Math Physics

Final Exam
Spring 1996
Problem 1 50 pts
Find the Green’s function of the Laplace equation
Vu=0

inside the sphere r =a , with the boundary condition (r = a) =0. Note that G (f, ?’) can depend
onlyon r, v, and 8, the angle between # and 7.

Hint: For the radial equation, use the technique we worked out in class for the Green’s function of
the Sturm-Liouville operator.

Some useful formulae:

o 1|9(2d). 1 3fc nd), 1 0
@® V= r a7(r237) * sin Gﬁ(sm 03_9)+ sin’ 9¢’

1 0. pd
sin eﬁ(Sln em)

(b) P, (cos 6) =— l(l + l)P, (cos 8)

© 8(e-2)- ; (2:; 1)P, (cos 6)

To verify your result, use the expansion
1 __3
F—7| i=

rl
<
‘ r’”P' (cos 0)

>

to convert the series into a closed form expression and observe that it is equivalent to the formula
obtained by the method of images.

Problem 2 ~ 50 pts
The temperature inside a sphere of radius a satisfies the conditions:

VT = a“%%

T=0a¢t=0

T=T, atr=a
Find T (r, 0, t) for £ >0 . Approximate your expression to be useful for long times.

Hint: You may use the expression for the Laplacian in spherical coordinates given in Problem 1.

Problem 3 30 pts

Find the spectral representation for the Green’s function of the equation
(V2 - /l)u =0
inside a square of size @ on a side, with the boundary conditions

w(0.5)=u(a.y)=0 and §&(x.0)= 9 (x.a)=0.
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