QM 15-030-710-001 Fall 1998
Final Exam
Wednesday, December 9

(11 4+ 11 + 11 + 12 points)

1. Consider a shallow )

I
Up < ——
ma
symmetrical potential well
—Uo, |z] < a
Ul(z) =
(z) 0, |z|>a

Obtain the approximate expressions for the energy and the normalized wave function of the discrete
spectrum level in this well and determine the probability of finding the particle inside the well.

SOLUTION

A cos (\/2m(Uo - \E\)/h%) |zl < a

Bexp (—\/2m|E| /h? |x\) , |z > a

From continuity of WF and its derivative at = = a (the above is an even function),

b (x) =

(Uo — |ET) tan (/2m (Up — |E]) a2/R2) = \/|E]

For
2

i
B, Up < —
ma

”tan” can be replaced by its argument,

V|E] 2m ( Uo — |E|
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which simplifies to
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oo <!
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2mUqa?
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1B| ~ <
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The approximate WF is

P(x) = Bexp(— 2m|E|| )

om|EN\YY f2mUy \Y?
B = 2 = 5 a

and is virtually constant inside the well. The probability to find the particle inside the well is

a 2mU, 2

0 (@) de 2870 = 27 <1
The small probability of finding the particle inside the well is related to the slow decay of the WF in
the region of the well so that the particle can be found with appreciable probability up to distances

of order y/h?/2m|E| > a (in the classically inaccessible region).



. For a potential profile

Up>0,2>0
Ulr)="0 s<0

find the wave functions (up to a normalization constant) of the stationary states with energies
E < Up. Do these states form a complete set? What are the transmission and reflection coefficients

for such states?

SOLUTION

_ Asin(kz+6),2<0
vlx) = Cexp(—»x), ©>0

where
2mE
E = 2
S
From continuity of ¢ () and i () at =0,
Asind = C
kAcosd = —xC
yielding
tand = ——
and (for 0 > 6 > —n/2)
k

. Find the following commutator:
[T afF + bﬁ}

Specifically, consider the case i =1 (i = x).

SOLUTION

[li, aZy + bﬁk} = igix1 (aZ; + bpy)

For i = 1, in coordinate representation,

[E,ay—%bﬁy] = i(az+ bp.)
[l;,az—l—bﬁz] = —i(ay + bpy)

. In a state v, with definite values of the angular monument / and its projection m along the z-axis,

find the mean values Tg and 2\5

SOLUTION




