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The Pythagoreans on Harmony. The Pythagoreans were a Pre-Socratic philosophical school founded by Pythagoras (569–475 BC) that endured in various forms for a thousand years.  In its early stages its members lived in a quasi-religious community, and practiced vegetarianism because following Pythagoras they believed in metempsychosis.   Philosophically they subscribed to in a metaphysics which held that the cosmos is literally composed of numbers and ruled by numerical relations.  A famous example of such a rule is the Pythagorean theorem, which they discovered, which led them also to discover that the number of the hypotenuse of some triangles is irrational, a result they kept secret because it seemed to be counter-example to the rule that nature was numerically well-behaved.  One of their discoveries that helped convince them that “all is number” is the basic regularities of musical harmony.
Definition of Note, Octave, Third and Fifth.  Let a string of length l (aka a “monochord”) vibrate at a rate of n vibrations per second (its frequency) producing vibrations in the air that through the organs of perception cause a perceiver to hear an audible noise (called a note).  Let us call this note c.  Notice that while the string, its vibration, the movement of the air and the bodily changes that occur as a part of the process of “hearing” are all physical phenomena, the note itself is a subjective experience, a quale, and is in this sense “in the mind.” If the string is fretted at the length ½ l,  nature will cause it to vibrate at 2n, producing (via air vibrations and the perceptual mechanisms) a note called the octave (relative to c).  If the string is fretted at 4/5 l, it will, and nature will cause it to vibrate at 5/4 n producing a note called the third (relative to c).  If it is fretted at 3/5 l, nature will cause it to vibrate at 5/3 n, producing the note called the fifth (relative to c).  If three strings are plucked, one of length l, one of length 3/5 l, and one of 4/5 l, they will be perceived as an audible sound that is pleasant, an aesthetic fact. This perceived sound is a subjective quale that is the caused by air vibrations, a physical phenomenon, composed of “parts” that conform to a numerical relation.  This cause and effect determination therefore serves as an example of how “nature” is ruled by numbers.  
Definition of the Chromatic Scale.   For any given note of frequency n (i.e. caused by a vibration of frequency n), and its octave of frequency 2n, the chromatic scale determined by n, is the sequence of 12 notes (called semitones) defined as those of (i.e. caused by the strinng vibrations of) frequencies {ik}k=1,…,12 determined by i (called the interval of the scale) which is defined by the equation: 2n = i12. 
Note that the various musical concepts – a note, its octave, the third and the fifth, a semitone – are all varieties of audible sounds, and therefore are subjective qualia in “the mind”.  They are all defined, however, by reference to physical phenomena “outside the mind,” namely by reference to the frequencies of the string vibrations that cause them.
