MathPhys 15-Phys-721
Winter 2002 Final
Friday, March 15

1. (12 points) Solve the 2D Poisson equation inside a circle of radius a charged with the uniform charge
density o

Vip = —4dno
and find the electric field at the perimeter.
Hint: the radial part of the Laplace operator is

1d( d)
pdp \"dp

Due to circular symmetry, the Poisson equation becomes

Solution

LE () i,
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P£ = —47m% +C
¢ (P) = _7“7/’2 +Cilnp+Co = —7r0p2 + Csy

since ¢ (0) must be finite. The electric field is given by
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E= —p(ZE)p) = —27woap

2. (15 points) The steady-state concentration of a gas is described by the equation
Vin —x*n=0
Find n inside a sphere of radius a, given that
n(r=a)=ng

Hint: the radial part of the Laplace operator is

Solution

Due to spherical symmetry, the steady-state equation becomes
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whereof
nr = Ae”" + Be " = A (e”" —e ") = 2Asinh (ser)

since n (1) has to be finite at r = 0. From n (r = a) = ny, find



3. (18 points) A conducting layer 0 < x < [ was free from electromagnetic fields for ¢ < 0. At time
t = 0, a constant homogeneous magnetic field Hy is developed everywhere outside the layer. Find
the magnetic field in the layer for ¢ > 0 and, in particular, at long times ¢ > (% /72a%. The equation
for the magnetic field is given by

0*’H  4rop 0H _ _5,0H
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where o and p are the electric conductivity and magnetic permeability respectively.

Solution

The boundary and initial conditions can be written as

H(0,¢) = H(t) =H

Look for a solution as h = H — Hy o exp (—At),
0%h
2+ AM=0
* 922 +

Subject to b.c.

2

H(z,t) = H0—|—iAnexp [— (nlmz)Qt} sin "7

and

n=1

Subject to i.c.

nrm
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At long times, t > I?/m2a

2,2
H (z,t) ~ Hy + exp (_wpa t) sinacT7T

4. (15 points) Find the transverse vibrations of a circular membrane
1d ( du 1 9%u
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u(ro,t) =0;0<t <00
and produced by a radially symmetric initial distributions of deflections and velocities

u(r,0) =o¢(r), %(r,(}):w(r);0<r<r0

The zeros p,, of Jy () are assumed known. Hint:
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fixed at the edge

Solution



