 2 of Definition 2.5 we can still conclude that f ∈ D(E), but we do not have control over the Dirichlet energy of f in terms of E_{KS}(f)).

As X supports a Poincaré inequality for the Korevaar-Schoen energy measure, Lipschitz functions of bounded support are dense in KS^{1,2}(X; Y ) (see [KS] or [KMc]). Hence all functions f ∈ KS^{1,2}(X; Y ) are in D(E) with E(f) ≤ CE_{KS}(f), and thus we have the embedding stated in the proposition.

5 Appendix

If E is a Dirichlet form on real-valued functions, then to guarantee the existence of the corresponding measure-valued form η it suffices to know that (5.1) E(φu, u) − 1 2 E(u^2, φ) ≥ 0

for every non-negative continuous function φ with bounded support. Under this assumption, the Riesz representation theorem applied to the positive definite linear operator T_u(φ) = E(φu, u) −^1_2 E(u^2, φ) yields a finite Radon measure η(u, u) so that T_u(φ) = ∫ X φ dη(u, u). By covering X with a countable collection of balls with bounded overlap and considering a partition of unity ψ_k, k ∈ N, we see that E(u, u) = ∑ k∈N (E(ψ_ku, u) −^1_2 E(u^2, ψ_k)) is given by E(u, u) = η(u, u)(X). (Here we use the fact that E(v, w) = 0 whenever w is constant.) A corresponding polarization yields the measure-valued bilinear form η(u, v). Such polarization is bilinear because the form E is. In fact, we have the identity

(5.2) 2 ∫ X φ dη(u, v) = E(φu, v) + E(u, φv) − E(uv, φ).

The Dirichlet forms on fractals constructed in [BB] and [Ki1], [Ki2] as well as the Dirichlet forms obtained by using the Cheeger derivatives (as discussed in section 2) satisfy condition (5.1). It is not clear what its analogue for forms on general metric space- or Banach space-valued functions should be. One possible analogue would be to require that the Dirichlet energy form comes from a bilinear form E and that E(φu, u)−^1_2 E(|u|^2, φ) ≥ 0 for all non-negative continuous functions with bounded support, where |u(x)| denotes the Banach space norm of the element u(x).

References

[BB] M. Barlow and R. Bass. Brownian motion and harmonic analysis on Sierpinski carpets, Canad. J. Math. 51 (1999), 673–744.

[BD] A. Beurling and J. Deny. Dirichlet spaces, Proc. Nat. Acad. Sci. U.S.A.

45 (1959), 208–215.

[BM1] M. Biroli and U. Mosco. A Saint-Venant type principle for Dirichlet forms on discontinuous media, Ann. Mat. Pura Appl. (4) 169 (1995), 125– 181.

[BM2] . Sobolev and isoperimetric inequalities for Dirichlet forms on homogeneous spaces, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 6 (1995), 37–44.

[C] J. Cheeger. Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9 (1999), 428–517.

[FOT] M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric Markov processes, de Gruyter Studies in Mathematics, 19, Walter de Gruyter & Co., Berlin (1994).

[Ha] P. Hajłasz. Sobolev spaces on an arbitrary metric space, Potential Anal.

5 (1996), 403–415.

[HaK] P. Hajłasz and P. Koskela. Sobolev met Poincaré, Mem. Amer. Math.

Soc. 145 (2000).

[He] J. Heinonen. Lectures on analysis on metric spaces, Springer-Verlag, New York (2000).

[HeK] J. Heinonen and P. Koskela. Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1998), 1–61.

[HKST] J. Heinonen, P. Koskela, N. Shanmugalingam, and J. T. Tyson.

Sobolev classes of Banach space-valued functions and quasiconformal mappings, J. Anal. Math. 85 (2001), 87–139.

[J] J. Jost. Generalized Dirichlet forms and harmonic maps, Calc. Var. 5 (1997), 1–19.

[Ki1] J. Kigami. A harmonic calculus on the Sierpiński spaces, Japan J. Appl.

Math. 6 (1989), 259–290.

[Ki2] . Harmonic calculus on p.c.f. self-similar sets, Trans. Amer.

Math. Soc. 335 (1993), 721–755.

[KiSh] J. Kinnunen and N. Shanmugalingam. Regularity of quasi-minimizers on metric spaces, Manuscripta Math. 105 (2001), 401–423.

[KS] J. N. Korevaar and R. M. Schoen. Sobolev spaces and harmonic maps for metric space targets, Comm. Anal. Geom. 1 (1993), 561–659.

[KMc] P. Koskela and P. MacManus. Quasiconformal mappings and Sobolev spaces, Studia Math. 131 (1998), 1–17.

[M] U. Mosco. Composite media and asymptotic Dirichlet forms, J. Funct.

Anal. 123 (1994), 368–421.

[R] Yu. G. Reshetnyak. Sobolev classes of functions with values in a metric space, Sibirsk. Mat. Zh. 38 (1997), 657–675.

[Sh1] N. Shanmugalingam. Newtonian spaces: an extension of Sobolev spaces to metric measure spaces, Rev. Mat. Iberoamericana 16 (2000), 243–280.

[Sh2] . Harmonic functions on metric spaces, Illinois J. Math. 45 (2001), 1021–1050.

[St1] K. T. Sturm. Monotone approximation of energy functionals for mappings into metric spaces - II, Potential Anal. 11 (1999), 359–386.

[St2] . Analysis on local Dirichlet spaces I. Recurrence, conservativeness and L^p-Liouville properties, J. Reine Angew. Math. 456 (1994), 173– 196.

[St3] . Diffusion processes and heat kernels on metric spaces, Ann.

Probab. 26 (1998), 1–55.

[T] J. T. Tyson. Analytic properties of locally quasisymmetric mappings from Euclidean domains, Indiana Univ. Math. J. 49 (2000), 995–1016.