QM 15-030-710-002 Winter ****
Assignment 6: Spin

The due date for this assignment is ****,
Reading assignment: Chapter VIII.

1. Solving an eigenvalue/eigenfunction problem for a s = 1/2 particle, find the spin functions v,
(i =1,2,3) of the states with definite projections of the spin on z, y and z axes.
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2. Find the operator §,, of the spin projection on an arbitrary direction defined by the unit vector n.
What is the mean value of the projection on n in a state with a definite s, = 1/2 (or —1/2)? What
is the probability to have spin projections s, = 1/2 and —1/2 in such states?
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. Find the eigenvalues of the operator f = a + b-o.
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. Simplify the expression (a-&)". Hint: 6,01 = 8ix + i€ixi0}-

Solution

~\2 ~ ~ .22
(a-0)” = a;0,a50, = a;a;, =a° =a

so that

n a™, n even

(a-a)" = a""!(a-@), n odd

. Find the projection operators Py _41/5 to the states with definite projection s, = £1/2 on axis z.
Notice: such operators are Hermitian and satisfy the relationship sz:il/Q =P —41/2-
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. For a s = 1/2 particle, find the transformation law of the spin function ¢ = ( V1 ) under rotation

&

of the coordinate system by an angle ¢ around the axis whose direction is defined by a unit vector
n. Show that the quantity ¢* 1 = ¢]1); + ¢51)5 remains unchanged under such transformation, that
is, it is a scalar.
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. Show that, in a state of two particles with a definite value of the total spin, the operator o1-02

also takes a definite value.
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. Using the result of the preceding problem, find the projection operators Ps— ; to the states of a

two-particle system, each with spin s = 1/2, with definite values of the total spin.
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. Find eigenfunctions and eigenvalues of the operator a (01, + 02,) + bo1-T.
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In a state of a s = 1/2 particle with definite values I, m, s, find the probabilities of different values
ofj=1+s.
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Helicity is defined as a projection of a spin to the direction of the momentum. For a s = 1/2 particle,
find the wavefunctions ¢, , of the states with definite momentum p and helicity A = +1/2.

Solution
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where 6 and ¢ are the azimuthal and polar angle defining the direction of p.

Find the form of the helicity operator and show that it commutes with :]\ =1+%.
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and can be easily shown to commute with j j. However, this is already obvious on the grounds that
\ is a scalar operator. Notice that \ can also be written as
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