Math Physics Final - 12/09/2004

Boundary Value Problems

1. Consider a string of length ¢ stretched along the z-axis and subject to a transverse

displacement u (z, t),
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The string is clamped at one end and is attached at the other end to a massless ring

which slides freely on a fixed rod

ou

u(0,t) =0, %(ﬁ,t) =0
Assuming that
. mx Ou
u(z,0) = sin o7, E(LO) =0

Find solution for the displacement w (z,t).
Solution

Look for a solution u (z,t) = X (z) {sin wt, coswt},
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Look for a solution X = Asin kxz + B cos kx, subject to b.c.
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Therefore,
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and

u(z,t) = Z (Cp sinw,t + D, coswyt) sin k,z

n=0

From i.c. du/ot (x,0) =0, C,, =0 and

u(z,t) = Z D,, cosw,tsink,x

n=0

where, from the other initial condition,

Z D, sin k,x = sin ™
n=0 2€

Therefore Dy = 1, D;o = 0 and
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u(z,t) = cos — sin —

20 20

. The boundary of a thin circular disk of radius a is maintained at temperature

To(14+asinf), 0<0<2r,0<a<l1
Find the steady state temperature field
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Solution

Look for solution as 7' = Ty + AT, where AT = R (r) {sin (m#) , cos (mf) }
10 ( 0 m?
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Look for a solution R o r? and find b = m > 0 so that

AT =Y r™ (A, sinmb + By, cosmb)

m=0



Using b.c.

Toasin = Z a™ (A, sinmb + B, cosm@)

m=0

whereof A1, By, =0, Ay = Thor/a and

T="1T, (1 —i—ozz sin9>
a

. Bonus problem. The wave function of a three-dimensional rotator is given by

1 = Acos’ 0

What are the possible values of {7 What are their probabilities?
Hint: expand 9 in terms of the spherical functions Y}y (cos ) o< P, (cos@).

Some useful formulae: Py(cosf) =1, Py (cosf) = cosf, P (cosf) = (3cos® 0 —1) /2,
P3 (cosf) = (5cos® — 3cosh) /2, ...

Solution

Only [ = 0, 2 are possible . From normalization

2 /ﬂ Y;2 (cos 6) sin 0df = 1
0

find

1 5
Yoo = EPO (cos®), Yoo =4/ EPQ (cos0)

and

Y = A@ leo + %Ym]

so that the probability to have [ = 0is 5/9 and | = 2 is 4/9.



