06 EQUATIONS OF MATHEMATICAL PHYSICS

1" The derivatives of the function up to the second order
should be continuous, the third piccewise continuous and bosides,

F0)=¢(l)=0; ¢"(0)mp"({l)=0. (40)

For the convergence of the series
3 atiy,| (k=—1,0,1)
A=l

the following requirements should be imposed on the initial
velocity pix).

27 The function wix) is continuously differentiable, has a
piccewise-continuous second derivative and bosides

vi0)=pilj=0, (41)

Thus we have proved that any vibration w{z, f) with the initial
functions g(r) and wiz) satisfying the requirements 1° and 2°
can be represented in the form of superposition of standing
waves, The conditions 17 and 2° are sufficient conditions for
the methods of proof adopted here.

A similar problom was selved in sub-section 5, § £, by the method of
propagating waves, The solotion was

o
E=qaf

whore @ and ¥ are extensions of the initial functions @iz) and piz)
given in the ssgment {0, I}, which are odd with respect to 0 and [ The
lunctions @ wod ¥ wore shown to be periodic with o period 2 and thore-
tore may be represcnted by the secies

S-S e Paain

where g and y,; are cosfficients of the Fourier functicns ®(z) and ¥{r).
ﬁillh’.l‘l"ltutil'l.g these seres i formunla (42) and |'I:|.|lh'.|'|.|; s of the theorsm
H tlee e and cosine of & sum and diffesence, we Frt

= T i . an __an
it (T, &) = 5% lw,mnTa.: - p Tnl] e (43
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which agress with the expression obtained by vhe method of separation
of varinbles,

Consequently formula (43) & valid with the samo sssumptions as
forrmula (42) (een sub-sestion 1, § 3) which was obtained under the cond-
ition that the function $z) is continuously differentinble twice and the
function ¥ir) omoe,

Far this to be trus the functions @(z) and p(z) must sntisfy the
following conditions

plljmp (im0, 0=yl =i
il = () =0, (44}
in addition to the conditions of differentiability.

Thus, conditions 1* and 2* which are sufficient for cur prood of the
merthod of soparation of variables are more stringent than those aufTickent
g snemre the existenes of a solution.

In justifying the possibility of representing the solution as a super-
position of standing waves we used the method of proving the conver-
ganen of the series, Tho mothod can easily be appled to & oumber of
other problems, although it imposcs stricter restrictions than necessary
at the initial funetions,

4, Inhomogereons equations
Let us eongider the inhomogeneous wave equation
wy=atu, 4+ flxd), a*=1Rip, 0zl (45)
with the initial conditions

H{tr{” i F{:L
i (£, 0) = y(x)

0 z<1 {46)

and the homogeneous boundary conditions

u {0, f) =10,

0. 47
Hi-frt:l=“.'l} a

We shall find a solution expressed as a Fourier series in r

utz,t:|=‘§‘u,.[!:|m'n “—;‘m. (48)
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To find wir, £) it is necessary to determine the funetion u,f).
Let us represent the funetion fiz, £) and the initial conditions
as Fourier series:

i
flat)= 3 fsin Tz f,0)=7 | fl&nsnTsat,

=] o

- i
“"{""=.E,*"n*’ﬂ";—"=~ oo [p®sin T Ede; | (49)
o &

vix) -E-' ¥a uin%’—':.

I
Yo= f— Ir{f}ain";—“Eﬁ-
¥
Substituting the trial solution (44) in equation (45)

_zam[—:r:{-ﬂ‘[ } B, (1) + 6, (1) + fo ()] =

me=l

we see that it is satisfied if all the coefTicients of the expansion
are equal to zero, 1. e.

w0+ (T e w0 =10. (50)

We have obtained an ordinary differential equation with
constant eorfficients for w, (). The initial conditions give

w(x,0)=glzx)= j I-tn[l}]al.ut—“z = j"hnjn "::_“;:,
A=l

(5,00 =p(x)= Fi,)sinTrr— ¥y sin s

f=1 A=l '
whenoe it follows that
u, (0) =g,
r Bl
i, (0)=w, } i

These additional conditions completely determine the solution
of the equation (50). The function w.if) can be written as

tt, () = nef? (1) + w0 1),

-

——
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whers
r

u (1) = b [ sinTra(t = 1), () dr (52)
a

si the solution of the non-homogeneous equation with zero
initial conditions® and
ul () = g, ma—u#+ wﬂ sln - il {53}

ia the solution of the homogeneous equation with the given
initial sonditions. Thus the reguired solution 1s

o (i, [} == j‘;:“—; [ aiu?u{r - rbsinfz-f“ (t)dr +

=] 0 i

+ w’['i"""ma tﬂ'"r'- wnsln ]sin?r. [o4)
m=1

The second sum represents a solution of the problem of free

vibrations of a string with the given initial conditions and was

investigated earlier. The first sum represents forced vibrations

of a string under the action of an external foree with gero initial

conditions. Using expression (49) for () we find

u'® (z, {) = {{ T = sin —-ﬂﬂ — 7} sin - :I:mn—rf} ®
n

x f(&, ) dedr= [ | Gz, 6t —v)f(E, 1) dEdr.  (05)
L]
where ;
Gl g t—1)m 2

]
Pl

sin @ {f — ¥) sin - xsin - £ (56)
LT |

We want to determine the physieal significance of this solution,
Lat the function f(£, 1) differ from zero only in a small neigh-
bourhood of the point M, (£, 14):

e b+ 48, Tyt T+ Ar.

*® Bew paragraph in small 1ype at the end of this section.
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The function g (&, 1) represents the density of the furce: the
foree applied to the region (£, &, + AE) is
a8
Firj=g ;!' HE T dE,
mrd

Ty dr e Ladl

=Ir'|- F{'l'j ‘h=E' _||- ‘JI FLE vhdEdre

15 the impulse of this force during the time tr. If the mean value
theorem is applicd to the expression

IR |
uix, i) =w| -u-!' Glr, dl—1) [ (& 1) dEdT ==

fatdr B 4ai

- ‘5 rj € (o, &8 — 1) f{&, v) dE dr,

we have
. syt &+ aE
wir ) =0G(x&t—1) | | fi& ) dEde, (57)
where N ks

i b+ A8 1T T, dr.

In formula (57), going to the limit when A8 — 0 and A 1 — 0,
we pet

u:r.t]=Gtr.$u,:—r.,1—:, (58

which can be considered as the effect of the instantancous impulse
of magnitude T,

If the function (//g) @ (1, & t — 7) ropresents the effect of a
concentrated impulse, then it is immediately obvious that the
effect of the eontinuonsly  distributed foree fiz, f) must be
represented by the formula

iy
uf,r.i]=u1d[ﬂia—.{ﬂ—r”'[f.ndfd’r, {59)
which coineides with the formula (55).

TI.“ fu_nﬂtim giving the effect of a concentrated impulse for
the infinite string was considered in the previous seetion. Tt is

EQUATIONS OF THE EYPERBOLIC TYPE 10

n piceswise-constant funetion equal to I/2ap within the upper
characteristic angle for the point (£ 1) and zero outside this
angle, The function giving the effect of the concentrated impulse
for the string with fixed ends (0, [}
may be obtained from the corres-
ponding function for the infinite
string by odd extension with res-
pect to the points x = O and x = L.
Let us consider & moment { suf-
ficiently close to . when the effect
of reflections from the ends ¥ =10
sod e =t B GHI fob BN, Thy T e
impulse funetion is shown in the Fio. 23
graph given in Fig. 23. We ex-
pand this function (putting I = p) into a Fourier series in
ginn (Rl x.
The coelficients of the Fourier series will be

i
‘I

' W
4, — f [@(a,8t—1) sin"tada=— | snZfada=
o f—a{t="1}
i R an e |
- ::,.-:u|”'5TIE_E”_ﬂ]_Em'I [&+aie r]][--
I S e
- E,-:T;"‘"“ s sin— a(f — 7).

Hemor we obtain the formuala

oan

; ﬂ_“_-l_-]g'in.ﬁ_ﬂrxnﬂin!j—"fn

3 = 3
Gix &l — 1) = — ¥ —sin [
(60

F=]

which eoineides with Tormula {58) found by the method of sepa-
ration of variahles.

For the values ¢ => ¢ when the effeet of the fixed ends begins
to be felt, it is cumbersome to construct the impulse function
nging characteristic curves; but the representation as a Fourier
Fﬂ!':i.l].ﬂ iz still valid

We shall investigate the solution of the following problem
without discussing the eonditions of applicability of the formula
ubtained.



1= EQUATIONS OF MATHEMATIOAL PHYSICH

Lot wa consider & non-homogeneous linear cquation with constang
coaffcients

Liw) =™+ p o"*=" 4. .4 g, uft) + Pou=[f] (™)
altt [_f_ﬂ
dr J
and the mntial conditions
w0y =0 ({=0,01,...0=1), {2
Tea polution s given by the formuls
u[::|=5’ﬂr-!—r].rl:=]¢f- ")
L]
where [t iz the solution of & homogoneous equation
LD y=
with the initial conditions
U0 =0 (i=0,1,.,..n=2), =00 =1, i4*)

Caloulating the derivatives of uit) by the diffsrentintion of the right-
hand aide with reapoct to £, we find

ul () -;E"“u— i w)de 4+ U0} f () [17(0) =0],

ul® (i) .uj"{-"'f' (8 — =) F{e) iy 4 D00 ey [0 (0) = 0],
o
.................................... (E*)

ul® 1k g -f{:f"‘“u =) f{r)de+ U0 fin) (DT 0) = 0),
a

P
b t) == | 0P e — ) f(r) e+ 0000 f g (O 0 = 1D
o

Bubstituting thess derivatives in squation (1%) we get:

F
L {u) —-DE E[U (¢ — 1)) (vhedr 4 f i) = f i8],

i. . the equation is satisfied. It is obvious that the initial conditions (2*)
are also fulfilled.

We can give a graphic physical interpretation of the function L'}
and the formala (3%). Ususlly the function uf) ropresents the disploee.
ment of sormse systern and Ffif} the force acting on this system. Lot our
avatem be in & stata of rest for ¢ = 0, and let the fores be roprosonted by
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the funotion f,(f) (== 0) which is different from zero only in the interval
of time 0< f< g The impulse of this foree will be demoted by

I= ﬂ' firhdr.
o
Lat 1z, [} be the function corresponding tof{f) considering cas o parameter
and putting I = L. It can be shown that when ¢ — 0 there is l-l'u'gu.,l:l]
independent of the method of selacting ) snd that this limit s equal
to the function L) defined ahove

= Lirm 2
U (1) = Lim u, 1)

if we put L) e @ for ¢ <2 0. Thus the fanetion [7(f) can naturally b
called the function of the effect of an instantaneous impalse.
Considering the formuals (3%) and applying the mean vahse thecrem

we gat
u,.:u_U(:_;:]d]’“:]drnuu—t:: [Py <2<,

Passing to the lmit whem ¢ - O, wo see that there is & limit
Limm 18, [f) = Him L7 (£ — 73] = L' (£},
=} eull

which proves our statement.

Kow let us represent the solution of & non-homogensous squation
uaing T'(f) as the function of the effect of the instantameous impulss.
Dividing the interval (I, £) by the points 7 into sgual paria

d'r = .F_l'!'ll,

we represent the funetion fif) in the form
fliy= X hin
] » 1
'[ :' i i

0  whers § < vy and§ 2w,
i (6} == f i) where 1 € t < 15,

Then the function

=
wil) u.&l 1 (1),

where 4t} are solutions of the squation Liw} = f; with zero initial data’
If m is sufficiently large then the funotion ¢} may be considered as
the function giving the effect of the instantaneous impulse with the
intensity
g = _f‘ |:f|-!| Ar -f"l']'l l'jT.
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80 that

m
) % FF - i —
u (1) ~ ! frl!{h}"rd:”frlﬂ ) f (v} dr,
i &= wo mrrive at the formuls

u [f) -._f I it — =) f (v) dx,
which shown that the effect of the continuously acting foree may be
represented by the superposition of the affects of instantansous impulses,
h. the case considered above w(satisfies the equation (50} and the
vonditions wy(0) = u,{0) = 0. For the impulss function U} we have:

{J'+{i'1]'uu:r—1}. O (0 = s, Uit 1,

{
s that

I.rl:l]- J'I':Iul:l

liq]ﬂ‘- al .
Henoo [(3%) we obtain the formula (52)
t

wld g -J-U[I—‘I'”"h:l- J
B

TR

|sin T att = f, e,
1]

The integral repressntation (3*%) of the sclation of the ordinary differ
ential equation (1%}, obtained above, has the ssmns physical significancs
ue formula (58) which gives an integral repressntation of the solution
of the homogeneous were equation of vibrations,

5. Firal general boundary problem
Let us consider the first general boundary problem for the
wave equation:

Wy =a i, 4 Jr{-'-': f) (48)

with the additional eonditions
H{=| n'h - "F ‘:} ?
u(r,0)=wpiz);
w0, 1) =p (t),
u{l, ) = g (1],

(46)
(47°)

Let us introduece & new unknown funetion i, {) putting

(x, ) = U (1,8) + e{z, 1),
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so that eir, f) represents the deviation of the function wz, §)

from some known function UMz, 1).
This function e{x,(} will be defined as the solution of the

euation
Ou= a0 + (5 1), fint) = {2 ) — [0y — a?U,)

with the additional conditions
viz,0)=§(x), Fl(r)=glz)—=0Tz,0),
oz, 0) =%{xh; ¥i(x)=wizx)—=U (z0);
o0 0) =g i), gy ()= (1) = U (0,10,
el 0] m gy (1) gy (t) =y (1) — T (L, 1),

Let us choose the auxiliary function U{z, t) in such a way that
(=0 or g, (f)=10;

a simple choice would be
U e, 1) = guy () + 5 [ma (1) — g ()]

The general boundary problem for the function w(z, f) is thus
reduced to & boundary problem for the function eo(r, f) with
zero boundary conditions. The method of solution of this problem
ia deseribed above (see sub-section 4).

6. Boundary probems with sationary inhomaogeneifies

Boundary problems with stationary inhomogeneities form a
very important class of problems. Here the boundary conditions
and the right-hand side of the equation do not depend on time

bty = at e 4 fo (%), (45°)
Moll=t (46)
w (%, 0) =y (1),
w (0, 1) =4, (47}
(1) =,

In this class it is natural to look for the solution as a sum

(3, 1) == i {x) 4 vz, 0],



