MathPhys 15-Phys-721
Winter 2002 Midterm
Wednesday, February 6

1. (9 points) Solve the differential equation
/!
Yy +y=cost

given the initial conditions
y(0) =y (0)=0

You must use the Laplace transform to solve the problem - other methods will not be accepted.

Solution
Denoting
Y (p) =Ly @)
we find .
p
P+ )Y )_Re<p—l> IR
vy Pty b 1
W)= e ry i Lp—z) (b +0)

The Laplace inversion integral gives

0 exp (pt) tsint

1 [Oexp(pt) |p__l} = 4%, [texp (it) — texp (—it)] =

2. (6 points) Find the Fourier transform of the function

1 |zl <1
fl)y= 35 |z|=1
0 J|z|>1

Solution

Since f (x) is an even function of x,

gly) = / f (x)cos (zy) dz
= %/ cos(xy)al:z:fEM

0 Ty
3. (15 points) Expand the function

Fl@)= z € (0,1]

in a series of Legendre polynomials
f@) = Z cn P

2 1
- n+/f

Hint: One possible way to solve the problem is as follows: Use the generating function

h, WP, (
Fha)= e —th+h2 Z

to derive the relationship
P (@) =P,y () =(2n+1) Py (2)



and also to evaluate P, (0).
Solution

Differentiating F' on h and on x, we find
(n+1)Ppy1(z)— 2n+1)zP, () + nPyp_1(x) =0

and
Py (x) = 2xP,_; () + P,_5 (x) = P (2)

respectively. Combining the differentiation on x of the first equation with the shift n — n + 1 in
the second equation leads, upon elimination of P;,_, (z), to

P, —aP,—(n+1)P,=0

Analogously, we find

xP, — P | —nP,=0
and
P (@) =Py () = (2n+ 1) Py (2)
Consequently,
2n4+1 ! T, , 1
en= " [ Pa@)dr = [ [Py (@) = Pooy ()] de = 5 [Pyt (0) + Pacy (0)]
0 0
But, using the generating function at = 0, one finds that
(n— DN (=1)"/?
P,(0) =
©0) 21/2 (n /2)!
when n is even and 0 otherwise. Denoting n = 2k + 1,
1 1 @D EDMT k- (-1
canir = 5 [P P2 (0) 4 Par (0)] =5 [_ L (kr 1)l T 2k
2k — DI (=1)* [ (2k +1) @k (-1)* 4k +3
B 22k k! 2(k+1) B 2k+2f| k+1

. (10 points) The generating function for the Bessel functions is

F (h,z) = exp [; (h_iﬂ = i K", ()

n=—oo

At large x, the asymptotic behavior of Jp (z) is

Using the generating function, find the relationship between Jy (z) and J; (z) and the asymptotic
behavior of the latter.

Solution
Differentiating F' (h,x) on h, we find

o0

€ 1 n—1
5(1 + E)F (h,x) = n;mnh Jn (z)
whereof .
5 (Jn+1 + Jn—l) S TlJn
and

2
Jn+1 + Jn—l = j‘]n
xr



Differentiating F (h, x) on z, we find

(b)Y - S W (@)

whereof )
5 (=JIns1+ Jn1) = J),
and
Jn+1 - Jn—l = _2']1/1
Consequently,
st = o — ),
T
Forn =20

J Ry 2 ( W) \/ 2 cos( +7T)
=—-Jy~4/—sin(lz——) =—/— T+ —
! 0 7m:b . 4 T 4



