Notes on the Limitations of Knowledge of Infinite Sets

Definition.  A first-order syntax FOSyn is a structure  <Cns, Vbls, Prds, AFor, FR, For> such that

1. Cns, constants,  a subset of c1,…,cn,.   (Constants function as proper names.)

2. Vbsl, variables: v1,…,vn,…}.      (Variables function as pronouns.)   

3. Trms, terms: any constant or variable.  (Terms are proper names or pronouns.) 

4. Prds, the set of predicates: P EQ \O(1,1),…,P EQ \O(1,m);…; P EQ \O(n,1),…, P EQ \O(n,m),…;….  Here P EQ \O(2,1) is =.
(Notation:  P EQ \O(n,m) is the m-th n-place predicate, and = is the 1st  2-place predicate.  1-place predicates function as class terms, adjectives or intransitive verbs, 2 and more place predicates function as transitive verbs and relational expressions.)
5. AFor, called the set of atomic formulas: if P EQ \O(n,m)(Prds & t1(Trms & …& tn(Trms} then P EQ \O(n,m)t1,…,tn   is an atomic formula.  (Atomic fomula function as simple sentences.)

6. FR, called the set of formation rules:

a. fr((x)=(x

( means « not »
b. fr((x,y)= (x(y)
( means « and »

c. fr((x,y)= (x(y)
( means « or »

d. fr((x,y)= (x(y)
( means « if … then »

e. fr((x,y)= (x(y)
( means « if and only if »

f. fr((x,y)=(xy

( means « for all », the universal quantifier

g. fr((x,y)=(xy

( means « for some » , the existential quantifier

7.  For is defined inductively as follows:

a. AFor is a subset of For;
b. if the elements P, and Q  are in For and v is in Vbls,   then fr((P), fr((P,Q), fr((P,Q), fr((P,Q), fr((P,Q),  fr((v,P), fr((v,P)are in For;

c. nothing else is in For.

The Russell and Whitehead axiom system for first-order logic is <AxFOL,PR, ThFOL> such that

1.  AxFOL is the set that contains all and only the instances and closures of formulas that are substitution instances of one of the following:
 
1. p1(( p2( p1)  

2. (p1(( p2(p3))((( p1( p2)(( p1( p3))  

3. ((p1((p2)(( p2( p1)   
4. (x(p1( p2)((xp1(( p2   
5. (xp1( p1   
6.  p1((xp1   if the formula replacing p1 contains no free x   
7.  x=x   
8.  x=y(( p1[x]( p2[y])    if the formula replacing p2[y] contains some free y where that replacing p1[x] contains free x.   
2.  PR contains just the rule modus ponens.
3. The set ThFOL is defined inductively as follows:

a. AxFOL( ThFOL.

b. If P and Q are in ThFOL and R follows from P and Q by modus ponens, then R  is in ThFOL.

c. Nothing else is in ThFOL.
Peano's Arithmetic (Arithmetices Principia, 1889)     

1.  The Postulates (Axioms) for the System P :

(Formulation in English(



(Formulation in Logical Notation)

1. 0 is a natural number. 



0SYMBOL 206 \f "Symbol"Nn

2. Natural numbers are closed under successor.
(x[xSYMBOL 206 \f "Symbol"Nn SYMBOL 174 \f "Symbol"S(x)SYMBOL 206 \f "Symbol"Nn)] 

3. 0 is the successor of no natural number. 

(x[xSYMBOL 206 \f "Symbol"Nn SYMBOL 174 \f "Symbol"

SYMBOL 126 \f "Symbol"S(x)=0)]

4. If the successors of two natural numbers

(x(y([S(x)=S(y)]SYMBOL 174 \f "Symbol"x=y)

      are the same, so are those numbers.

5.  Mathematical Induction.  If 0 has a pro- 

{0(A(x(y([x(Nn(y(Nn(x(A(S(x)=y](y(A)}

      perty (is in A) and if a natural number has

     ((x(x(Nn (x(A)

      that property (is in A) only if its successor

      does also, then all natural numbers have 

      that property (are in A).     

2.   The Inference Rules for the System P :

The rules of logic stated earlier.
Definition: a set A is decidable iff there is a function f such that 

1. f is an effective process (i.e. calculable, a recursive fuction, Turing computable, definable in an algorithm), and 

2. for any x, x(A iff f(x)=1 and, x(A iff f(x)=0.

The set of formulas of first-order logic is:

1. Denumerable (coutably infinite),

2. Inductively definable,

3. Decidable.

The set of theorems of first-order logic is:

1. Denumberable

2. Inductively definable (i.e. axiomatizable),

3. Undecidable,

4. Satisfiable in a model with a denumerable domaim iff it is satisfiable in a model with a non-denumerable domain.

The set of theorems of arithemetic is:

1. Denumerable, 

2. Not inductively definable (not axiomatizable),

3. Undecidable

� The first-order axioms are due to Russell and Whitehead, *9 of Principia Mathematica, vol 1.  (Cambridge: Cambridge University Press, First edition 1910, Second Edition 1927).  They employ a longer set of axioms for the propositional logic.  Here we substitute Łukaisiewicz’s shorter set developed later.  Proofs of completeness of first-order logic under suitable axiom systems


date back at least to G¨odel in 1929.








