Naive Set Theory. Axioms and Defintitions

Sets
Axioms:
Abstraction: vy(ye{X|P[x]}<>P[y]) (in its practical form)
Extensionality: A=B & Vx(xeA <> xeB)
or equivalently, {XIPIXIF={XIQIX]} «> Vy(ye{x|P[x]}«>y{X|Q[x])
Definitions : Technical Name:
XY X is not identical to y ~(x=y) non-identity or
inequality
xeA x is not an element of set A ~(xehA) non-membership
AcB Everything in Aisin B . X(xeA—>xeB) Ais asubset of B
AcB AcB & some B is not in A AcBA~A=B Ais a proper subset of B
gor set containing nothing {X| x=x} the empty set
\Y, set containing everything {X| x=x} the universal set
AnB set of things in both A and B {X| xeArxeB} the intersection of Aand B
AUB set of things in either A or B {X| xeAvxeB} the union of A and B
A-B setof thingsin AbutnotinB  {x| xeAAxgB} the relative complement

"—A or Error! Bookmark not defined.A
complement of A
P(A) the set of subsets of A

set of things not in A

{B| BEA}

of Bin A
{x| xeA} the

the power set of A




Relations

Reduction of n-place Relations to Sets of n-tuples

Definitions
<X,y> =qt {X, {X,y}} (ordered pair)
<X1,...,Xn,Y>=qf <<X1,...,Xn,>y>  (ordered n-tuple)

Theorems (Propertes of Pairs and n-tuples)
<X,y>=<y,X iff x=y
<X1y. e, Xn>=<Y1,..,Y0> 0ff (X1=Y0,., & & Xn=Yn)

Theorems (Abstraction for Relations)

JRVXVY (<x,y>eR < P[x,y])

ARVY1,...,.¥n(<Y1,...,¥Yn>€eR < Ply1,...,¥n])

X1y (<X,y>e{<x,y>|P[X,ynl}>P[X,y])

VY1 Yn(<Y1,...,.Yn> €{<X1,...,.Xn>|P[X1,...,.Xn]}<>P[Y1,...,Ynl)

Definitions

AxB = {<x,y>| xeAryeB} Cartesian product of Aand B
A% = AxA Cartesian product of A and A
A1X...XAn+1 = (A1X...XAn)XAR

A" = Aix...xA, Cartesian product of Aq,...,A,
V2 = VxV The universal (binary) relation
Theorems

P(V) ={R|RcV? the set of 2-place relations
P(V")={R|Rc V"} the setof n-place relations

Theorems (Extensionality for Relations)
If R,R’eP(V?), then R=R’ <> Vxy(<x,y>eR <><x,y>eR’)
{<xy>IPIyII={<x.y>|Q[x,yI}>VX,y( P[x,y] <> Q[X.y])

If R,R"eP(V"), then R=R’ <> VXj...Xn(<X1,...,Xn>€R ©<X1,...,Xr>eR’)

{<X1,. . Xn>|P[X1, - Xn ]} {<X1, - X0> | Q[X1, - - - Xn ]} VX1 .. X P[X1,...,Xn]
QIX1,-..,Xn])
Definitions

R is a binary relation RcV?

Ris a n-place relation RcV"

fis a 1-place function fcV?&vxvyvz((<x,y>ef A <x,z>ef)—>y=2)

fis a n+1-place function fcV"&VXq... X\ VYVZ((<X1,...,Xn,y>ef A
<X1,...,Xn,2>€f)>y=2)

f(x)=y means <x,y>ef

If f(x)=y, then x is an argument of f and y is a value.




Domain(f) = {x| 3yf(x)=y}

Range(f) = {y| 3yf(x)=y}
f~ = {<y,x,>| f(x)=y)} f'is called the inverse of f

If f is a n-place function, f(x4,...,Xn)=Yy} means <xi,...,Xn,y>

If f(X1,...,Xn)=Y, then <x4,...,X,> is an argument of f and y is a value.
Domain(f) = {<x4,...,Xp>| 3yf(X1,...,Xn)=Y}

Range(f) = {y| 3yf(xi,....xn)=y}

f(Am>B) fis a 1-place function, Domain(f), and Range(f)cB
f(Am>B) fis a 1-place function, Domain(f), and Range(f)=B
f(AM>B) fis a 1-place function, Domain(f), Range(f)=B, and

f~'is a 1-place function
fis a partial functionon A 3C3B(CcA & f(Cm>B))




