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Abstract. Hill and Brown solved the equations of motions of the Moon with the help of multiple Fourier 
series. We describe their method and show how it can be adapted, so that all work can be carried out by a 
computer with the help of an algebraic processor called POLYPAK. 

1. Introduction 

I t  is cu s tomary  to p r o c e e d  in two s teps  when  one  t r ies  to find an ana ly t ic  so lu t ion  to 

the  m o t i o n  of the  M o o n .  In the  first s tep  the  so -ca l l ed  ma in  p r o b l e m  of luna r  t h e o r y  is 

solved.  I t  consists  of a s impl i f ied  th ree  b o d y  p r o b l e m  u n d e r  the  a s sumpt ions  tha t  two 

bod ies ,  E a r t h  and M o o n ,  s tay always close t o g e t h e r  and  tha t  the  Sun desc r ibes  an 

e l l ip t ic  o rb i t  a r o u n d  the i r  cen te r  of mass.  In  a second  s tep  all o the r  inf luences on the  

m o t i o n  of the  m o o n  are  cons idered .  These  inc lude  a m o n g  o thers ,  the  ob l a t e ne s s  of 

the  E a r t h  and  the p e r t u r b a t i o n s  by  the p lanets .  

T h e  mos t  accura te  analy t ic  so lu t ions  to the  ma in  p r o b l e m  are  the  one  of  D e l a u n a y  

as co r r ec t ed  by  D e p r i t  et al. (1971) and the one  of B r o w n  (1899-1908) .  B row n ' s  

w o r k  has been  checked  and i m p r o v e d  in par t s  with the  he lp  of d i f ferent ia l  cor -  

rec t ions .  If fu r the r  i m p r o v e m e n t s  a re  to be  m a d e  it can mos t  l ike ly  be accompl i shed  

by  a revis ion  of the  p l a n e t a r y  pe r tu rba t ions .  Since a c o m p l e t e  revis ion  of B r o w n ' s  

w o r k  has not  ye t  b e e n  accompl i shed  we feel  it is necessa ry  to r edo  his c o m p u t a t i o n s  

for  the  ma in  p r o b l e m  be fo re  p r o c e e d i n g  to the  p l a n e t a r y  pe r tu rba t ions .  A s  the  

c o m p u t a t i o n s  are  d o n e  by  mach ine  this will give a re l i ab le  so lu t ion  in which  the  la tes t  

numer i ca l  values  for  the  p a r a m e t e r s  can be  used.  

A l l  c o m p u t e r  p r o g r a m s  are  again  wr i t t en  in the  h igher  level  l anguage  P L / I .  They  

are  ca l led  as subrou t ines  by  P O L Y P A K ,  which is ou r  p a c k a g e  for  the  m a n i p u l a t i o n  

of rea l  or  complex  p o w e r  ser ies  in severa l  var iables .  

In  an ea r l i e r  p a p e r  we discussed our  way  for  f inding the  zero  and  first o r d e r  

so lu t ion  to the  ma in  p r o b l e m .  The  second  and  h igher  o r d e r  t e rms  are  d e t e r m i n e d  

different ly ,  and  we will  desc r ibe  in this p a p e r  how we c o m p u t e d  them.  

2. Notat ion and Equations of Mot ion 

T h e  fo l lowing no t a t i on  has b e e n  a d o p t e d  f rom Brown.  

n, n '  the  o b s e r v e d  m e a n  angular  veloci ty  of the  M o o n  and the Sun. 
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a' ,  e' mean distance and eccentricity for the Sun's orbit. 

K = ( E + M ) / ( n  - n ' )  2 where E and M are the masses of the Earth and Moon. 

m = n ' / ( n - n ' ) = O . 0 8 0 8 4 8 9 3 3 8 0 8 3 1 2 .  Because the solution converges very 
slowly when m is kept as a formal parameter Brown and Hill used this numerical 

value from the outset. 

(x, y, z) coordinates of the Moon in a system which is Earth centered and which 

rotates around its z-axis with constant angular velocity n'  so that the positive 
x-axis always points in the direction of the mean position of the Sun. 

u = x + iy, v = x - iy complex position coordinates for the x, y-plane. 

r = (x2+ y2+ z2)1/2= (uv + z2) 1/2 distance between Earth and Moon. 

~r = exp i(n - n ' ) ( t -  to) is used as the independent variable instead of the time t. As 
the solution is a Poisson series in t it will become a power series in ~:. 

D = s c) differential operator which is related to the derivative with respect to 

time by d / d t  = i(n - n ' )D.  

The equations of motion are 

Ku 0s 
D 2 u + 2 m D u + 3 m 2 ( u + v )  3 

r Ov 

Kv 012 
D Z v - 2 m D v + 3 m 2 ( u + v )  r 3 Ou'  (1) 

2 x z  1 0 ~  
D z z  - -  m z 

r 3 2 Oz" 

For S2 = 0 the problem is known as Hill's lunar problem. Therefore s describes the 
difference to the main problem. The exact form for s is not needed for the following 

discussion. It is sufficient to note that it depends on the position of the Moon, the 

parameters of the Sun's orbit and on the time with period 2~r/n'.  We thus have 

! t O = ~ 2 ( u , v , z , a  , e , ~ m ) .  (2) 

We can expand a ' 2 ~  into homogeneous polynomials in the variables u / a ' ,  v / a ' ,  z / a '  

starting with terms of second order. The coefficients will be functions of e' and 

~"~ only. 

3. Hill's Lunar Problem 

The zero and first order solutions to Hill's Lunar problem serve as a starting point to 

the solution for the main problem. These solutions are found differently (Schmidt, 
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1979) than the higher order  approximat ions.  They  have the following form 

u = a~(uo + Ue), 

Z = - - i a z l ,  

with 

U0 = Y. a 2 d  2j , 

u'e = e }2 (e2d 2i+c~ + e ~j~:2j-%), 

Z1 = k • k2 i (~  2 j + g ~  ~ - 2 J - g ~  

Al though  the summat ion  should be over  all integers j, the absolute value of the real 

coefficients a2j, e2j, e~j and k2j drop off very quickly when j is away f rom zero. If the 
level of t runcat ion is set at 10 - is ,  then 2j has to be at most  +12.  The  real numbers  Co 

and go describe the mot ion  of the perigee and node  respectively. The  arbi t rary 

parameters  a, e and k are closely related to the mean  distance, the eccentrici ty and 

the inclination of the M o o n ' s  orbit. They  are not  identical to these values because  the 

following choices have been made  to simplify the computa t ions  

a0 = 1, e o - e ~  = 1, k0 = 1 . (3) 

If a compar ison  with De launay ' s  result is desired addit ional work  will have to be 

pe r fo rmed  at a later stage. Since we want  to compare  our  results with those of Brown 
we will adopt  his convent ions  here. 

4. Higher Order Approximations 

With  the in t roduct ion of  the addit ional pa ramete r  ~ = a / a '  and by considering 

Equa t ion  (2) we can write the solution to Equa t ion  (1) as a power  series in several 

variables in the fo rm 

~ - l u  = a Y~ ax~ e ;~1 e ' A 2 k  X3oLX4~ c~ +m~176176 �9 

The series for soy is con juga te  to the one  above and the series for  iz has the same form. 

The  quadruple  A = (A1, A2, A3, A4) is called the characterist ic and IA] = A I + A 2 +  

+A3+A4  the order  of a term. Summat ion  is over  all nonnegat ive  A's. Due  to 
d ' A l e m b e r t ' s  characterist ic  certain coefficients will turn out  to be zero,  and the 

restriction I~kl ~ a~, k = 1, 2 and 3, holds for the summat ion  over  the o-'s. or 4 ranges 

over  all even or  all odd  integers depending  on the characterist ic A. The  series c and g 

start with the terms Co and go respectively. They  are power  series in the squares  of the 

four  formal  parameters  e, e' ,  k and ~. Their  coefficients have to be found  along with 
the coefficients a ~ .  

We  denote  all terms with characterist ic A in ~ - l u / a  by u~ and those in i z / a  by zx. 
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Assuming that all terms of order less than ]hi are known we write 

iz = a(i .~lx I z~,+ zx) .  

From Equat ion (1) we then obtain the following linear differential equation for uA 

(D + m + 1)2u, + M ( $ ) u x  +N($)v~  = 
(4) 

= charx { - $ - t O ~ v + ( Y ~ u ~ , ) ( ( ~ u , ) ( 2 v ~ , ) - ( S z ~ ) Z ) - 3 / 2  

- ( D  +m + 1) 2 ~ u . ] .  

A conjugate complex equation holds for vx. The series M and N are given by 

M ( ~ )  = Y. M z i ~  zi 1 2 = ~(m +(UoVo)-3/2), 

N ( f )  = E N2 i f  3j = ~(m2 f -2 + Uol/%o5/~) . 

The right-hand side of Equation (4) depends only on known terms except for an 
occasional new term for the series c at orders 3, 5, etc. These new terms will come up 
because of the last expression in Equation (4) which takes into account that c and g 

are power series by themselves. 
The second term in the right-hand side of Equation (4) arises f rom the expansion 

of Ku/r 3 when only known terms of u are taken into account. This expansion proved 
to be very time consuming for Brown. It forced him to switch to different methods in 
the course of his computations.  When the computat ions are per formed by machine 
this expansion provides no difficulty at all. Therefore  we will describe now the 
method which Brown used initially and which we will use to find terms of any order. 

The first step of our program consists of evaluating the right-hand side of Equation 
(4) in order to get all terms of order [A ]. Since the differential equations are linear we 
can treat each characteristic A separately. Among  the terms with a specific charac- 
teristic A we find those which are multiplied by ~• where ~- is one of the values 
0rlC Jr-0.2m + 0.3g and k = 0"4. If these terms are collected into the series 

A~, = a(Y~ Ak~"+k  + A ~-~'+k) , 
" , k  

�9 then the corresponding terms in the solution are 

ux = a()~ bkr "+k + b '~- '+k) . 

By inserting this u into Equation (4) and into its conjugate equation we arrive at the 

following infinite system of linear equations 

(k + r0+ 1 + m)2bk + ~'. M2ibk_2i + Z Nzib tzj-k = A k  , 
(5) 

( k + "Co- 1 - m )2 b r-k + ~ N2ibk  + 2i + M z i b  r- z i - k  = A P-k , 
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where  

"ro=o'lco+o'2m+o'3go and k = O , + 2 , + 4 , . . . o r k = + 1 , •  . . . . .  

We  illustrate our  p rog ram with the case where  k takes on all even integers. The  o ther  

case is very similar. We  arrange the unknowns  in an array x in the fol lowing order  
x = (. b~, b-2, b '  ' b '  .)r  �9 . ,  2, bo, bo, b2, -2, b4 , . .  and the r ight -hand side in an array y 
with the same ordering.  The  coefficient matrix A for the system of linear equat ions  

A x  = y reads then 

A =  

�9 .. (-l+ro+m)Z+Mo 

t , .  N o 
M2 

N 2  

M4 

N-4 

i i i i : \ 
No M 2 N-2 M-4 N-4 "'" 

(--3 + ' r0 -  re)z+ Mo N2 M2 N4 M4 " '"  

N2 (l+ro+m)~+Mo No &It2 N-2 "'" 

M-2 No ( - l+ro-m)+Mo N2 M2 "'" 

N4 Mz N~ (3 + ro + ra )2 + Mo No "'" 

M-4 N-2 M-2 No (l+ro-m)2+Mo "'" 
i : i : i 

The  dominan t  terms are the 2 x 2 submatrices along the diagonal.  The  matrix has  

band  form because the coefficients M2i and N2j diminish rapidly away f rom the 

diagonal.  Fu r the rmore  the matrix is symmetr ic  as M 2 i  = M-2j. 

The  terms on the r igh t -hand side of Equa t ion  (5) become  negligible when k is away 
f rom zero. Thus  it is possible to reduce  the infinite system A x  = y to a finite one.  Our  

cri terion is to keep  all terms which are in absolute value above a certain threshold.  At  
the m o m e n t  it is set a t  1 0  -16+1M. We also make  sure that the reduced  coefficient 

matr ix remains symmetr ic  by retaining addit ional  equat ions  if necessary. We  then 
use the me thod  for  solving symmetr ic  linear systems of  Bunch  (1971) and improve 

the result by iteration. With  this approach  we try to avoid the p rob lem of small 

divisors and the loss of  accuracy.  This had plagued Brown because he could not  carry 
enough  decimal digits in his computa t ions  by hand. 

Certain small divisors still remain.  Actual ly  they are zero divisors of the infinite 

system and they require  special t reatment .  
One  case is r = 0, that  is 001 = o ' 2  w 0 ~  = 0. The  two equat ions  of (5) collapse 

into one  and it is obvious  what  to do. The  o ther  case occurs whenever  a new term 

in the series for  c has to be found.  This happens  when z o = + C 0  and h = 
= ( 1 + 2 r l ,  2r2, 2r3, 2r4). The  term to be found  will have characterist ic h / e  = 

-- (2rl, 2r2, 2r3, 2r4) and we will denote  its unknown  coefficient by ca/e.  It  appears  on 
the r ight -hand side of  Equa t ion  (5) always with the same factor. We  find 

A2i = - 2 ( 2 j  + Co + m + 1)e2iCx/e + Bzj, 

A'-2i = - 2 ( - 2 j  - Co + m + 1)e t--2jCh/e "q- B t..-2j , 

where  B z i  and B ' 2 j  are complete ly  known.  
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Substitute these values into Equation (5). Multiply the first equation with ezj the 
second wtih e'2j and sum up over j. In this way Brown (1899, p. 75) is able to 

determine Cx/e. It is given by 

1 
CA/e = O Z B2jE2j -~- B t2jE t2j 

with the denominator 

D = 2 Y . ( 2 j + c o + m  + l ) e ~ i + ( 2 j - c o + m  +l )e  '2 2 j .  

Once Cx/e is known and with it the right-hand sides of Equation (5), the system is 
made nonsingular by replacing one of the equations with another relation between 

the coefficients. By extending the choice (3) to higher order terms this equation has to 
be 

b 0 -  b~ = 0 .  

The replacement can be accomplished in such a manner that the resulting system 

remains symmetric so that the system can be solved as before. 

5. Results 

The previous section gives an outline of our computer program for finding ux. The 
method is basically the one used by Brown for terms through third order. In addition 

we have to find z~. The method is very similar to the one for ux and we have omitted 

the details. 

The expression ~(OS2/Ov) in Equation (4) will produce first order terms with 
characteristic e' and o~ but none with e or k. The corresponding terms in Ue' and u~ are 

found in the same way as the higher order terms. They have to be added to Ue to give 

the complete first order solution ul. After this the higher order terms can be found. 
We have computed the solution through sixth order. We kept all terms which were 

greater than 10 -16+~ except at order 6 where we were more restrictive. At  this 

point the series would have become too long and many of the terms would have no 
influence on the final result once the numerical values for the parameters are 

inserted. 
When we compare our results with those of Brown we often disagree in the last or 

last two digits. Brown does not list all coefficients with the same number of significant 
digits even within terms with the same characteristic. Inevitably the coefficients 

which have many nonzero digits are given less accurately than those with many 

leading zero digits. It is difficult at this point to estimate how much these dis- 

crepancies will influence the final result. For this reason we now convert our solution 
to spherical coordinates and we will evaluate it at the given values of the parameters 

e, e', k and a. We are then able to compare it to the final result of Brown and to the 

corrections which have been added to Brown's values over the years. Other 

comparisons will be made with Delaunay's work as corrected by Deprit et al. (1971) 



THE LUNAR THEORY OF HILL AND BROWN 169 

a n d  to t h e  s e m i - a n a l y t i c a l  s o l u t i o n  w h i c h  has  b e e n  d e v e l o p e d  by  H e n r a r d  (1978) .  W e  

wil l  r e p o r t  on  o u r  f indings  in a l a t e r  p a p e r .  
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