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In this paper, we study the relationship between p-harmonic functions and absolutely minimizing Lipschitz
extensions in the setting of a metric measure space (X, d, µ). In particular, we show that limits of p-harmonic
functions (as p → ∞) are necessarily the ∞-energy minimizers among the class of all Lipschitz functions with
the same boundary data. Our research is motivated by the observation that while the p-harmonic functions in
general depend on the underlying measure µ, in many cases their asymptotic limit as p → ∞ turns out have a
characterization that is independent of the measure.
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1 Introduction

Let Ω ⊂ R
n be a bounded domain and let f : ∂Ω → R be a given Lipschitz continuous function. A well-known

theorem due to Bhattacharya, DiBenedetto and Manfredi [5], suggested earlier in the work of Aronsson [2], states
that the sequence (up) of the unique p-harmonic extensions of f to Ω, that is, up ∈ W 1,p(Ω) ∩ C(Ω) satisfying
up = f on ∂Ω with∫

Ω

|∇up|p dx ≤
∫

Ω

|∇v|p dx for all v such that u − v ∈ W 1,p
0 (Ω) ,

converges as p → ∞ to a function u∞ ∈ W 1,∞(Ω) ∩ C(Ω) that satisfies

ess sup
x∈V

|∇u∞(x)| ≤ ess sup
x∈V

|∇v(x)| (1.1)

whenever V ⊂ Ω is open and v ∈ W 1,∞(V ) is such that u∞ = v on ∂V . Such functions are necessarily
∞-energy minimizers among the class of all Lipschitz functions with the same boundary data. In the literature,
functions that satisfy (1.1) are usually called absolutely minimizing Lipschitz extensions (AMLEs for short). The
name refers to the fact that a function satisfies (1.1) if and only if it is an optimal Lipschitz extension of f to Ω in
the sense that

Lip(u∞, V ) ≤ Lip(v, V ) whenever V ⊂ Ω and u∞ = v on ∂V . (1.2)

The equivalence of (1.1) and (1.2), which is not at all trivial (see [3]), shows, in particular, that while the definition
of p-harmonic functions clearly depends on the measure used in integration (above the n-dimensional Lebesgue
measure), the limit function u∞ can be characterized without this measure. This observation raises many nat-
ural questions. What happens if we replace the Lebesgue measure by another measure µ in the definition of
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p-harmonic functions? Do the p-harmonic extensions (if there are any) then converge to some function as p → ∞;
and if so, is the limit function the same as in the case of the Lebesgue measure? Or more generally, if we are
given two measures µ1 and µ2, what conditions ensure that the asymptotic limits of their associated p-harmonic
extensions coincide?

The objective of this paper is to investigate these questions in the setting of a metric measure space (X, d, µ).
Under suitable assumptions on the space, there is a relatively well-developed theory of both p-harmonic exten-
sions and AMLEs in this generality (see [23], [15], [21] and [7]), and thus there is no need to restrict the attention
to the special case of Rn. The abstract setting makes it easier to identify the properties of the space and measure
relevant to our study, and also gives more flexibility when we need to construct counterexamples. As a first step,
we will show that, under certain natural assumptions, the p-harmonic functions converge, as p → ∞, to a limit
function that satisfies a metric space version of (1.1). In general, the limit of p-harmonic functions is not even
Lipschitz continuous, nor does its Lipschitz continuity guarantee that it would satisfy the condition (1.2). In
order to establish that a limit function for which (1.1) holds also satisfies (1.2), we need to assume that the space
(X, d, µ) has a “weak Fubini property”; this is used to show, roughly speaking, that sets of measure zero can be
neglected when computing the Lipschitz constant of a function, a fact that is not true in general. The proof of the
equivalence of (1.1) and (1.2) is rather involved, and as in [3], it is done with aid of an auxiliary concept called
“comparison with cones” introduced in [9]. Let us also mention that while, in viewing (1.1), it might seem that
the asymptotic limits of the p-harmonic extensions associated to the measures µ1 and µ2 coincide if the measures
are mutually absolutely continuous, this is not always the case; we give a counterexample in Section 3.

The paper is organized as follows. In Section 2, we state the metric space versions of conditions (1.1) and
(1.2), and give some remarks concerning their relationship. Note that in order to generalize (1.1), we have to find
an appropriate substitute for the modulus of the gradient |∇u|. It turns out that the local Lipschitz constant will
do quite well for this purpose since in the case of Lipschitz functions it coincides with the minimal p-weak upper
gradient that appears in the definition the p-harmonic functions in the metric setting. Section 3 contains a proof
for the convergence of p-harmonic functions to a function satisfying (1.1) in the case when (X, d, µ) is a complete
length space supporting an appropriate Poincaré inequality and the measure µ is doubling. The comparison with
cones property (which is also defined in Section 2 below) is shown in Section 4 to be equivalent to (1.2) in any
length space. A much harder task is to show that (1.1) is also equivalent to comparison with cones. This is done
in Section 5 under the key assumption of the weak Fubini property.

There is nowadays a vast literature on AMLEs and associated problems in Rn, especially on the closely related
topic of the infinity Laplace equation. We refer the reader to the survey [3], which contains an extensive list of
references on the subject. The closely related issue of the dependence of the asymptotic limit of p-harmonic
functions on the metric d has been considered e.g. in [3], [24], and [4].

2 Definitions

We assume that (X, d, µ) is a metric measure space such that the measure µ is Borel regular, nonempty open sets
have positive measure and bounded sets have finite measure.

Given a set A ⊂ X and a Lipschitz function f on A, we define the global Lipschitz constant to be the number

Lip(f, A) := sup
x,y∈A, y �=x

|f(x) − f(y)|
d(x, y)

,

and the local Lipschitz constant to be the function Lip f defined on A by

Lip f(x) := lim
r→0+

sup
y∈B(x,r)\{x}

|f(x) − f(y)|
d(x, y)

.

Let Ω ⊂ X be a bounded domain and let f : Ω → R be a Lipschitz function. Using the global and local
Lipschitz constants, we define the metric space versions of conditions (1.1) and (1.2) of the introduction.

Definition 2.1 A function u ∈ C(Ω) is said to be an absolutely minimizing Lipschitz extension of f in Ω,
abbreviated AMLEf (Ω), if u = f on ∂Ω and for all subdomains U ⊂ Ω,

Lip(u, U) = Lip(u, ∂U) .
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Notice that this definition is equivalent to (1.2) in Rn because

Lip(v, U) = Lip
(
v, U

) ≥ Lip(v, ∂U)

for any Lipschitz function. Furthermore, the McShane–Whitney extensions Λu, Υu of u from ∂U to U satisfy
Lip(Λu, U) = Lip(Υu, U) = Lip(u, ∂U).

Definition 2.2 A function u ∈ Lip(Ω) is said to be an strongly absolutely minimizing Lipschitz extension of f
in Ω, abbreviated st-AMLEf (Ω), if u = f on ∂Ω and in addition, for all subdomains U ⊂ Ω and for all functions
v ∈ Lip

(
U
)

with u = v on ∂U the following inequality holds true:

µ-ess sup
x∈U

Lip u(x) ≤ µ-ess sup
x∈U

Lip v(x) .

If X = Rn, equipped with the usual Euclidean distance, and if µ is the Lebesgue measure, then Lip u(x) =
|∇u(x)| at every point of differentiability. Thus in this special case,

µ-ess sup
x∈U

Lip u(x) = µ-ess sup
x∈U

|∇u(x)|

for all Lipschitz functions by the Rademacher theorem, and hence Definition 2.2 is a natural generalization
of (1.1). The descriptor “strongly” is reminiscent of the Euclidean case [3], where the inclusion st-AMLEf (Ω) ⊂
AMLEf (Ω) is relatively easy to establish, while the reverse inclusion AMLEf (Ω) ⊂ st-AMLEf (Ω) is more
difficult. Note, however, that the inclusion st-AMLEf (Ω) ⊂ AMLEf (Ω) does not always hold in setting of
metric spaces, see Example 5.3.

We will prove, under suitable conditions, that the classes AMLEf (Ω) and st-AMLEf (Ω) coincide by using an
intermediate concept of comparison with cones, which we define next. To this end, given a, b ∈ R and x0 ∈ X ,
let us denote by Ca,b,x0 the “cone function” on X defined by

Ca,b,x0(x) := b + a d(x, x0) .

The motivation for considering the cone functions comes from the fact that the McShane–Whitney extensions
Λu, Υu of u from ∂U to U are given by

Υu(x) = inf{Ca,b,y(x) : y ∈ ∂U, b = u(y), and a = Lip(u, ∂U)}
and

Λu(x) = sup{Ca,b,y(x) : y ∈ ∂U, b = u(y), and a = −Lip(u, ∂U)} .

Definition 2.3 A function u ∈ C(Ω) is said to satisfy the property of comparison with cones in Ω, abbreviated
CC(Ω), if the following two conditions hold:

1. For all subdomains U ⊂ Ω and for all a ≥ 0, all b ∈ R, and all z0 ∈ X \ U , we have u ≤ Ca,b,z0 on U
whenever u ≤ Ca,b,z0 on ∂U .

2. For all subdomains U ⊂ Ω and for all a ≥ 0, all b ∈ R, and all z0 ∈ X \ U , we have u ≥ C−a,b,z0 on U
whenever u ≥ C−a,b,z0 on ∂U .

The concept of comparison with cones was originally introduced in [9], where it was used to study the regular-
ity properties of AMLEs in Rn. See also [3] and the references therein. Its adaptation to the metric space setting
is quite straightforward, and only the sign restriction a ≥ 0 needs some thought, cf. [7]. Indeed, with some addi-
tional assumptions on the metric space one can get rid of the requirement a ≥ 0 in the above definition. For ex-
ample, if X has the property that for all nonempty bounded open subsets U of X with nonempty boundary and for
all points x0 ∈ X \U there exists a point x1 ∈ ∂U and a point z ∈ U so that d(x0, z)+d(z, x1) = d(z0, x1), then
we can remove the restriction a ≥ 0 in the above definition. To see this, suppose that u satisfies the comparison
with cones property in a domain Ω, and suppose that U ⊂ Ω is a subdomain such that u ≤ Ca,b,z0 on ∂U for some
a < 0 and z0 ∈ X \ U . Note that if W = {x ∈ U : u(x) > Ca,b,z0(x)} is nonempty, then u = Ca,b,z0 on ∂W .
By the above assumption, we find x1 ∈ ∂W and a point z ∈ W so that d(z0, z)+ d(z, x1) = d(z0, x1). It can be
verified via the triangle inequality that C−a,b+ad(z0,x1),x1 ≥ Ca,b,z0 . Since −a > 0 and u ≤ C−a,b+ad(z0,x1),z0
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on ∂W , we see that u ≤ C−a,b+ad(z0,x1),x1 on W . However, as d(z0, z) + d(z, x1) = d(z0, x1) and hence
u(z) > Ca,b,z0(z) = C−a,b+ad(z0,x1),x1(z), we have a contradiction; thus, W is empty. Metric spaces whose
every geodesic line segment is extendable to a bi-infinite geodesic line have the above property.

Propositions 4.1, 5.5 and 5.8 together demonstrate that in a proper length space that has the weak Fubini
property, a function is a strongly absolutely minimizing Lipschitz extension if and only if it is an absolutely
minimizing Lipschitz extension. If the measure in addition is doubling and supports a Poincaré inequality (see
below), then Theorem 3.1 demonstrates the existence of such extensions. To prove the existence of st-AMLEf (Ω)
functions, we use p-harmonic functions associated with the measure µ as follows.

Given an open set U ⊂ X and a function f : U → R, we say that a nonnegative Borel measurable function ρ
on U is an upper gradient of f if for all compact rectifiable curves γ in U the following inequality

|f(x) − f(y)| ≤
∫

γ

ρ ds (2.1)

is satisfied, where x and y denote the two endpoints of γ. If either of |f(x)|, |f(y)| is infinite, the right-hand side
of the above inequality is also required to be infinite. It can be shown that if f is a Lipschitz function on U , then
Lip f is an upper gradient of f .

For now let us fix an index p with 1 < p < ∞. We say that a family of non-constant compact rectifiable curves
in U is of zero p-modulus if there is a nonnegative Borel measurable function g on U such that g ∈ Lp(U) and for
all curves γ in this family the path integral

∫
γ

g ds is infinite. If the collection of non-constant compact rectifiable
curves for which the inequality (2.1) fails is a zero p-modulus family of curves, then the function ρ is said to be
a p-weak upper gradient of f . The uniform convexity of Lp(U), together with the fact that the collection of all
p-weak upper gradients of f in Lp(U) forms a closed convex subset of Lp(U), implies that if this convex subset
is nonempty then there is a p-weak upper gradient ρf of f in Lp(U), uniquely determined up to sets of µ-measure
zero, so that ‖ρf‖Lp(U) ≤ ‖ρ‖Lp(U) for all p-weak upper gradients ρ of f . Furthermore, this minimal p-weak
upper gradient has the property that ρf ≤ ρ µ-a.e. in U whenever ρ ∈ Lp(U) is a p-weak upper gradient of f .

A metric measure space is said to support a (1, p)-Poincaré inequality if there exist constants C > 0 and τ ≥ 1
such that for all functions f : X → R, for all p-weak upper gradients ρ ∈ Lp

loc(X) of f , and for all balls B ⊂ X ,

inf
c∈R

∫
B

|u − c| dµ ≤ C rad(B)

⎛
⎝∫

τB

ρp dµ

⎞
⎠

1/p

.

For more on upper gradients and Poincaré inequality see [14], [22], [20], [8], and the references therein.
The collection of all functions f ∈ Lp(X) that have a p-weak upper gradient ρ ∈ Lp(X) is called the Newton–

Sobolev class N1,p(X); see [22] for more on this class. Under the above conditions it is known that functions
in the Newton–Sobolev class satisfy versions of the Sobolev embedding theorems; see for example [11] or [22].
Given a set E ⊂ X and 1 ≤ p < ∞, the p-capacity of E is the number

Capp(E) := inf
u

(
‖u‖p

Lp(X) + inf
ρ
‖ρ‖p

Lp(X)

)
,

where the infimum is taken over all functions u ∈ N1,p(X) with u ≥ 1 on E, and over all p-weak upper gradients
ρ of u. For more on the definition and properties of p-capacity, we refer the reader to [18], [19], [17], and [23].

We say that the measure µ is doubling if there exists a constant C ≥ 1 such that whenever x ∈ X and r > 0,
we have

µ(B(x, 2r)) ≤ C µ(B(x, r)) .

It was shown in [8] that whenever the measure µ is doubling and supports a (1, p)-Poincaré inequality, Lip f is
the minimal p-weak upper gradient of any locally Lipschitz function f .

Throughout the rest of this note, let Ω ⊂ X be a bounded domain with Capp(X \Ω) > 0 for sufficiently large
p ≥ 1; it should be noted here that Capp(X \Ω) > 0 for sufficiently large p ≥ 1 if and only if Capq(X \Ω) > 0
for some finite q ≥ 1. Furthermore, if µ(X \ Ω) > 0 then necessarily Capp(X \ Ω) > 0 for all finite p ≥ 1.
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Given a bounded domain Ω ⊂ X such that X \Ω has positive p-capacity and a function f : X → R such that
f ∈ Lp(X) and f has a p-weak upper gradient in Lp(X), we say that a function u : Ω → R is a p-harmonic
function on Ω with boundary data f if the following two conditions hold:

1. the zero extension of u − f is in N1,p(X),
2. whenever v : Ω → R also has the property that the zero extension of v − f is in the class N1,p(X), then∫

Ω

ρp
u dµ ≤

∫
Ω

ρp
v dµ .

We will show that if µ is doubling and supports a (1, p0)-Poincaré inequality for some 1 ≤ p0 < ∞, then the
p-harmonic extensions of a Lipschitz boundary function f converge to a strongly absolutely minimizing Lipschitz
extension of f as p → ∞. Moreover, if (X, d, µ) is a proper length space satisfying a weak Fubini property (see
Section 5), then u is a strongly absolutely minimizing Lipschitz extension of f if and only if u is an AMLEf (Ω).
In particular, in that class of metric measure spaces, the properties of such limits of p-harmonic extension are
independent of µ. In general metric spaces, the class of p-harmonic functions changes as the underlying measure
changes; in particular, the notion of minimal p-weak upper gradient changes with both the measure on X and the
index p, as illustrated in the example below. However, it is a deep theorem of Cheeger that if the metric space
is a length space (a property that is independent of the measure µ imposed on X), then amongst the class of all
doubling Borel regular measures µ with respect to which the metric space supports a (1, p0)-Poincaré inequality,
the minimal p-weak upper gradient of a locally Lipschitz function f on X (the Lipschitz property of a function is
again merely a property of the metric and does not depend on the measure µ) is the local Lipschitz constant Lip f
whenever p ≥ p0; hence the functions obtained as limits of p-harmonic functions (with respect to such measures
µ) exhibit properties that are independent of the measure µ. The first example below illustrates this property.
The second example below demonstrates that when the metric measure space supports no Poincaré inequality the
results obtained in this paper fail.

Example 2.4 As in the book [13], we may consider the weighted p-Laplacian equation

−div
(
w(x) |∇u(x)|p−2 ∇u(x)

)
= 0 (2.2)

on a domain in Rn. Solutions to (2.2) are p-harmonic on the domain in the metric measure space obtained by
looking at the Euclidean space R

n endowed with the Euclidean metric, but with the measure µ given by

dµ(x) = w(x) dωn(x) ,

where ωn is the canonical Lebesgue measure on Rn. Should w be a p-admissible weight in the sense of [13] (see
Section 1.1 of [13]), then we always have solutions to (2.2). In order to consider explicit solutions, let us consider
more explicit p-admissible weights. Given β > 0, consider the weight function w given by

w(x) = |x|2β .

From the discussion preceding Theorem 1.8 of [13], it is clear that this is a p-admissible weight for all p > 1.
Let Ω = B(0, 1) \ {0} be the punctured unit ball in Rn centered at the origin, and for p > n we consider the
boundary data for Ω given by f : Rn → R with f(x) = max{0, 1 − dist(x, S(0, 1))} (where S(0, 1) is the
unit sphere in R

n centered at the origin 0). It can be seen by the use of Hölder’s inequality together with a polar
coordinate integration that the set {0} is a set of positive p-capacity when p > n+2β. A basic calculation shows
that the solution to (2.2) in Ω with the Lipschitz boundary data f is given by

up(x) = |x|α where α =
p − 2β − n

p − 1
.

Note that up depends on the measure µ via the exponent β, but as p → ∞ we have up → u∞, where

u∞(x) = |x|
is clearly independent of µ.
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Example 2.5 Let X be the metric space obtained by imposing the Euclidean metric on the set

X := {z ∈ C : |Arg(z)| ≤ π/4 or |Arg(−z)| ≤ π/4} .

We may consider two measures µ1 and µ2 on X as follows. Let µ1 denote the standard two-dimensional Lebesgue
measure on X , and let µ2 be given by dµ2(z) = e−1/|z|2dµ1(z). Then the collection of all non-constant curves
passing through the origin has positive p-modulus with respect to the measure µ1 whenever p > 2, but has zero
p-modulus for all p with respect to the measure µ2. Observe that these two measures are absolutely continuous
with respect to each other. However, for p > 2 the metric measure space (X, d, µ1) is a doubling measure space
supporting a (1, p)-Poincaré inequality, whereas the metric measure space (X, d, µ2) never supports a Poincaré
inequality. If we consider the domain Ω ⊂ X given by Ω := {z ∈ X : |z| < 1}, the boundary of Ω consists of
two disjoint circular arcs separated by a distance

√
2. If we consider the boundary function obtained by setting

the function f to take on the value of 1 on one of the two arcs and 0 on the other arc, the p-harmonic extension
up to Ω with respect the measure µ2 is given by up(z) = 1 if z lies in the quarter-disc whose boundary is the
arc on which the data is 1, and up(z) = 0 otherwise. The limit of these up functions, as p → ∞, yields the
same function which is not even locally Lipschitz continuous. On the other hand, the p-harmonic extensions vp

obtained with respect to the measure µ1 yield a Lipschitz function as a limit as p → ∞; this limit function is
necessarily of the class st-AMLEf (Ω), though the limit of the functions up is never a member of this class.

3 Existence of st-AMLEf(Ω)

In this section we will prove the existence of st-AMLEf (Ω) under the following additional assumptions. We will
assume that X is a complete length space

(
that is, the distance between each pair of points x, y ∈ X is given

by d(x, y) = infγ 	(γ), where 	(γ) denotes the length of the curve γ and the infimum is taken over all compact
rectifiable curves γ in X with end-points x and y

)
and that the measure µ is doubling. We will also assume that

(X, d, µ) supports a (1, p0)-Poincaré inequality for some 1 ≤ p0 < ∞. Under the assumption of the doubling
property of the measure µ it is known that there exists Q > 0 such that whenever x ∈ X , 0 < r < R, and
y ∈ B(x, R),

( r

R

)Q

µ(B(x, R)) ≤ C µ(B(y, r)) .

If p > Q, then functions f in the Newton–Sobolev class N1,p(X) satisfy the following inequality for all pairs of
points x, y ∈ X :

|f(x) − f(y)| ≤ C

(∑
j∈N

2−j(1−Q/p)

)
‖ρf‖Lp(X) d(x, y)1−Q/p . (3.1)

The important point here is that the constant C is independent of x, y, and f , and is also independent of p (but it
depends on the doubling constant and the (1, p0)-Poincaré inequality constant, with p0 ≤ p). Here ρf ∈ Lp(X)
denotes the minimal p-weak upper gradient of f . It should be mentioned that the results from the paper [8] show
that if f is a Lipschitz function, then ρf = Lip f µ-almost everywhere (here we use the fact that as a complete
doubling length space X is a geodesic space).

It was shown in [23] that under the hypotheses considered in this section, for every function f ∈ N1,p(X)
there is a function u ∈ N1,p(X) such that u = f on X \ Ω and whenever v ∈ N1,p(X) is another function such
that v = f on X \ Ω,∫

Ω

ρp
u dµ ≤

∫
Ω

ρp
v dµ .

Such p-energy minimizing functions are called p-harmonic extensions of f to Ω. It was also shown in [23] that
such p-harmonic functions satisfy the comparison property: If f and h are two functions from the class N1,p(X)
such that f ≥ h on ∂Ω, then their p-harmonic extensions uf and uh satisfy the inequality uf ≥ uh on Ω.
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Theorem 3.1 Suppose that (X, d, µ) is a complete length space. Under the assumptions that the measure
µ is doubling and supports a (1, p0)-Poincaré inequality, for every Lipschitz function f on ∂Ω there exists a
st-AMLEf (Ω)-extension.

P r o o f. Without loss of generality we may assume that f is a Lipschitz function on X with bounded support
(by extending f to all of X by a McShane extension and then damping down f by a Lipschitz function which is
identically 1 on a bounded neighbourhood of Ω and vanishes outside a larger bounded neighbourhood). For each
p > max{p0, Q} let up denote the p-harmonic extension of f to Ω as above. Then by inequality (3.1) and by the
fact that

‖ρup‖p
Lp(X) =

∫
X\Ω

ρp
f dµ +

∫
Ω

ρp
up

dµ ≤
∫

X\Ω
ρp

f dµ +
∫

Ω

ρp
f dµ =

∫
X

(Lip f)p dµ ,

we see that the family {up : p ≥ q} is an equibounded and equicontinuous family on X for every q >
max{p0, Q}, and as X is complete, by the Arzela–Ascoli theorem it is a normal family, yielding a subsequence
(upk

)k that converges locally uniformly in X to a function that is 1 − Q/q-Hölder continuous. By a Cantor
diagonalization argument we can extract a subsequence, also denoted (upk

)k, so that the limit function u∞ is
Lipschitz continuous and limk pk = ∞.

Let v ∈ N1,p(X) be another continuous function on X such that v = f on ∂Ω and locally Lipschitz continu-
ous on Ω. Since upk

is the pk-harmonic extension of f to Ω, we have∫
Ω

ρpk
upk

dµ ≤
∫

Ω

ρpk
v dµ ,

and hence ⎛
⎝∫

Ω

ρpk
upk

dµ

⎞
⎠

1/pk

≤
⎛
⎝∫

Ω

ρpk
v dµ

⎞
⎠

1/pk

=

⎛
⎝∫

Ω

Lip vpk dµ

⎞
⎠

1/pk

≤ µ-ess sup
x∈Ω

Lip v(x) .

Thus, by Hölder inequality, whenever k ≥ k0,

⎛
⎝∫

Ω

ρ
pk0
upk

dµ

⎞
⎠

1/pk0

≤ µ-ess sup
x∈Ω

Lip v(x) .

Now arguing as in the proof of Lemma 3.1 of [17], we may conclude that u∞ ∈ N1,p(X) with a pk0-weak upper
gradient ρ satisfying the inequality

⎛
⎝∫

Ω

ρpk0 dµ

⎞
⎠

1/pk0

≤ µ-ess sup
x∈Ω

Lip v(x) ,

and hence as Lip u∞ is the minimal pk0-weak upper gradient of u∞, we see that

⎛
⎝∫

Ω

Lip u
pk0∞ dµ

⎞
⎠

1/pk0

≤ µ-ess sup
x∈Ω

Lip v(x) .

Next letting k0 → ∞, we see that

µ-ess sup
x∈Ω

Lip u∞(x) ≤ µ-ess sup
x∈Ω

Lip v(x) . (3.2)

It is also clear that u∞ = f on X \ Ω, and in particular, u∞ = f on ∂Ω.
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It now only remains to prove that for all subdomains U ⊂ Ω and for all functions v ∈ Lip
(
U
)

with u∞ = v
on ∂U the following inequality holds true:

µ-ess sup
x∈U

Lip u∞(x) ≤ µ-ess sup
x∈U

Lip v(x) .

To prove this, fix a subdomain U ⊂ Ω, and for each pk we find the pk-harmonic extension vpk
of u∞ to U , and as

before obtain a locally uniform convergence of these functions to a function v∞ such that whenever v ∈ Lip
(
U
)

with v = v∞ = u∞ on ∂U , as in inequality (3.2) we get

µ-ess sup
x∈U

Lip v∞(x) ≤ µ-ess sup
x∈U

Lip v(x) .

Hence it suffices to show that v∞ = u∞. To do so, it is important to note that the sequence (pk)k was a
subsequence of the sequence used to construct u∞.

Since upk
→ u∞ uniformly on U ⊂ Ω (which is a compact set as X is a complete doubling space and hence is

proper), we see that for all ε > 0 there is a positive integer kε such that ‖upk
−u∞‖L∞(∂U) ≤ ε whenever k ≥ kε;

that is, u∞ − ε ≤ upk
≤ u∞ + ε on ∂U . Hence by the comparison theorem, we have vpk

− ε ≤ upk
≤ vpk

+ ε
on U whenever k ≥ kε. Letting k → ∞ yields

v∞ − ε ≤ u∞ ≤ v∞ + ε

on U . Letting ε → 0 now yields the desired result, completing the proof of the theorem.

If X is not a length space, we will have to replace the condition

µ-ess sup
x∈U

Lip u(x) ≤ µ-ess sup
x∈U

Lip v(x)

with

µ-ess sup
x∈U

ρu(x) ≤ µ-ess sup
x∈U

ρv(x)

in the definition of st-AMLEf (Ω) in order for the above proof to work. Note that by the results of [8], we have
ρu ≈ Lipu if u is a local Lipschitz function.

As Example 2.5 demonstrates, without the additional assumptions of the doubling property and the support of
(1, p)-Poincaré inequality, the limit of p-harmonic functions, as p → ∞, may not yield a function of the class
st-AMLEf (Ω) (even though the measure µ2 considered in that example is mutually absolutely continuous with a
“nice” measure µ1). The limit function obtained in that example was not even locally Lipschitz; for an example
where the limit function is also Lipschitz but fails to be of class st-AMLEf (Ω), see the example discussed in
Example 5.3 below.

The existence of AMLEf (Ω) can be obtained in any length space (without any assumptions on the measure
µ) by using a variant of the classical Perron’s method. See [21], [15] and [16] for details.

4 Equivalence of CC(Ω) and AMLEu(Ω)

Proposition 4.1 Suppose X is a length space. Then a function u is of class CC(Ω) if and only if it is of class
AMLEu(Ω).

P r o o f. First suppose u is of class CC(Ω), and fix U ⊂ Ω. Let x, y ∈ U . We will first show that
Lip(u, ∂(U \ {x})) = Lip(u, ∂U). To do so, fix z0 ∈ ∂U , and let a = Lip(u, ∂U), b = u(z0). Then
a ≥ 0, and as u is a-Lipschitz on ∂U , we see that for all y ∈ ∂U we have |u(y) − u(z0)| ≤ a d(y, z0);
that is, C−a,b,z0 ≤ u ≤ Ca,b,z0 on ∂U . Hence as u is of class CC(Ω), we see that C−a,b,z0 ≤ u ≤ Ca,b,z0 on U .
In particular, as x ∈ U ,

u(z0) − Lip(u, ∂U) d(x, z0) ≤ u(x) ≤ u(z0) + Lip(u, ∂U) d(x, z0) .
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Since z0 ∈ ∂U was arbitrary, we have that for all z0 ∈ ∂U ,

|u(x) − u(z0)| ≤ Lip(u, ∂U) d(x, z0) ,

that is, u is Lip(u, ∂U)-Lipschitz on ∂U ∪ {x} = ∂(U \ {x}); hence the equality Lip(u, ∂(U \ {x})) =
Lip(u, ∂U) follows. Repeating this process for the set U \ {x} with respect to the point y, we also see that

Lip(u, ∂(U \ {x, y})) = Lip(u, ∂U) ,

that is, |u(x) − u(y)| ≤ Lip(u, ∂U) d(x, y). Since x, y ∈ U were arbitrary, we obtain Lip(u, U) = Lip(u, ∂U),
in other words, u is of class AMLEu(Ω).

To complete the proof, we now show that functions of class AMLEu(Ω) are also of class CC(Ω). We prove
this by contradiction. Suppose u is a function of class AMLEu(Ω) but not of class CC(Ω); therefore, there exists
a subdomain U ⊂ Ω and a ≥ 0, b ∈ R, and a point z0 ∈ X \ U , such that either

1. u ≤ Ca,b,z0 on ∂U but it is not true that u ≤ Ca,b,z0 on U ,
or

2. u ≥ C−a,b,z0 on ∂U but it is not true that u ≥ C−a,b,z0 on U .
Since −u is of class CC(Ω) whenever u is also of class CC(Ω), without loss of generality we may assume that
the first case above occurs; that is, the set

W := {x ∈ U : u(x) > Ca,b,z0(x)}
is nonempty. Since the two functions u and Ca,b,z0 are continuous, W is a nonempty open subset of U with
u = Ca,b,z0 on ∂W . We fix a point x ∈ W . Since u = Ca,b,z0 on ∂W , we see that Lip(u, ∂W ) ≤ a. As u
is of class AMLEu(Ω), we therefore have Lip(u, W ) ≤ a (we may replace W with a connected component of
W containing x here). On the other hand, as X is a length space, for every ε > 0 we can find a curve γε in X
joining x and z0 such that it’s length 	(γε) ≤ (1 + ε)d(x, z0). Since x ∈ W and z0 ∈ W , the curve γε must cross
∂W ; let yε be such a point. Let γε,1 and γε,2 denote the two subcurves of γε joining x to yε and joining yε to z0

respectively. Then

	(γε) ≥ 	(γε,1) + 	(γε,2) ≥ d(x, yε) + d(yε, z0) .

By the definition of W , as x ∈ W , we see that there is a positive real number δ > 0 such that

u(x) ≥ Ca,b,z0(x) + δ = b + a d(x, z0) + δ ≥ b + a
[
(1 + ε)−1	(γε)

]
+ δ .

We choose 0 < ε < 1 so that (1 + ε)−1 ≥ 1 − ε > 0. Thus,

u(x) ≥ b + a(1 − ε)[d(x, yε) + d(yε, z0)] + δ

≥ b + a d(yε, z0) + a(1 − ε)d(x, yε) − aεd(yε, z0) + δ .

Since yε ∈ ∂W and hence u(yε) = Ca,b,z0(yε) = b + a d(yε, z0), we have

|u(x) − u(yε)|
d(x, yε)

≥ a(1 − ε) +
δ − aεd(yε, z0)

d(x, yε)
.

Since W is a bounded open set, we see that 0 < d(x, yε) ≤ D := diam
(
W
)

< ∞, and d(yε, z0) ≤ A :=
max

{
d(w, z0) : w ∈ W

}
< ∞. Therefore we may choose ε small enough so that δ − aεA > δ/2, to obtain

|u(x) − u(yε)|
d(x, yε)

≥ a(1 − ε) +
δ

2D
,

that is,

Lip(u, W ) = Lip
(
u, W

) ≥ a(1 − ε) +
δ

2D
.

Letting ε → 0 yields Lip(u, W ) ≥ a + δ
2D > a, a contradiction. Hence it is necessary that u be of class CC(Ω)

as well, thus completing the proof.
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5 Equivalence of CC(Ω) and st-AMLEu(Ω)

In this section again we assume that (X, d, µ) is a length space. It turns out that this assumption is insufficient to
prove that the classes CC(Ω) and st-AMLEu(Ω), and consequently, the classes AMLEu(Ω) and st-AMLEu(Ω),
are equivalent. We therefore need the following assumption in addition to the others above.

If Γ is a family of curves in X and 1 ≤ p < ∞, the p-modulus of Γ is the number

Modp(Γ) := inf
ρ
‖ρ‖p

Lp(X) ,

where the infimum is taken over all nonnegative Borel measurable functions ρ on X such that for each curve
γ ∈ Γ the path integral

∫
γ ρ ds ≥ 1. Ahlfors and Beurling first gave the concept of moduli of curve families

in the setting of planar domains in [1] (they termed this concept extremal length), and this concept was further
developed and axiomatized to a more general setting by Fuglede in [10]. It was shown in [20] that a family Γ is of
zero p-modulus if and only if there is a nonnegative Borel measurable function ρ on X with ρ ∈ Lp(X) such that
for each γ ∈ Γ, the integral

∫
γ ρ ds is infinite. It is also easy to see that the empty family has zero p-modulus and

that whenever E ⊂ X is of zero µ-measure, the collection Γ+
E of all curves γ in X for which H1(|γ| ∩ E) > 0

is of zero p-modulus.

Definition 5.1 We say that X has a weak Fubini property if there exist 1 ≤ p < ∞ and two positive con-
stants C and τ0 such that whenever 0 < τ ≤ τ0 and B1 and B2 are two balls in X with dist

(
B1, B2

)
>

τ max{diam(B1), diam(B2)}, then ModpΓ(B1, B2, τ) > 0. Here Γ(B1, B2, τ) denotes the collection of all
compact rectifiable curves γ in X joining B1 and B2 such that 	(γ) ≤ dist

(
B1, B2

)
+ Cτ .

The following key lemma demonstrates the importance of the above property.

Lemma 5.2 Let X be a length space that has the weak Fubini property and let W be a nonempty open subset
of X . If u ∈ Lip(W ), then µ-ess supx∈W Lipu(x) = supx∈W Lip u(x).

Example 5.3 For general metric measure spaces the conclusion of this lemma does not hold. Indeed, one can
obtain a counterexample by pasting a line segment to two disjoint closed triangular regions in R2 and using the
length metric and the restriction of the two-dimensional Lebesgue measure to this set. A non-constant function
that is constant on the two triangular regions but changes in a Lipschitz manner along the line segment will fail
to satisfy the above lemma. However, we do not know whether it is possible that the conclusion of the above
lemma holds true always if we assume that the measure of nonempty open sets are positive. Note that in the
above example functions that are constant on the closed triangular regions are p-harmonic for all 1 < p < ∞,
and hence can yield as a limit (as p → ∞) a function that is of class st-AMLEf (Ω), but not of class AMLEf (Ω).

P r o o f o f L e m m a 5.2. Let a = µ-ess supx∈W Lip u(x). Clearly a ≤ supx∈W Lip u(x). Let E =
{y ∈ W : Lipu(y) > a}. It suffices to show that E is empty. Note that µ(E) = 0. Thus the family Γ+

E

of all curves γ in X for which H1(|γ| ∩ E) > 0 is of zero p-modulus. Hence Modp

(
Γ(B1, B2, τ) \ Γ+

E

)
> 0

whenever balls B1, B2 and a number τ satisfy the definition of weak Fubini property. It suffices to show that
for every x ∈ W there is a neighborhood of x in which u is a-Lipschitz continuous. Since W is open, we may
choose r > 0 for which B(x, 10Cr) ⊂ W , where C is from the definition of the weak Fubini property. Let
y, z ∈ B(x, r), and for 0 < 2τ < min{1, τ0, d(y, z)}, choose B1 = B(y, τ/2) and B2 = B(z, τ/2). Then
B1 ∪ B2 ⊂ W , and

dist
(
B1, B2

) ≥ d(y, z) − τ > 2τ − τ = τ ,

with max{diam(B1), diam(B2)} ≤ τ ≤ 1. Therefore as X satisfies the weak Fubini property, we have
Modp

(
Γ(B1, B2, τ) \ Γ+

E

)
> 0, in particular, Γ(B1, B2, τ) \ Γ+

E = ∅. Let γτ be a curve from this family,
and let yτ and zτ be the endpoints of γτ from B1 and B2 respectively. Then as H1(|γτ | ∩ E) = 0, we see that

|u(yτ ) − u(zτ )| ≤
∫

γτ

Lip u ds ≤
∫

γτ

a ds = a 	(γτ ) ≤ a [d(yτ , zτ ) + Cτ ] .

As τ → 0 we see that u(yτ ) → u(y), u(zτ ) → u(z), and d(yτ , zτ ) + Cτ → d(y, z). Hence,
|u(y) − u(z)| ≤ a d(y, z). Since y, z ∈ B(x, r) were arbitrary, we see that u is a-Lipschitz on B(x, r), and
in particular, Lip u(x) ≤ a, that is, x ∈ E. Thus E is empty, completing the proof of the lemma.
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It should be noted here that the weak Fubini property does not by itself imply a (1, p)-Poincaré inequality.
Indeed, by joining countably many Euclidean balls of small diameter by tubes of fixed length whose diameter gets
narrower, we obtain a metric measure space (with length metric generated from the underlying Euclidean metric
and the natural Lebesgue measure) that has the weak Fubini property for any 1 ≤ p < ∞ (precisely because
we can run a Fubini type decomposition of volume integrals on this space), but has no Poincaré inequality.
On the other hand, even a (1, 1)-Poincaré inequality is not sufficient to guarantee the weak Fubini property, as
demonstrated by the n-dimensional unit sphere, equipped with the Euclidean metric and the (n− 1)-dimensional
Hausdorff measure; the obstacle here is that under the Euclidean metric the space is not a length space. In general,
the Poincaré inequalities only guarantee quasiconvexity. However, it would be interesting to know whether if
the space is a length space and nonempty open sets have positive measure, then the space has the weak Fubini
property or not. Examples of spaces exhibiting the weak Fubini property include Euclidean domains, Riemannian
manifolds, Carnot groups, and the metric spaces constructed by Bourdon and Pajot in [6]; the proof of this fact
essentially follows from the fact that in these spaces the measure admits a Fubini type decomposition.

Lemma 5.4 Let X be a length space and W = X be a nonempty open subset of X . If u ∈ Lip(W ), then

Lip(u, W ) ≤ max
{

Lip(u, ∂W ), sup
x∈W

Lip u(x)
}

.

P r o o f. Let x, y ∈ W . Since X is a length space, for every positive integer n we can find a curve γn in X
joining x and y such that 	(γn) ≤ d(x, y) + 1

n . If γn lies in W for sufficiently large n, then as Lip u is an upper
gradient of u (see for example [12]), we have

|u(x) − u(y)| ≤
∫

γn

Lip u ds ≤
(

sup
x∈W

Lip u(x)
)

	(γn) ,

and letting n → ∞ we see that

|u(x) − u(y)| ≤
(

sup
x∈W

Lip u(x)
)

d(x, y) . (5.1)

If for all sufficiently large values of n we have γn leaving W , then for each such n let zn and wn denote the first
time γn leaves W and the last time γn enters W , by breaking γn up into three pieces, γn,1, γn,2, and γn,3, where
γn,1 joins x and zn and lies in W except for the endpoint zn, γn,3 joins wn and y and lies in W except for the
endpoint wn, and the subcurve γn,2 joins the two points zn, wn ∈ ∂W . Therefore, as before we see that

|u(x) − u(y)| ≤ |u(x) − u(zn)| + |u(zn) − u(wn)| + |u(wn) − u(y)|

≤
(

sup
x∈W

Lip u(x)
)

[	(γn,1) + 	(γn,3)] + Lip(u, ∂W ) d(zn, wn)

≤ max
{

Lip(u, ∂W ), sup
x∈W

Lip u(x)
}

[	(γn,1) + 	(γn,3) + 	(γn,2)]

≤ max
{

Lip(u, ∂W ), sup
x∈W

Lip u(x)
}

[d(x, y) + (1/n)] .

Letting n → ∞ yields the desired inequality.

Proposition 5.5 If X satisfies the weak Fubini property, then every function of the class st-AMLEu(Ω) is of
class CC(Ω).

P r o o f. Suppose u is of class st-AMLEu(Ω) but not of class CC(Ω). Then as in the proof of Proposition 4.1,
we obtain a ≥ 0, b ∈ R, an open set W ⊂ Ω, and a point z0 ∈ X \ W such that u = Ca,b,z0 on ∂W but
u > Ca,b,z0 on W . Since u is of class st-AMLEu(Ω), we see that

µ-ess sup
x∈W

Lip u(x) ≤ µ-ess sup
x∈W

Lip Ca,b,z0(x) ≤ a .
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Thus, by Lemma 5.2, we have supx∈W Lip u(x) ≤ a. In particular, by Lemma 5.4, we see that Lip(u, W ) ≤
max{Lip(Ca,b,z0 , ∂W ), a} ≤ a. But then, for all x ∈ W and all y ∈ ∂W we have |u(x) − u(y)| ≤ a d(x, y),
and therefore,

u(x) ≤ u(y) + a d(x, y) = Ca,b,z0(y) + a d(x, y) = b + a [d(y, z0) + d(x, y)] .

Since y ∈ ∂W was arbitrary, we see that

u(x) ≤ b + a inf
y∈∂W

[d(y, z0) + d(x, y)] .

Now as in the proof of Proposition 4.1, for every ε > 0 we choose a curve γε joining x and z0 in the length space
X such that 	(γε) ≤ (1 + ε) d(x, z0), and let yε ∈ ∂W be a point at which this curve intersects ∂W . Thus,

u(x) ≤ b + a[d(yε, z0) + d(x, yε)] ≤ b + a 	(γε) ≤ b + a(1 + ε)d(x, z0) .

Letting ε → 0, we see that u(x) ≤ b+a d(x, z0) = Ca,b,z0(x), that is, x ∈ W , a contradiction. Therefore it must
be true that u is of class CC(Ω).

The proof of the converse implication, that every function of the class CC(Ω) is of class st-AMLEu(Ω), is
slightly more complicated and requires some preparatory work. Let us first introduce some notation. For x ∈ Ω
and 0 < r < dist(x, ∂Ω), we define

S+
u (x, r) := sup

{z : d(z,x)=r}

(
u(z)− u(x)

r

)
, S−

u (x, r) := inf
{z : d(z,x)=r}

(
u(z) − u(x)

r

)

and, if the limits exist,

S+
u (x) := lim

r→0+
S+

u (x, r) , S−
u (x) := lim

r→0+
S−

u (x, r) .

In the setting of general metric spaces, it is not always true that if 0 < r < dist(x, ∂Ω) then B(x, r) ⊂ Ω.
However, it should be noted that if the metric space is a length space then for all x ∈ Ω we have dist(x, X \Ω) =
dist(x, ∂Ω) and hence B(x, r) ⊂ Ω.

If u is of class CC(Ω), then S+
u (x, r) is nonnegative and nondecreasing in r, and S−

u (x, r) is nonpositive and
nonincreasing. In particular, in that case S+

u (x) and S−
u (x) are well-defined. To prove these facts, we first notice

that since u ≤ C0,M,x0 on ∂B(x, r) for any x0 ∈ X \ B(x, r) and M = sup{u(z) : d(x, z) = r}, we have

u(x) ≤ sup
{z : d(z,x)=r}

u(z) , that is , sup
{z : d(z,x)=r}

(
u(z) − u(x)

r

)
≥ 0 .

Thus S+
u (x, r) ≥ 0. The monotonicity follows by comparing u to the cone CS+

u (x,r),u(x),x in the punctured ball
B(x, r) \ {x}; this yields

u(z) ≤ u(x) + S+
u (x, r) d(x, z) for all z ∈ B(x, r) .

Hence
u(z) − u(x)

s
≤ S+

u (x, r) for all z such that d(x, z) = s , 0 < s < r ,

and we obtain S+
u (x, s) ≤ S+

u (x, r). The claims concerning S−
u (x, r) follow by noticing that u is of class CC(Ω)

if and only if −u is of class CC(Ω) and that S−
u (x, r) = −S+

−u(x, r).
Lemma 5.6 If u is of class CC(Ω), then S+

u (x) = −S−
u (x) = Lipu(x) for every x ∈ Ω.

P r o o f. First, by definition,

Lip u(x) = lim
r→0+

sup
y∈B(x,r)\{x}

|u(x) − u(y)|
d(x, y)

≥ lim sup
r→0+

sup
d(x,y)=r

(
u(y) − u(x)

r

)
= lim

r→0+
S+

u (x, r) = S+
u (x) ,
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whence Lip u(x) ≥ S+
u (x). For the converse, we fix x ∈ Ω and for 0 < r < 1

4dist(x, ∂Ω) we consider a point
y ∈ Ω for which d(x, y) = r. For n ∈ N, let γn be a path, parametrized by arc length, joining x to y such that
	(γn) < d(x, y) + 1

n . Let In denote the interval which is the domain of the map γn, and consider the function
gn : In → R given by gn(t) = u(γn(t)). Then

gn(t + h) − gn(t)
h

=
u(γn(t + h)) − u(γn(t))

h

=
u(γn(t + h)) − u(γn(t))

d(γn(t + h), γn(t))
d(γn(t + h), γn(t))

h

≤ S+
u (γn(t), d(γn(t + h), γn(t)))

d(γn(t + h), γn(t))
h

≤ S+
u (γn(t), d(γn(t + h), γn(t))) ,

where we used the fact that 0 < d(γn(t+h), γn(t))/h ≤ 1. Therefore, we see that g′n(t) ≤ S+
u (γn(t)) whenever

g′n(t) exists. Observe that as u is a Lipschitz function, so is gn; therefore, for almost every t ∈ In we see that
g′n(t) exists and that

u(y) − u(x) =

Z
In

g′
n(t) dt ≤

Z
In

S+
u (γn(t)) dt ≤

 
sup

z∈γn(In)

S+
u (z)

!
�(γn) ≤

 
sup

z∈γn(In)

S+
u (z)

!»
d(x, y) +

1

n

–
.

After letting n → ∞ we therefore have

Lip u(x) = lim
r→0+

sup
y∈B(x,r)\{x}

|u(x) − u(y)|
d(x, y)

≤ lim sup
r→0+

(
sup

z∈B(x,2r)

S+
u (z)

)
.

Next we recall that s �→ S+
u (z, s) is nondecreasing and notice that z �→ S+

u (z, s) is continuous (because u itself
is even Lipschitz continuous). Thus

lim sup
r→0+

(
sup

z∈B(x,2r)

S+
u (z)

)
≤ lim sup

r→0+

(
sup

z∈B(x,2r)

S+
u (z, s)

)
= S+

u (x, s)

for any s > 0 small enough. This shows that Lip u(x) ≤ S+
u (x, s) for all s sufficiently small and consequently

Lip u(x) ≤ S+
u (x) by the definition of S+

u (x).
We have thus far showed that Lip u(x) = S+

u (x) for every x ∈ Ω. Since u is of class CC(Ω) if and only if
−u is of class CC(Ω), and S−

u (x) = −S+
−u(x), we have

S−
u (x) = −S+

−u(x) = −Lip(−u)(x) = −Lip u(x) ,

which completes the proof.

Lemma 5.7 Let u be of class CC(Ω), x0∈Ω, and 0 < r < dist(x0, ∂Ω). If x1∈Ω is such that d(x0, x1) = r
and u(x1) = supd(x0,z)=r u(z), then

S+
u (x0, r) ≤ S+

u (x1, s) for all 0 < s < dist(x0, ∂Ω) − r .

P r o o f. Let γn be a path joining x1 to x0, parametrized by arc length, such that 	(γn) < r + 1
n . Since

u ≤ CS+
u (x0,r),u(x0),x0

on the boundary of the punctured ball B(x0, r) \ {x0}, we have

u(x) ≤ u(x0) + S+
u (x0, r)d(x0, x) for all x ∈ B(x0, r)

by the assumption that u is of class CC(Ω). In particular,

u(γn(t)) ≤ u(x0) + S+
u (x0, r) d(x0, γn(t))

≤ u(x0) + t

(
u(x1) − u(x0)

r

)

= u(x1) + (r − t)
(

u(x0) − u(x1)
r

)
= u(x1) + (r − t)

(−S+
u (x0, r)

)
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for all t < r for which γn(t) ∈ B(x0, r). Here we used the fact that γn is parametrized by arc length and the
assumption S+

u (x0, r) = u(x1)−u(x0)
r . For sufficiently large n we see that the curve γn lies entirely in Ω. For

such n we look at all t < r for which γn(t) is in B(x0, r) ∩ B(x1, dist(x1, X \ Ω)); for such t we have

S−
u (x1, d(x1, γn(t))) = inf

d(x1,z)=d(x1,γn(t))

(
u(z)− u(x1)
d(x1, γn(t))

)

≤ u(γn(t)) − u(x1)
d(x1, γn(t))

≤ r − t

d(x1, γn(t))
(−S+

u (x0, r)
)

≤ r − t

r + 1
n − t

(−S+
u (x0, r)

)
for all such t’s. Here we used the facts that d(x1, γn(t)) ≤ r + 1

n − t and that −S+
u (x0, r) ≤ 0. Note that for

each fixed t < r that is sufficiently close to r, γn(t) is in B(x0, r) ∩ B(x1, dist(x1, X \ Ω)) for all sufficiently
large n. We fix such t for now. Because u is Lipschitz continuous, S−

u (x1, r− t) = limn→∞ S−
u (x1, r + 1

n − t)).
Hence, as d(x1, γn(t)) ≤ r + 1

n − t and s �→ S−
u (x1, s) is nonincreasing, we finally obtain, by letting n → ∞,

that

S−
u (x1, r − t) = lim

n→∞S−
u (x1, r + 1

n − t)) ≤ lim sup
n→∞

(
S−

u (x1, d(x1, γn(t)))
) ≤ (−S+

u (x0, r)
)

for each such fixed t < r. Letting t → r− gives S−
u (x1) ≤ −S+

u (x0, r), which by Lemma 5.6 yields

S+
u (x1) = −S−

u (x1) ≥ S+
u (x0, r) .

Since s �→ S+
u (x1, s) is nondecreasing, we have S+

u (x1, s) ≥ S+
u (x0, r) for all 0 < s < dist(x0, ∂Ω) − r, as

desired.

Recall that a metric space is said to be proper if every closed and bounded subset of that space is compact.

Proposition 5.8 Let (X, d) be a proper length space satisfying the weak Fubini property. Then every function
u of the class CC(Ω) is of class st-AMLEu(Ω).

P r o o f. We argue by contradiction and assume that a Lipschitz function u is of the class CC(Ω), but is not
of class st-AMLEu(Ω). This means that there exist an open set V ⊂ Ω, a Lipschitz function v and x0 ∈ V such
that u = v on ∂V and

Lip u(x0) > sup
x∈V

Lip v(x) ≥ 0 .

Here we used Lemma 5.2. Define the points x1, x2, . . . inductively so that

d
(
xj , xj+1

)
= min

{
1,

1

2
dist

(
xj , ∂V

)}
and

S+
u

(
xj , d

(
xj , xj+1

))
=

u
(
xj+1

)− u
(
xj

)
d
(
xj , xj+1

) , j = 0 , 1 , 2 , . . . ;

such points exist because the “spheres”
{
z : d

(
xj , z

)
= r
}

are all nonempty (a consequence of the fact that X is
a length space) and compact (a consequence of the assumption that X is proper). By Lemma 5.7,

S+
u

(
xj+1, d

(
xj+1, xj+2

)) ≥ S+
u (xj , d(xj , xj+1)) ,

and thus
u
(
xj+1

)− u
(
xj

)
= S+

u

(
xj , d

(
xj , xj+1

))
d
(
xj , xj+1

)
≥ S+

u (x0) d
(
xj , xj+1

)
= Lip u(x0) d

(
xj , xj+1

)
.
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Summing up these inequalities gives

u(xm)−u(x0) =
m−1∑
j=0

(
u
(
xj+1

)−u
(
xj

)) ≥ Lip u(x0)

⎛
⎝m−1∑

j=0

d
(
xj , xj+1

)⎞⎠ for any m ∈ N .

Since Lip u(x0) > 0 and u(xm) − u(x0) ≤ 2 supx∈V u(x) < ∞, the sequence
(
xj

)
is a Cauchy sequence,

and thus it converges to a point x∞ ∈ V . In fact, as d
(
xj , xj+1

)
= min

{
1, 1

2 dist
(
xj , ∂V

)}
, we must have

x∞ ∈ ∂V . Moreover, by the continuity of u, we have

u(x∞) − u(x0) ≥ Lip u(x0)

⎛
⎝ ∞∑

j=0

d
(
xj , xj+1

)⎞⎠ . (5.2)

Next we set y0 = x0 and choose the points y1, y2, . . . inductively so that

d
(
yj , yj+1

)
= min

{
1,

1

2
dist

(
yj , ∂V

)}
and

S−
u

(
yj, d

(
yj, yj+1

))
=

u
(
yj+1

)− u
(
yj

)
d
(
yj, yj+1

) , j = 0 , 1 , 2 , . . . .

As above, using Lemmas 5.6 and 5.7 we find y∞ ∈ ∂V such that

u(y∞) − u(x0) ≤ −Lip u(x0)

⎛
⎝ ∞∑

j=0

d
(
yj , yj+1

)⎞⎠ . (5.3)

By combining (5.2) and (5.3) we obtain

u(x∞) − u(y∞) ≥ Lip u(x0)

⎛
⎝ ∞∑

j=0

d
(
xj , xj+1

)
+

∞∑
j=0

d
(
yj , yj+1

)⎞⎠ .

On the other hand, as in the proof of estimate (5.1) in Lemma 5.4,

v
(
xj+1

)− v
(
xj

) ≤
(

sup
x∈V

Lip v(x)
)

d
(
xj , xj+1

)
and

v
(
yj+1

)− v
(
yj

) ≥
(

sup
x∈V

Lip v(x)
)

d
(
yj , yj+1

)
,

for all j, and therefore

v(x∞) − v(y∞) ≤
(

sup
x∈V

Lip v(x)
)⎛⎝ ∞∑

j=0

d
(
xj , xj+1

)
+

∞∑
j=0

d
(
yj , yj+1

)⎞⎠ .

Since Lip u(x0) > supx∈V Lip v(x), this implies that v(x∞) − v(y∞) < u(x∞) − u(y∞), which is impossible
because x∞, y∞ ∈ ∂V and u = v on ∂V .
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