Ordinary Differential Equations

Math Physics
Quiz 1
(Dated: 10-10-2006)



1. Solve the differential equation

Solution

Rewrite eq. as

z*y" — 4y + 6y =Inzx

Homogeneous eq.

22y —day +6y =0

m(m—1)—4m+6=0

m1:2,m2=3

Variational approach

Yy = u1x2 + 'U/2£C3

+02

gives
uir? +uba® =0
2ul T + 3uha® = 1;1_256
and
, Inz , Inz
U= T Uy =
Inz 1 Inz 1
Mg T T T T g
Yy = 1lmx—l— i—l—clﬁ—i—ch?’
6 36
Alternative method: introduce z = Inz. Then
dy ldy d’y  1ldy  1d%
de — xdz de?  22dz | x2dz?
and
y' =5y +6y =z
z 5
V=5 + 36 + c1exp (22) + caexp (32)
as before.



2. A harmonic oscillator
F(t)

4wl = —=
m

initially at rest (z =z = 0 at ¢t = 0), is driven by the force
F(t) = Fyexp (—t)
Find the oscillations at long times, t > ~v~!, and investigate your answer for w > =
and w < 7.
Solution

Solution of the inhomogeneous equation satisfying initial conditions is

F o F
L — [eXP (—~t) — coswt + J sin wt} a0 coswt + 7 sin wt
m (w? +v2) w m (w? 4+ ~2) w
Fy

= §in (wt — tan

/e § 7

. w) — (Fy/mw?) coswt, w >~y

Y (Fo/mwy)sinwt, w < v

3. For what values of the constant £ does the differential equation
zy' —(x—E)y=0,2>0

has a non-trivial solution vanishing at infinity? Find a solution such that y (0) = 0

and ' (0) = 1 with the smallest possible E.
Solution

Asymptotic behavior y”. — 9., = 0, Yoo x exp (—z). Look for a solution y = uexp (—z),
(—2v'+u") x4+ Eu=0

Look for a series solution

The recursion relationship
Cmpim (m+1) = (—E 4+ 2m) ¢,

and the series diverges unless as exp (2z) unless £ = 2n, n integer. For y (0) = 0,

y' (0) = 1, the smallest possible value is £ = 2, giving

y = vexp (—a)



