MEASURABILITY OF EQUIVALENCE CLASSES AND MEC_P -PROPERTY IN METRIC SPACES

ESA JÄRVENPÄÄ^1, MAARIT JÄRVENPÄÄ^2, KEVIN ROGOVIN^3, SARI ROGOVIN^4, AND NAGESWARI SHANMUGALINGAM^5

Abstract. We prove that a locally compact metric space that supports a doubling measure and a weak p-Poincaré inequality for some 1 ≤ p < ∞ is a MEC_p-space. The methods developed for this purpose include measurability considerations and lead to interesting consequences. For example, we verify that each extended real valued function having a p-integrable upper gradient is locally p-integrable.

1. Introduction and main results

From the analytical point of view, the concept of a rectifiable path connected set is crucial in the study of metric spaces. It is well known that if the gradient of a Sobolev function in R^n equals zero almost everywhere, then the function is constant. This is not valid in general metric spaces with the notation of upper gradient given below in Definition 1.1. Indeed, it is evident from Definition 1.1 that if there are no rectifiable paths in the metric space, then 0 is an upper gradient of any function - even if the function is not constant. However, as stated in [18], it turns out that the MEC_p-property of a metric space (see Definition 1.3), guaranteeing that almost all points of the space belong to the same rectifiable path connected component, implies that each function which has 0 as an upper gradient, or more generally as a p-weak upper gradient (see [18, Definition 2.3]), is constant. This leads us to the natural question of which metric spaces admit the MEC_p-property.

For the purpose of studying quasi-conformal maps in certain metric spaces, Heinonen and Koskela [10] considered the following notion of an upper gradient. Definition 1.1. Given a metric space (X, d) with a Borel measure μ, let u be an extended real valued function defined on X. A non-negative Borel function ρ is said to be an upper gradient of u if for all compact rectifiable paths γ : I → X (I ⊂ R is compact) the following inequality holds: |u(x) − u(y)| ≤ ∫ γ ρ ds, 2000 Mathematics Subject Classification. 28A05, 28A20, 54E40.

Key words and phrases. MEC_p-space, analytic set, doubling measure, weak p-Poincaré inequality, quasi-convexity. 1

where x and y denote the endpoints of the path γ. Note that the right hand side of the above inequality should be infinite whenever at least one of |u(x)| and |u(y)| is infinite.

Remark 1.2. Throughout this paper we will consider only outer measures and simply refer to them as measures. So a measure is defined on the power set and not just only on some σ-algebra. For more information on this simplification, see [13, p. 8].

If the function ρ defines a metric in X, that is, if the expression

d_ρ(x, y) = inf_γ ∫ γ ρ ds, where the infimum is taken over all compact rectifiable paths γ connecting x to y, gives a metric on X, then Definition 1.1 can be re-interpreted to state that u is a 1-Lipschitz mapping with respect to the metric d_ρ.

In the theory of Sobolev spaces one usually restricts attention to L^p-functions. Hence it is useful to know when it is true that every non-negative Borel measurable ρ ∈ L^p(X) defines a d_ρ-quasi metric in a set X_ρ ⊂ X with μ(X \ X_ρ) = 0. Metric spaces satisfying this condition are said to admit the MEC_p-property (see Definition 1.3). It is evident from Definitions 1.1 and 1.3 that if X satisfies the MEC_p-property, then whenever ρ ∈ L^p(X) is an upper gradient of a function u on X, the set of points where u is infinite must be contained in the exceptional set X \ X_ρ. Such a set is very small from the point of view of potential theory.

Throughout, (X, d) is a metric space with a σ-finite Borel measure μ. The triple (X, d, μ) is called a metric measure space. A path γ : I → X is said to be compact if I ⊂ R is a compact set. Given x, y ∈ X, let Γ_{xy} be the set of all compact rectifiable paths in X connecting x to y. Note that a constant path is also a compact rectifiable path. The length of a path γ is denoted by ℓ(γ).

Definition 1.3. A Borel function ρ : X → [0, ∞] defines an equivalence relation ∼_ρ as follows: For x, y ∈ X we have x ∼_ρ y if there is γ ∈ Γ_{xy} such that ∫ γ ρ ds < ∞. We use the notation [x]_ρ = {y ∈ X : y ∼_ρ x} to denote the equivalence classes of x ∈ X. Let 1 ≤ p < ∞. A metric measure space X is said to admit the main equivalence class property with respect to p, abbreviated as MEC_p-property, if for each non-negative Borel function ρ ∈ L^p(X) there is a point x ∈ X such that μ(X \ [x]_ρ) = 0. We call this equivalence class [x]_ρ the main equivalence class of ρ.

The fact that all Euclidean domains have the MEC_p-property for all p ≥ 1 was first noticed by Ohtsuka [14]. Clearly, the work of Ohtsuka also shows that smooth Riemann manifolds admit the MEC_p-property for all p ≥ 1. This property was abstracted to the metric space setting by Shanmugalingam in [16, 17].

In this note we address the question of how generally the MEC_p-property is valid in metric spaces. It appears that all metric spaces that support a doubling measure (see Definition 1.4) and satisfy an analytic property called a weak p- Poincaré inequality for some 1 ≤ p < ∞ (see Definition 1.5) have the MEC_pproperty. This is the content of one of our main results, Theorem 1.6. As an immediate consequence of it we see that Heisenberg groups and the metric spaces constructed by Bourdon and Pajot [2] as well as Laakso [12] admit the MEC_pproperty. As far as we know, this has been unknown until now.

Definition 1.4. We say that the measure μ on X is doubling if there is a positive constant C_μ such that μ(B(x, 2r)) ≤ C_μμ(B(x, r)) for every x ∈ X and r > 0. Here B(x, r) is an open ball with center at x and with radius r > 0.

Definition 1.5. Let 1 ≤ p < ∞. We say that the metric measure space X supports a weak p-Poincaré inequality if there exist constants τ ≥ 1 and C_p ≥ 1 such that for all r > 0 and x ∈ X, for all μ-measurable functions f ∈ L^1(B(x, r)) defined on X, and for all upper gradients ρ of f we have 1 μ(B(x, r)) ∫ B(x,r) |f − f_{B(x,r)}| dμ ≤ C_pr ( 1 μ(B(x, τr)) ∫ B(x,τ r) ρ^p dμ ) 1_p , where f_{B(x,r)} =^1_{μ(B(x,r))} ∫ B(x,r) f dμ is the integral average of f on the ball B(x, r).

Our main result concerning MEC_p-spaces is as follows:

Theorem 1.6. Let X be a locally compact metric space that supports a doubling Borel measure μ which is non-trivial and finite on balls. If X supports a weak p-Poincaré inequality for some 1 ≤ p < ∞, then X is a MEC_p-space.

In [18, Theorem 2.17] a similar result was first claimed, but the proof given there is not complete because it failed to prove that the equivalence classes are measurable. This problem is rectified by Theorem 1.8 of this paper.

Remark 1.7. Given a complete separable metric space Z, a set A ⊂ Z is said to be analytic if there exist a complete separable metric space Y and a continuous function f : Y → Z such that f(Y ) = A. Hence the continuous image of an analytic set is analytic. In particular, a continuous image of a Borel set is analytic, since Borel sets are analytic ([11, Theorem 14.2]). By Lusin’s theorem (see [11, Theorem 21.10]), analytic subsets of Z are ν-measurable for any σ-finite Borel measure ν on Z. Countable unions and countable intersections of analytic sets are analytic.

Theorem 1.8. Let X be a complete separable metric space equipped with a σfinite Borel measure μ. If ρ: X → [0, ∞] is a Borel function, then [x]_ρ is analytic for all x ∈ X. In particular, [x]_ρ is μ-measurable for all x ∈ X.

With the choice ρ ≡ 1 we have an immediate consequence:

Corollary 1.9. Let X be a complete separable metric space equipped with a σfinite Borel measure μ. Then the rectifiable path connected components of X are μ-measurable.

Furthermore, the proof of Theorem 1.8 yields the following corollary:

Corollary 1.10. Let X be a complete separable metric space equipped with a σ-finite Borel measure μ, and let ρ: X → [0, ∞] be a Borel function. Then for each x_0 ∈ X, the function u: X → [0, ∞], defined for all x ∈ X by

u(x) = inf {∫ γ ρ ds : γ ∈ Γ_{x0x} } , is measurable with respect to the σ-algebra generated by analytic sets, and therefore, it is μ-measurable.

Weaker versions of Corollary 1.10 have appeared earlier in the literature. For example, in [10] it is stated that u is continuous if X is quasi-convex and ρ is bounded.

It should be noted that not all metric spaces admit the MEC_p-property. For example, the metric space, obtained by gluing two planar triangular regions at one vertex point and using the length metric obtained from the Euclidean metric of the two triangular regions, is not a MEC_p-space when 1 ≤ p ≤ 2. It should be also noted that the converse of Theorem 1.6 is not true. Indeed, the metric space X obtained by removing a radial slit from the unit disc D in the plane, that is, X = D \ [0, 1] ⊂ R^2 , is easily seen to be a MEC_p-space whenever p ≥ 1, but never supports a weak p-Poincaré inequality. While this is not a complete metric space, one can modify it to obtain a complete metric space that admits the MEC_p-property whenever p ≥ 1 but does not support a weak p-Poincaré inequality for certain values of p. For example, let X be the metric space achieved by considering the length metric induced by the Euclidean distance metric on the set obtained by removing the two open disks B((−1, 0), 1) and B((1, 0), 1) from R^2 . Such a space has MEC_p-property whenever p ≥ 1, but fails to have a weak p-Poincaré inequality whenever 1 ≤ p ≤ 2.

The methods from the proofs of Proposition 3.2 and Theorem 1.6 turn out to be quite powerful for other purposes as well. Indeed, they give the following surprising result according to which, under the assumptions of Theorem 1.6, all we need to know to conclude that a function belongs to L^p_{loc}(X) is that it has an upper gradient in L^p(X). Recall that u ∈ L^p_{loc}(X) if and only if for all x ∈ X there is a neighborhood V_x of x such that u ∈ L^p(V_x).

Theorem 1.11. Let X be a complete metric space that supports a doubling Borel measure μ which is non-trivial and finite on balls. Assume that X supports a weak p-Poincaré inequality for some 1 ≤ p < ∞. If an extended real valued function u: X → [−∞, ∞] has a p-integrable upper gradient, then u is measurable and locally p-integrable.

This paper is organized as follows: In the next section we state and verify three auxiliary results whereas Section 3 contains the proofs of the results introduced in this section. For the convenience of the reader, a version of a quasi-convexity result, needed in the proofs of Proposition 3.2 and Theorem 1.6, is included as an appendix. Indeed, in Section 4 we show that if a locally compact metric space supports a doubling measure and a weak p-Poincaré inequality, then it is quasi-convex.

Acknowledgments: We thank the referee for valuable comments. EJ, MJ, and SR acknowledge the support of the Academy of Finland (projects #208637, #205806, and #203970), NS was partially supported by the NSF grant DMS- 0355027. Part of the research for this paper was done while N.S. was visiting University of Jyväskylä in the spring of 2005; she wishes to thank the department for it’s kind hospitality.

2. Auxiliary results

Given any metric space (X, d), we use the notation ( ^X, ^d) for the completion of X which is complete and unique up to an isometry. Note that (X, d) is a subspace of ( ^X, ^d) and X is dense in ^X. For our purposes, the crucial observation is that the essential features of X are inherited by ^X. Indeed, supposing that there is a doubling Borel measure on X which is non-trivial and finite on balls, we may extend it to ^X such that ^X \ X has zero measure and the extended measure has the same properties as the original one. Also, if X supports a weak p-Poincaré inequality for some 1 ≤ p < ∞, then ^X does too, see for example [1, Proposition 7.1].

We proceed by stating a series of lemmas which will be needed in the next section.

Remark 2.1. In the following lemma, we consider all paths, not only rectifiable ones. The reason is that in the proof of Theorem 1.8 and in Remark 3.1 we need to study a complete metric space of paths and the space of rectifiable paths is not complete under the supremum norm.

The integral of a Borel function ρ over a rectifiable path γ : I → X is usually defined via the path length parametrization γ_0, that is, ∫ γ ρ ds = ∫_{ℓ(γ)} 0 ρ∘γ_0(t) dt. There is an alternative definition of path integrals that extends to non-rectifiable paths as well. Namely if γ : I → X is a path, let F be the set of all closed subintervals C ⊂ I. Define ζ : F → [0, ∞] by setting ζ([a, b]) = ℓ(γ|_{[a,b]}). The usual Carathéodory construction now yields a Borel regular measure μ_γ defined on I. The measure has the property that μ_γ ([a, b]) = ℓ(γ|_{[a,b]}). Define ∫ γ ρ ds = ∫ I ρ ∘ γ(t) dμ_γ(t). If γ is a rectifiable path, then this definition of path integral coincides with the previous definition. Observe also that when ρ is continuous the path integral defined in this way may be calculated as the supremum of lower Riemannian sums.

Lemma 2.2. Let γ_i : [0, 1] → X be a sequence of paths such that γ_i → γ uniformly. Then for each lower semicontinuous function ρ: X → [0, ∞] we have ∫ γ ρ ds ≤ lim inf_{i→∞} ∫ γ_i ρ ds. Proof. If ρ is continuous, then the claim follows from the definition of the path integral and the compactness of γ([0, 1]). If ρ is lower semicontinuous, there exists a sequence (g_j) of continuous functions such that g_j ↗ ρ as j → ∞. By the monotone convergence theorem we have ∫ γ ρ ds = lim inf_{j→∞} ∫ γ g_j ds ≤ lim inf_{j→∞} lim inf_{i→∞} ∫ γ_i g_j ds ≤ lim inf_{i→∞} ∫ γ_i ρ ds. □ The following lemma is a version of the Vitali-Carathéodory theorem tailored for our purposes. The difference between the Vitali-Carathéodory theorem and the following lemma is that we do not assume that the function f is everywhere finite.

Lemma 2.3. Let X be a locally compact metric space that supports a Borel measure μ which is non-trivial and finite on balls. Assume that f ∈ L^p(X) is a non-negative extended real valued Borel function. Then for every ε > 0 there is a lower semicontinuous function g ∈ L^p(X) such that g(x) ≥ f(x) for all x ∈ X and ||g − f||_p ≤ ε. Proof. One may approximate f with appropriate simple or continuous functions in the similar manner as in the proof of [5, Proposition 7.14]. □

The last result of this section serves as a base of our measurability considerations in the next section. It is a modification of [11, Theorem 11.6].

Lemma 2.4. Let X be a metric space and let Y be a class of functions g : X → [0, ∞] such that the following properties are valid:

(a) If g : X → [0, ∞] is continuous, then g ∈ Y.

(b) If (g_i) is an increasing sequence of functions in Y converging up to g, then g ∈ Y.

(c) If r, s ∈ R_+ and g, f ∈ Y, then rg + sf ∈ Y. (d) If g ∈ Y and 0 ≤ g ≤ 1, then 1 − g ∈ Y.

Then Y contains all Borel functions g : X → [0, ∞].

Proof. The proof is a simplified version of that of [11, Theorem 11.6]. Using (a) and (b), one first verifies that the characteristic functions of open sets belong to

Y. Note that finite intersections of open sets are open. Let S be the collection of all subsets of X whose characteristic functions belong to Y. Then by (d) the family S is closed under complements, and by (b) it is closed under countable disjoint unions, and as we have noted, open sets belong to S; therefore by [11, Theorem 10.1(iii)] (also called the π–λ theorem and states that the smallest collection of subsets of X that contains all open sets and is closed under complementation and countable disjoint unions is the Borel class), we see that S contains all Borel subsets of X. Thus the characteristic functions of Borel sets are in Y. Finally, an application of (b) and (c) completes the proof. □

3. Proofs of main results

In this section we prove the results of Section 1. We proceed in a slightly different order here because, when verifying Proposition 3.2 and Theorem 1.6, we need the measurability result, Theorem 1.8.

Proof of Theorem 1.8. Let ρ : X → [0, ∞] be a Borel function and fix x_0 ∈ X. The space Y = {γ : [0, 1] → X : γ is a path with γ(0) = x_0} equipped with the metric

d_∞(γ, γ̃) = sup_{t∈[0,1]} d(γ(t), γ̃(t))

is a complete separable metric space. This follows from [11, Theorem 4.19] combined with the fact that every subset of a separable metric space is separable.

Consider the mapping φ_g : Y → [0, ∞] defined by

φ_g(γ) = ∫ γ g ds. If g is continuous, then Lemma 2.2 implies that φ_g is lower semicontinuous, and therefore a Borel function. Thus choosing g ≡ 1 we have that Y_0 = φ^{−1}_1 ([0, ∞)) is a Borel set. From now on we will restrict the mappings φ_g to Y_0. We proceed by checking that the assumptions (a)-(d) of Lemma 2.4 are valid for the class

Y = {g : X → [0, ∞] : φ_g : Y_0 → [0, ∞] is a Borel map}.

We already saw that (a) is valid. Letting γ ∈ Y and g_i ∈ Y be such that g_i ↗ g pointwise, we obtain by the monotone convergence theorem

φ_g(γ) = ∫ γ g ds = lim_{i→∞} ∫ γ g_i ds = lim_{i→∞} φ_{gi} (γ). Hence, φ_g is a Borel function, since it is a limit of Borel functions, and (b) is satisfied. The items (c) and (d) follow from the linearity of the integral operator.

Thus the assumptions of Lemma 2.4 are satisfied, and it follows that Y contains all non-negative Borel functions. In particular, φ_ρ : Y_0 → [0, ∞] is a Borel function. Defining π : Y → X as π(γ) = γ(1) for all γ ∈ Y , the choice for metric in Y guarantees that π is continuous. Therefore, [x_0]_ρ = π(φ^{−1}_ρ ([0, ∞))) is an analytic set by Remark 1.7. □

Remark 3.1. In Theorem 1.8, the metric space X does not need to be complete. It is sufficient to assume that X is separable and an open subset of the completion ^X of X. Indeed, fix x_0 ∈ X, and define

Y = {γ : [0, 1] → X : γ is a path with γ(0) = x_0} and ^Y = {γ : [0, 1] → ^X : γ is a path with γ(0) = x_0}.

Since ^X is complete and separable the set ^Y has the same properties. Moreover, the openness of X guarantees that Y is an open subset of ^Y . Given a Borel function ρ: X → [0, ∞], define a Borel map ^ρ: ^X → [0, ∞] by ^ρ(x) = ρ(x) if x ∈ X, and ^ρ(x) = 0 otherwise. Letting φ_{^ρ} : ^Y_0 → [0, ∞] be as in the proof of Theorem 1.8, we see that φ^{−1}_{^ρ} ([0, ∞)) is a Borel subset of ^Y which, in turn, implies that φ^{−1}_{^ρ} ([0, ∞)) ∩ Y is a Borel set since Y is open. Finally, if π : ^Y → ^X is defined by π(γ) = γ(1) for all γ ∈ ^Y , then we conclude, similarly as in the proof of Theorem 1.8, that [x_0]_ρ = π(φ^{−1}_{^ρ} ([0, ∞)) ∩ Y ) is analytic.

Proof of Corollary 1.10. Let P be the set of all compact paths in X equipped with the same metric as Y in the proof of Theorem 1.8. Let P_{x0} ⊂ P be the set of all paths starting from x_0. By Lemma 2.2 the function Φ: P → [0, ∞], Φ(γ) = ℓ(γ), is lower semicontinuous, and therefore

G = ∪_{x∈X} Γ_{x0x} = Φ^{−1}([0, ∞)) ∩ P_{x0}

is a Borel set. Letting ρ: X → [0, ∞] be a Borel map and defining functions φ_ρ and π as in the proof of Theorem 1.8, gives u^{−1}([0, a)) = π(φ^{−1}_ρ ([0, a)) ∩ G) for all real numbers a > 0. From the above consideration we know that φ_ρ is a Borel map and π is continuous. The claim follows since π(φ^{−1}_ρ ([0, a)) ∩ G) is analytic, as verified in the proof of Theorem 1.8. □

Before giving the proof of Theorem 1.6, we will prove a corresponding result with slightly stronger assumptions. Observe that in a complete metric space X the existence of a doubling Borel measure which is non-trivial and finite on balls implies that X is separable, and closed bounded subsets of X are compact, in particular, X is locally compact. The reason for stating Proposition 3.2 as a separate result is that we need the methods from its proof when verifying Theorem 1.6.

Proposition 3.2. Let X be a complete metric space that supports a doubling Borel measure μ which is non-trivial and finite on balls. If X supports a weak p-Poincaré inequality for some 1 ≤ p < ∞, then X is a MEC_p-space.

Proof. Let ρ ∈ L^p(X) be a non-negative Borel function. In order to verify the MEC_p-property we have to show the existence of x ∈ X such that μ(X \[x]_ρ) = 0. By Lemma 2.3, there is a lower semicontinuous function ρ̃ ∈ L^p(X) such that ρ̃ ≥ ρ everywhere. Noticing that [x]_{ρ̃} ⊂ [x]_ρ for every x ∈ X, it suffices to prove that there exists x ∈ X such that μ(X \ [x]_{ρ̃}) = 0.

For m ∈ N , define S_m = {x ∈ X : M(ρ̃^p)(x) ≤ m^p}. Here M is the non-centered maximal function operator defined for f ∈ L^1_{loc}(X) as Mf(x) = sup { 1 μ(B) ∫ B |f| dμ : B is a ball containing x } . Since ρ̃^p ∈ L^1(X), [8, Theorem 2.2] implies that μ(X \ ∪_mS_m) = 0. Let m_0 be the smallest integer for which S_{m0} ≠ ∅. Fix x_0 ∈ S_{m0} . We will verify that for every y ∈ ∪_{m≥m0} S_m there is γ ∈ Γ_{x0y} with the property ∫ γ ρ̃ ds < ∞. This shows that ∪_{m≥m0} S_m ⊂ [x_0]_{ρ̃}, and by the choice of m_0, we have μ(X \ ∪_{m≥m0} S_m) = 0 which, in turn, will imply the claim.

Defining for all k ∈ N a lower semicontinuous function ρ̃_k = min{ρ̃, k}, set

u_k(x) = inf { ℓ(γ) + ∫ γ ρ̃_k ds : γ ∈ Γ_{x0x} } and u(x) = inf { ℓ(γ) + ∫ γ ρ̃ ds : γ ∈ Γ_{x0x} }

with the interpretation that the infimum of an empty set is infinite. Our claim is that u(y) < ∞ for every y ∈ ∪_{m≥m0} S_m. Note that u is measurable by Corollary 1.10, but nothing else is known about it. A priori it could be infinite in a set of positive measure. Trying directly to prove that u is finite almost everywhere is therefore difficult and that is why we use the functions u_k.

Since the complete metric space X supports a doubling measure and a weak p-Poincaré inequality, it is quasi-convex with a constant C_q which only depends on constants associated with the measure and the Poincaré inequality (see Appendix: Lemma 4.1). Recall that quasi-convexity means that for every pair of points z, y ∈ X there is γ ∈ Γ_{zy} such that ℓ(γ) ≤ C_qd(z, y).

Take z, y ∈ X and let ε > 0. By quasi-convexity u_k(z), u_k(y) < ∞, and we may assume that u_k(z) ≥ u_k(y). By the definition of u_k, for all ε > 0 there is a path γ_y ∈ Γ_{x0y} such that

u_k(y) ≥ ℓ(γ_y) + ∫ γ_y ρ̃_k ds − ε. Thus noticing that u_k(z) ≤ ℓ(γ_y ∪ γ_{yz}) + ∫ γ_y ∪γ_{yz} ρ̃_k ds for all γ_{yz} ∈ Γ_{yz}, we obtain |u_k(z) − u_k(y)| ≤ u_k(z) − ℓ(γ_y) − ∫ γ_y ρ̃_k ds + ε ≤ ℓ(γ_{yz}) + ∫ γ_{yz} ρ̃_k ds + ε. By choosing γ_{yz} ∈ Γ_{yz} so that ℓ(γ) ≤ C_qd(z, y) and remembering that ρ̃_k ≤ k, we see that u_k is a C_q(k + 1)-Lipschitz function.

Next we will show that the restriction of u_k to S_m is a C(m + 1)-Lipschitz function, where C does not depend on k. From the above calculation we deduce that for each γ ∈ Γ_{yz} we have |u_k(z) − u_k(y)| ≤ ∫ γ (ρ̃_k + 1) ds ≤ ∫ γ (ρ̃ + 1) ds. This shows that ρ̃ + 1 is an upper gradient for u_k. Fix z, y ∈ S_m. For i ∈ Z, set B_i = B(z, 2^{−i}d(z, y)) when i ≥ 1, B_0 = B(z, 2d(z, y)), and B_i = B(y, 2^id(z, y)) when i ≤ −1. In what follows we use the notation τB(x, r) = B(x, τr). In the first inequality of the following estimation we use the fact that, since u_k is continuous, all points are its Lebesgue points. Combining the weak p-Poincaré inequality with the doubling condition gives the third inequality. Finally, the fourth one comes from the Minkowski inequality whereas the fifth one follows from the definition of S_m: |u_k(z) − u_k(y)| ≤ ∑ i∈Z |(u_k)_{Bi} − (u_k)_{Bi+1} | ≤ ∑ i∈Z 1 μ(B_i) ∫ B_i |(u_k) − (u_k)_{Bi+1} | dμ

≤ C_μC_pd(z, y) ∑ i∈Z 2^{−|i|} ( 1 μ(τB_i) ∫ τ B_i (ρ̃ + 1)^p dμ ) 1_p (3.1)

≤ C_μC_pd(z, y) ∑ i∈Z 2^{−|i|} ( 1 + ( 1 μ(τB_i) ∫ τ B_i ρ̃^p dμ ) 1_p )

≤ C_μC_pd(z, y)(1 + m) ∑ i∈Z 2^{−|i|} ≤ C(m + 1)d(z, y), where C is a constant depending only on C_μ and C_p. Hence on S_m, u_k is a C(m + 1)-Lipschitz function for all k. Notice that u_k ≤ u_{k+1} and therefore we may define v(x) = sup_k u_k(x) = lim_{k→∞} u_k(x).

Thus v is a C(m + 1)-Lipschitz function on S_m. Since v(x_0) = 0 and x_0 ∈ S_m when m ≥ m_0, we have that v(x) < ∞ for every x ∈ ∪_{m≥m0} S_m.

Our claim reduces to showing that u(x) ≤ v(x) for x ∈ ∪_{m≥m0} S_m. For this, fix m ≥ m_0 and x ∈ S_m. For each k there is γ_k ∈ Γ_{x0x} such that

ℓ(γ_k) + ∫ γ_k ρ̃_k ds ≤ u_k(x) + 1 k ≤ C(m + 1)d(x, x_0) + 1 k . This implies that ℓ(γ_k) ≤ C(m + 1)d(x, x_0) + 1 =: M for every k. Thus, by reparametrization, we may assume that γ_k is an M-Lipschitz function and γ_k : [0, 1] → B(x_0, M) for all k. Since X is complete and doubling, and therefore proper (that is, closed balls are compact), we may use the Ascoli-Arzela theorem to obtain a subsequence (γ_k) (which we denote by the same subscripts as the original one) and γ : [0, 1] → X such that γ_k → γ uniformly.

For each k_0, the function 1+ρ̃_{k0} is lower semicontinuous, and therefore Lemma 2.2 and the fact that (ρ̃_k) is an increasing sequence of functions imply ℓ(γ) + ∫ γ ρ̃_{k0} ds = ∫ γ (1 + ρ̃_{k0} ) ds ≤ lim inf_{k→∞} ∫ γ_k (1 + ρ̃_{k0} ) ds

≤ lim inf_{k→∞} ∫ γ_k (1 + ρ̃_k) ds.

Using the monotone convergence theorem on the left hand side and letting k_0 tend to infinity yields ℓ(γ) + ∫ γ ρ̃ ds ≤ lim inf_{k→∞} ∫ γ_k (1 + ρ̃_k) ds.

Since γ ∈ Γ_{x0x} we have u(x) ≤ ℓ(γ) + ∫ γ ρ̃ ds ≤ lim inf_{k→∞} ∫ γ_k (1 + ρ̃_k) ds

≤ lim inf_{k→∞} (u_k(x) + 1 k ) ≤ v(x) completing the proof. □ Similar methods serve as the base of the verification of Theorem 1.6.

Proof of Theorem 1.6. Let ^X be the completion of X. We extend the measure μ to ^X according to the discussion at the beginning of Section 2. The extension will still be denoted by μ. Note that the claim does not follow directly from Proposition 3.2 since there might be paths connecting different equivalence classes of X via ^X \ X.

First we will show that there is x_0 such that μ([x_0]_ρ) > 0. For this let ρ ∈ L^p(X) be a non-negative Borel function. Extend ρ by zero to ^X \ X. Let ρ̃ ∈ L^p( ^X) be a lower semicontinuous function given by Lemma 2.3 such that ‖ρ̃ − ρ‖_p < 1 and ρ̃(x) ≥ ρ(x) for all x ∈ ^X. Setting for all m ∈ N ~S_m = {x ∈ ^X : M(ρ̃^p)(x) ≤ m^p}, we obtain, similarly as in the proof of Proposition 3.2, that μ( ^X \ (∪_m ~S_m)) = 0. For m ∈ N , define S_m = ~S_m ∩ X . Since μ is non-trivial and μ( ^X \ X) = 0 we may pick m_0 such that μ(S_{m0} ) > 0.

Let x_0 ∈ S_{m0} be a point of density for S_{m0} . As before, define for all x ∈ ^X

u(x) = inf { ℓ(γ) + ∫ γ ρ̃ ds : γ ∈ Γ_{x0x}( ^X) } , where Γ_{x0x}( ^X) is the set of all rectifiable paths in ^X connecting x_0 to x. Recall that Γ_{x0x} is the set of corresponding paths in X. From the proof of Proposition 3.2 we see that u is a C_1(m_0 + 1)-Lipschitz function on ~S_{m0} , and therefore, on S_{m0} as well. (Observe that, using the notation of the proof of Proposition 3.2, we have u(x) = v(x) for all x ∈ S_{m0} .)

Since x_0 is a point of density of S_{m0} we have that μ(S_{m0} ∩ B(x_0, r)) > 0 for all r > 0. Furthermore, X is locally compact, and therefore there exists r_0 such that B(x_0, r_0) ⊂ X. Setting r = (3C_1(m_0 + 1))^{−1}r_0, we obtain

u(y) = |u(y) − u(x_0)| ≤ C_1(m_0 + 1)d(y, x_0)

for all y ∈ S_{m0} ∩ B(x_0, r). Thus there is γ ∈ Γ_{x0y}( ^X) such that ℓ(γ) ≤ 2C_1(m_0 + 1)r ≤^2_3 r_0. This gives γ ⊂ B(x_0, r_0) ⊂ X, and so γ ∈ Γ_{x0y}. Moreover, ∫ γ ρ̃ ds < ∞, implying that S_{m0} ∩ B(x_0, r) ⊂ [x_0]_{ρ̃} ⊂ [x_0]_ρ, where the equivalence classes are defined in X. Thus μ([x_0]_ρ) > 0.

It remains to prove that μ(X \ [x_0]_ρ) = 0. Assume to the contrary that μ(X \ [x_0]_ρ) > 0. Since X is locally compact and μ is a doubling Borel measure which is non-trivial and finite on balls, the space X is separable and an open subset of ^X. From Remark 3.1 we know that [x_0]_ρ is μ-measurable. Moreover, for all ε > 0, the mapping ερ is an upper gradient of the characteristic function χ_{[x0]ρ} of the set [x_0]_ρ. Choosing R > 0 sufficiently large so that both μ(B(x_0, R) ∩ [x_0]_ρ) > 0 and μ(B(x_0, R) \ [x_0]_ρ) > 0 and applying the weak p-Poincaré inequality to the function-weak upper gradient pair (χ_{[x0]ρ} , ερ) gives a contradiction since the left hand side of the inequality is positive whereas the right hand side tends to zero as ε → 0. Therefore X \[x_0]_ρ must be of zero measure, and the proof is done. □

The proof of the following result employs similar techniques to that of Proposition 3.2.

Proof of Theorem 1.11. Let ρ be a p-integrable upper gradient of u. As in the proof of Proposition 3.2, apply Lemma 2.3 to produce a lower semicontinuous function ρ̃ ∈ L^p such that ρ̃ ≥ ρ pointwise. Define

f(x, y) = inf { l(γ) + ∫ γ ρ̃ ds : γ ∈ Γ_{xy} } . As before, we see that for x, y ∈ S_m = {x ∈ X : M(ρ̃^p)(x) ≤ m^p} we have f(x, y) ≤ C(m + 1)d(x, y).

Moreover, for x, y ∈ S_m, |u(x) − u(y)| ≤ inf {∫ γ ρ ds : γ ∈ Γ_{xy} } ≤ inf { ℓ(γ) + ∫ γ ρ̃ ds : γ ∈ Γ_{xy} } (3.2) = f(x, y) ≤ C(m + 1)d(x, y). Hence, u: S_m → [−∞, ∞] is a Lipschitz function, and therefore a Borel function. Thus u: ∪_m S_m → [−∞, ∞] is a Borel function, and since μ(X \ ∪_mS_m) = 0, we see that u is measurable.

To prove the local p-integrability of u, we first observe that under our assumptions there exist constants λ ≥ 1 and C̃_p ≥ 1 such that for all r > 0 and x ∈ X, for all μ-measurable functions f ∈ L^1(B(x, r)) defined on X, and for all upper gradients ρ of f we have (3.3) ( 1 μ(B(x, r)) ∫ B(x,r) |f − f_{B(x,r)}|^p dμ ) 1_p ≤ C̃_pr ( 1 μ(B(x, λr)) ∫ B(x,λr) ρ^p dμ ) 1_p

by arguments in [6] and [7].

Next fix x_0 ∈ S_{m0} , where m_0 is the smallest integer such that S_{m0} ≠ ∅. Notice that |u(x_0)| < ∞ (see the definition of the upper gradient and (3.2)). As in the proof of Proposition 3.2, for all k ∈ N consider the lower semicontinuous functions ρ̃_k = min{ρ̃, k}, and set

v_k(x) = inf { ℓ(γ) + ∫ γ ρ̃_k ds : γ ∈ Γ_{x0x} } and v(x) = inf { ℓ(γ) + ∫ γ ρ̃ ds : γ ∈ Γ_{x0x} } .

By the proof of Proposition 3.2, we have v(x) = sup_k v_k(x) = lim_k v_k(x) for all x ∈ ∪_mS_m. Let r > 0 and set B_i = B_i(x_0, 2^{−i}r) for i = 0, 1, . . . . Since v_k is continuous at x_0 and v_k(x_0) = 0, by an argument similar to the one that led to the chain of inequalities (3.1) we can obtain 1 μ(B(x_0, r)) ∫ B(x_0,r) v_k dμ ≤ ∞∑ i=0 |(v_k)_{Bi} − (v_k)_{Bi+1} |

≤ C_pC_μ ∞∑ i=0 2^{−i}r ( 1 + ( 1 μ(τB_i) ∫ τ B_i ρ̃^p dμ ) 1_p ) (3.4) ≤ C_pC_μr ( 1 + (Mρ̃^p(x_0))^{1p} ) < ∞, since x_0 ∈ S_{m0} . Using equations (3.3) and (3.4) and the fact (a+b)^p ≤ 2^p(a^p +b^p) for any positive numbers a and b, we get 1 μ(B(x_0, r)) ∫ B(x_0,r) v^p_k dμ ≤ 2^p μ(B(x_0, r)) ∫ B(x_0,r) |v_k − (v_k)_{B(x0,r)}|^p dμ +2^p(v_k)^p_{B(x0,r)}

≤ 2^pC̃^p_p r^p 1 μ(B(x_0, λr)) ∫ B(x_0,λr) (ρ̃ + 1)^p dμ

+2^p ( C_pC_μr ( 1 + (Mρ̃^p(x_0))^{1p} ))_p < ∞. Notice that the upper bound for the mean values of v^p_k’s does not depend on k.

By the monotone convergence theorem we see that ( 1 μ(B(x_0, r)) ∫ B(x_0 ,r) |u|^p dμ ) 1_p ≤ ( 1 μ(B(x_0, r)) ∫ B(x_0,r) |u − u(x_0)|^p dμ ) 1_p

+|u(x_0)| ≤ ( 1 μ(B(x_0, r)) ∫ B(x_0,r) v^p dμ ) 1_p + |u(x_0)|

= lim_{k→∞} ( 1 μ(B(x_0, r)) ∫ B(x_0,r) v^p_k dμ ) 1_p + |u(x_0)|. The above calculations imply that the first term is finite and we know that |u(x_0)| < ∞. Hence we get that u ∈ L^p(B(x_0, r)). Since r > 0 was arbitrary, we obtain the claim. □

4. Appendix: quasi-convexity

It is folklore that if a metric measure space admits a weak Poincaré inequality and possesses additional miscellaneous properties, then it is quasi-convex. The proof of this fact can be found in [3], [7], and [19]. For the convenience of the reader we include one form of this folklore.

Lemma 4.1. Let (X, d) be a locally compact metric space with a doubling Borel measure μ that is non-trivial and finite on balls and admits a weak p-Poincaré inequality for some 1 ≤ p < ∞. Then there exists C > 0, depending only on the constants of the Poincaré inequality and the doubling condition, so that for each pair of points x, y ∈ X there exists γ ∈ Γ_{xy} with ℓ(γ) ≤ Cd(x, y).

Proof. Since X admits a weak p-Poincaré inequality, it is connected. We first consider the case where X is complete. For each ε > 0, consider the equivalence relation ∼_ε given by x ∼_ε y if and only if there exists a finite ε-chain connecting x to y, i.e. a finite sequence x_0, x_1, . . . , x_n of points so that x_0 = x, x_n = y, and d(x_i, x_{i+1}) < ε for each i. Then the equivalence classes are open, and since X is connected there is only one equivalence class, X itself. This means that every pair of points in X can be connected with a finite ε-chain. Hence, for a fixed point x_0 ∈ X and for each ε > 0, we can define the function

f_ε(x) = inf {^n∑ i=1 d(x_i, x_{i−1}) : x_0, . . . , x_n is a finite ε-chain connecting x_0 to x } . When d(x, y) < ε, we see that |f_ε(x) − f_ε(y)| ≤ d(x, y). Hence, f_ε is a locally 1-Lipschitz function, in particular, every point is a Lebesgue point of f_ε and the function ρ = 1 is an upper gradient of f_ε. A similar argument as in the proof of Proposition 3.2 (see (3.1)) then gives us that for each ε > 0, f_ε is a globally C-Lipschitz function where C depends only on the data of X. Moreover, for each ε > 0, f_ε(x_0) = 0. Hence the function

f(x) = sup_{ε>0} f_ε(x) = lim_{ε↓0} f_ε(x)

is also a C-Lipschitz function with f(x_0) = 0.

We now claim that if f(x) < M, then there exists a 1-Lipschitz path γ : [0, M] → X so that γ(0) = x_0 and γ(M) = x. Indeed, let x be such that f(x) < M. For each i ∈ N, let ε_i =^1_{2i} . Then for each i, there exists a finite ε_i-chain x^i_0, x^i_1, . . . , x^i_{mi} connecting x_0 to x so that m_i∑

j=1 d(x^i_{j−1}, x^i_j ) ≤ M. Let T_i = m_i∑

j=1 d(x^i_{j−1}, x^i_j ). View X as a subset of

B(X) = {f : X → R : f is bounded}

via the isometric embedding ι(y) = g_y where g_y(z) = d(z, y) − d(z, x_0). Here B(X) is equipped with the sup-norm. To simplify the notation, we omit the embedding ι from now on. Since X is complete, we may view X as a closed subset of the Banach space B(X). For each i, define γ_i : [0, T_i] → B(X) as the 1-Lipschitz path that connects the successive points x_0 = x^i_0, x^i_1, . . . , x^i_{mi} = x via line segments. Extend γ_i : [0, M] → B(X) by setting γ(t) = x for t ≥ T_i. Then for each i, γ_i is a 1-Lipschitz function. Note that for each i and each 0 ≤ t ≤ M, d(γ_i(t), x_0) ≤ M, γ_i(0) = x_0 and γ_i(M) = x. Let Y = (⋃ i γ_i([0, M]) ) ∪ ι(B(x_0, M)). Since X is locally compact and closed (in B(X)), ι(B(x_0, M)) is compact. Thus it is a straightforward task to see that Y is compact. Apply the Ascoli-Arzela theorem to the sequence (γ_i) to produce a subsequence (γ_{ij} ) which converges uniformly to a 1-Lipschitz path γ : [0, M] → Y . Clearly, γ(0) = x_0 and γ(M) = x. Finally, γ([0, M]) ⊂ X, since X is closed and dist(X, γ_i(t)) ≤ ε_i for all 0 ≤ t ≤ M and i ∈ N. Tying this together, we see that if f(x) < M, then there exists a rectifiable path in X connecting x_0 to x with length no more than M. Now f(x_0) = 0 and f is a C-Lipschitz function. Thus for each x there exists γ ∈ Γ_{x0x} such that ℓ(γ) ≤ Cd(x, x_0). As x_0 was arbitrary, we conclude that X is quasi-convex.

We now handle the situation where X is only locally compact. Let ^X be the completion of X and view X as a subset of ^X. Since X is locally compact we see that X is an open subset of ^X. Extend the measure μ to ^X by setting μ( ^X \ X) = 0. Then ^X equipped with the doubling measure μ admits a weak p-Poincaré inequality. In particular, ^X is quasi-convex. Since X is locally compact and hence is an open subset of ^X, X is locally quasi-convex. Create the equivalence relation on X via x ∼ y if and only if there exists γ ∈ Γ_{xy}. Since X is locally quasi-convex, the equivalence classes are open. That X is connected implies that there is only one equivalence class. Hence X is rectifiably path connected.

Fix x_0 ∈ X. Define the function

g(x) = inf {ℓ(γ) : γ ∈ Γ_{x0x}} .

Since X is locally quasi-convex, we see as in the proof of Proposition 3.2 that g is a locally Lipschitz function. Hence every point in X is a Lebesgue point of g. It follows from the definition of g that the function ρ = 1 is an upper gradient of g. As before in the proof of Proposition 3.2 we see that g is a C-Lipschitz function with C depending only on the constants of the Poincaré inequality and the doubling condition. In particular, for each x ∈ X there exists γ ∈ Γ_{x0x} with ℓ(γ) ≤ Cd(x, x_0). As x_0 was arbitrary we conclude that X is quasi-convex. □

References

[1] Aikawa, H. and N. Shanmugalingam, Carleson type estimates for p-harmonic functions and the conformal Martin boundary of John domains in metric measure spaces, Michigan Math. J. 53 (2005), 165–188.

[2] Bourdon, M. and Pajot, H., Poincaré inequalities and quasiconformal structure on the boundary of some hyperbolic buildings, Proc. Amer. Math. Soc. 127 (1999), 2315–2324.

[3] Cheeger, J., Differentiability of Lipschitz functions on metric measure spaces, Geom.

Funct. Anal. 9 (1999), 428–517.

[4] Federer, H., Geometric Measure Theory, Grundlehren Math. Wiss., 153, Springer-Verlag, New York, 1969.

[5] Folland, G., Real Analysis: Modern techniques and their applications, Pure & Applied Mathematics, A Wiley-Interscience Series of Texts, Monographs & Tracts, John Wiley & Sons, New York, 1984.

[6] Hajłasz, P. and P. Koskela, Sobolev meets Poincaré, C. R. Acad. Sci. Paris Sr. I Math.

320 (1995), 1211–1215.

[7] Hajłasz, P. and P. Koskela, Sobolev met Poincaré, Mem. Amer. Math. Soc. 145 (2000), 1–101.

[8] Heinonen, J., Lectures on analysis on metric spaces, Universitext, Springer-Verlag, New York, (2001).

[9] Heinonen, J. and P. Koskela, From local to global in quasiconformal structures, Proc. Natl.

Acad. Sci. USA 93 (1996), 554–556.

[10] Heinonen, J. and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1998), 1–61.

[11] Kechris, A. S., Classical Descriptive Set Theory, Graduate Texts in Mathematics, 156, Springer-Verlag, New York, 1995.

[12] Laakso, T. J. Ahlfors Q-regular spaces with arbitrary Q > 1 admitting weak Poincaré inequality, Geom. Funct. Anal. 10 (2000), 111–123.

[13] Mattila, P., Geometry of Sets and Measures in Euclidean Spaces: Fractals and rectifiability, vol 44, Cambridge Studies in Advanced Mathematics, Cambridge University Press, 1995.

[14] Ohtsuka, M., Extremal lengths and precise functions, with a preface by Fumi-Yuki Maeda, GAKUTO International Series, Mathematical Sciences and Applications, 19, Gakkōtosho Co., Ltd., Tokyo, 2003.

[15] Rudin, W., Real and complex analysis, 2nd ed., McGraw-Hill Series in Higher Mathematics, McGraw-Hill Book Co., New York-Düsseldorf-Johannesburg, 1974.

[16] Shanmugalingam, N., Newtonian Spaces: An Extension of Sobolev Spaces to Metric Measure Spaces, Ph.D. Thesis, University of Michigan (1999), http://math.uc.edu/ ∼nages/papers.html.

[17] Shanmugalingam, N., Newtonian Spaces: An Extension of Sobolev Spaces to Metric Measure Spaces, Rev. Mat. Iberoamericana 16 (2000), 243–279.

[18] Shanmugalingam, N., Harmonic functions on metric spaces, Illinois J. Math. 45 (2001), 1021–1050.

[19] Semmes, S., Some Novel Types of Fractal Geometry, Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York, 2001.

Department of Mathematics and Statistics, P.O. Box 35, FIN-40014 University of Jyväskylä, Finland^{1,2,3,4}

E-mail address: esaj@maths.jyu.fi^1

E-mail address: amj@maths.jyu.fi^2

E-mail address: kerogovi@it.jyu.fi^3

E-mail address: sakallun@maths.jyu.fi^4

Department of Mathematical Sciences, University of Cincinnati, P.O. Box 210025, Cincinnati, OH-45221-0025, U.S.A.^5

E-mail address: nages@math.uc.edu^5