Quantum Gases. BE Condensation.
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1. For a non relativistic, degenerate Bose gas, show that, in three and four dimensions,

(ON/Ow), 1 diverges at the temperature of Bose-Einstein condensation, Tj.

Bonus: Close to the temperature of BE condensation, 7' — Ty+0, find the relationship
between ON/Ou and Ny — N, where

Ny = //\/(5) [exp (%) — 1] B de

and N (g) is the density of levels. Using the latter, find the dependence of 1 on
(T = To).

Solution

In 3D,

T
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(—) x / Y2 exp (i) [exp (i) - 1] de / 2 [expr — 1] 2 de oc 7Y% |
a:u T=Tp 0 TO TO 0

In 4D,
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Bonus:
No— N = /N(e){[exp (%) — 1]1 B [exp (5;M> _ 1}1}(15
~ —% /N(a) exp (%) [exp (%) - 1] ~ de
while 5
N 1 -2
o ~ T/N(€> exp (T) [exp (T) - 1] de
so that
MZ—JZ ~ —(No — N)

(this can be also obtained by a direct expansion of N — Ny in x) and

4l (%—JZ) (No— N)



where (Ng — N) o (T' = Tj). From the form of divergence of ON/Ou above,

ON |72, 3D (No — N)? (T — Tp)?, 3D
— and 1 o 4
O log|u| o< log (T'—Tp) , 4D (T = Tp)log™ (T' = Ty) , 4D

. For a non-relativistic quantum gas in four dimensions, derive the relationship between

FE and 9.
Solution

Compare F

E:/Oooej\/'(s) [exp (%) 11}_1615:0/00052 {exp (%) 11]_1@

with €

0= :FT/ N (e log{liexp< )]ds—:FC’T mslog{liexp(’u;g)}ds
1
:LCT log{liexp( )} ——/ {exp( u)ﬂ:l} de——g
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2
. Derive the adiabatic process law for a non-relativistic quantum gas in four dimensions.

Solution
From

T3 [ -1

Q= —CT i 22 [exp (z—%) :I:l] dz=VT*f (%)
where V' is the four-dimensional volume. Consequently,
0N o S 1
BBty
5= ar o N O\T

and since N is fixed, we find

fad = const

in an adiabatic process, S = const. Since also
1
N =VT% (L)
A7
we find
VT? = const

From 2 = — PV | it also follows that

P
Ts — const and PV?? = const

in an adiabatic process.



