Math Physics Test - 10/13/2005

Ordinary Differential Equations

1. Solve the differential equation

Solution

Treat x as a function of y, x = z (y)

r dr .
— — — —ysiny =0
y dy

/
X .
—y <—> —ysiny =0
Y

r =1y (C+cosy)

2. A harmonic oscillator, initially at rest, is driven by a constant force for one half period

of free oscillations:

. F
T 4wl = —w(t)

3

where
l10<t<m/w

w(t) =
0 t>n/w

(a) Find the motion of the oscillator for 0 < t < 7/w

1



(b) (bonus) Find the motion for ¢ > 7/w

Solution
Using variational technique (don’t need to here - just for practice):
T = Uy sin wt + ug cos wt

Uy sin wt+ Uy coswt = 0

Uy COSwit— Uy Sinwt = ——

mw
For t < /w,
: F Foot .
Uy = —w(t)coswt = uy = — [ coswtdt = ——sinwt
wm wm Jo w?m
: F ) F oo F
Uy = ——w (t)sinwt = ug = ——— sinwtdt = —— (coswt — 1)
wm wm Jo w?m
The full motion
. F
r = Asinwt + Beoswt + ——
w?m
From z (0) = 0, B = —2F/w?m, from & (0) =0, A =0
F
T=— (1 — coswt)
Notice that
r(m/w) = 2F/w?*m, & (1/w) = 0
For t > 7/w,
) A F /w
U = —w(t)coswt = uy = —/ coswtdt =0
wm wm Jo
: F ) Foyrle 2F
Uy = ——w (t)smwt:>uQ:——/ sinwtdt = ———
wm wm Jo w?m

The full motion



3. The Chebyshev polynomials 7;, (x) are solutions of the equation

(1 — 1’2) Ty dy +n’y =0

2~ Vdx

Show that n must be integer for convergency at co and find 75 (z) and T3 (x) (up to
a constant multiplier).

Solution

Look for a solution as
o0
y = Z ™
n=0

The recursion relationship
(m+1)(m+2)cppo = (m2 - nz) Cm

so that

2 2
Cm+2 m-—n m— 00
— =1

cm  (m+1)(m+2)

and the series diverges unless n = m - integer. There are even and odd series. Setting

¢o = 1 when ¢; = 0 and vice versa. Using recursion relationship

Ty =1 — 222
4
ngx—gx?’



