Examples: FOL Truth-Conditional and Validity Metatheorems

MT. M kP(c) iff, forall g, m(c)er
Proof:

M EP(c) iff for all g, M EP(c)[g]
iff for all g, [[c]]Z‘e P

iff for all g, m(c)er

MT. M k-P(c) iff, for all g, Mi(c)e P
Proof:

m E-P(c) iff for all g, M k—P(c)[g]
iff for all g, [[c]]Z‘e P

iff for all g, M(c)e P"

MT. M kP(x) iff, for all g, de P

Proof:

1 EP(x) iff for all g, M1 FP(x)[g]
ittt forallg K e € P
iff forallg, deP™

MT. M k-P(x) iff, forallg, deP"
Proof:

11 E—P(x) iff for all g, M =P(x)[g]
ittt forallg K e £ P
iff forallg, de P
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MT. 1M FvxP(x) iff, for all g, #(c)e P

Proof:

m }:VxP(x) iff
Iff
iff
iff

for all g, M1 FvxP(x)[g]
for all g, for all d in Dm, m |= P(X)[g(x/d)]

for all g, for all din D, K € P
for all g, for all d in D™, de P

MT. 13 |=VX—|P(X) iff, forall g, for all din Dm, deP"

Proof:

m |=Vx—.P(x) iff
Iff
iff
iff

for all g, 11 Fvx—P(x)[g]
for all g, for all d in Dm, m |= —P(x)[g(x/d)]

for all g, for all d in Dm, ﬂ)(ﬂ(x/d) g P
for all g, for all d in Dm, deP"

MT. M -VxP(x) iff, for all g, for some d'in D", deP”

Proof:

M E-VxP(x)  iff
iff
Iff
iff

iff
iff

for all g, M =VxP(x)[g]
for all g, not (11 FvxP(x)[g])

for all g, not( for all d in D, 11 k P(x)[g(x/d)])

for all g, for some d in Dm, not (m|=

P()[g(x/d)])
for all g, for some din Dm, Ml?(x/d) e P

for all g, for some d in D", de P
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MT. M Rvx(P(x)—>Q(x)) iff, for all g, for all din D", de P" orde Q"

Proof:

M EYX(P(X)>Q(x)) iff
iff

iff
iff

iff

for all g, M1 Fvx(P(x) ->Q(x)) [g]
for all g, for all d'in D™,

Mk P(x) =»Q(x)g(x/d)]

for all g, for all d in D", either Mk
P(x)[g(x/d)] or not M | Q(x)[g(x/d)]

for all g, for all d in Dm, [[x]g(

m
b i < @
for all g, for all d in D", deP " orde Q™

eEPnTor

X/d)

MT. M bvx(P(x)vQ(x)) iff, for all g, forall din D", de P orde Q™

Proof:

M EYX(P(X)vQ(x))  iff
iff

=

iff

iff

iff
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for all g, 11 Fvx(P(x)vQ(x)) [9]

for all g, for all d'in D™,

M F P(x)vQ(x)[g(x/d)]

for all g, for all d in D", either Mk
P(x)[g(x/d)] or 1 } Q(x)[g(x/d)]

for all g, for all d in Dm, [[xﬂ(x/d)e P" or

m
IIX]]gx(x/d) €Q
for all g, for all d in D" deP"orde Q™

MT. ™ }3xP(x) iff, for all g, for some d in D", de P"

Proof:

m }:EIxP(x) iff
Iff
iff
iff

for all g, 11 FAxP(x)[g]
for all g, for some din Dm, m }: P(x)[g(x/d)]

for all g, for some din Dm, Ml?(x/d) c P
for all g, for some din Dm, deP"

MT. 13 }:EIx—P(x) iff, for all g, for some din Dm, deP

Proof:

m }:ElxﬁP(x) iff
Iff
iff
iff

for all g, M1 FAx—P(x)[g]
for all g, for some din Dm, m }: —P(x)[g(x/d)]

for all g, for some din Dm, Ml?(x/d) e P
for all g, for some d in D", de P

MT. M —3xP(x) iff, for all g, for all din Dm, deP"

Proof:

1 E—3IxP(x) iff
iff
Iff
iff
iff
iff

for all g, M —3xP(x)[g]

for all g, not (11 FAXP(x)[g])

for all g, not( for some din Dm,

Mk P(x)[g(x/d)])

for all g, for all d in Dm, not (M k P(x)[g(x/d)])
for all g, for all din D, I ) P

for all g, for all d in Dm, deP"
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MT. M F3x(P(x)AQ(x)) iff, for all g, for some d in D™, d e P" and d

eqQ”

Proof:

11 EAx(P(x)AQ(x))
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iff
iff

iff

iff

iff

for all g, M FAxP(x) AQ(x)) [9]
for all g, for some din Dm,
M E P(x) AQ(X)[g(x/d)]

for all g, for some d in Dm, either m|=
P(x)lg(x/d)] and 111 | Q(x)[g(x/d)]
for all g, for some din Dm, |Ix]]27(

m
b i < @
for all g, for some d in D" deP" and de Q™

erand

X/d)
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MT. Vx(P(x) EP(c)
Proof : Let U be arbitrary. Assume for a conditional proof that
M EVXP(x). Then by previous truth-conditional metatheorems: for all

g, forall din Dm, deP". Since the quantification over g is vacuous,
it may be dropped: for all d in Dm, deP™. Since the quantification
over D is universal, it may be instantiated by the instance 1i(c):

M(c)e Ptn, which may be vacuously quantified: for all g, Mi(c) P

But this means by definition that m|=P(c). Hence by conditional
proof in the metalanguage, if 11 FVxP(x), then M EP(c). Since M is
arbitrary, this fact may be universally generalized: for any Wi, if
M EVxP(x)), then M EP(c). Hence by definition of [, VxP(x) kP(c).
QED.

MT. Vx(P(x)—Q(x)),P(c) FQ(c)
Proof : Let U be arbitrary. Assume for a conditional proof that
M EVX(P(x)—>Q(x)) and M FP(c). Then by previous truth-conditional

metatheorems: for all g, for all d in Dm, deP orde Qm, and for all g,
M(c) P, Since the quantifications over g are vacuous, they may
be dropped: for all d in D™, de P or de Q™ and (c)e P". Since the
quantification over D" is universal, it may be instantiated by the
instance 9i(c): m(c)est or Mi(c)e Q™. This combines with the
earlier fact that 11(c) eP" to entail by truth-functional logic in the
metalanguage that Mi(c)e Qm, which  may in turn be vacuously

quantified: for all g, 1(c) Q™. But this means by definition that

MEQ(c). Hence by conditional proof in the metalanguage, if
M EVX(P(x)—>Q(x)) and M FP(c), then M1 EQ(c). Since M is arbitrary,
this fact may be universally generalized: for any m, if
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M FVx(P(x)—Q(x)) and 117 EP(c), then 17 EQ(c). Hence by definition of
F, vx(P(x)—Q(x)),P(c) FQ(c). QED.

MT. Vx(P(x)—Q(x)), ~Q(c) F-P(c)
Proof : Let U be arbitrary. Assume for a conditional proof that
M Evx(P(x)—Q(x)) and 11 k—~Q(c). Then by previous truth-conditional

metatheorems: for all g, for all d in Dm, deP"orde Qm7 and for all g,
M(c) ¢ Q™. Since the quantifications over g are vacuous, they may
be dropped: for all d in D", de P or deQ™, and Ni(c)e Q™. Since the
quantification over D" is universal, it may be instantiated by the
instance Wi(c): Wi(c) P or M(c)e Q™. This combines with the
earlier fact that 91(c) Q™ to entail by truth-functional logic in the

metalanguage that m(c)er, which  may in turn be vacuously

quantified: for all g, Mi(c)e¢ P. But this means by definition that
M E-P(c). Hence by conditional proof in the metalanguage, if
M Evx(P(x)—>Q(x)) and 1M E-Q(c), then M E-P(c). Since M is
arbitrary, this fact may be universally generalized: for any 3, if
M EVx(P(x)>Q(x)) and M -Q(c), then M E-P(c). Hence by
definition of f, ¥Yx(P(x)—Q(x)),—~Q(c) f-P(c). QED

MT. P(c)Fax(P(x)
Proof : Let U be arbitrary. Assume for a conditional proof that
M EP(c). By previous truth-conditional metatheorems: i(c) P

Let us give a name of convience d”to 9i(c) in D". Hence d’ e P".
This d” may be existentially generalized: for some d in D", aeP". A
vacuous quantificastion over g may now be added: for all g, for some
din Dm, de P, Then, by an earlier truth-conditional metatheorem,
11 E3xP(x).
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Hence by conditional proof in the metalanguage, if " FP(c), then
M FxP(x). Since M is arbitrary, this fact may be universally
generalized: for any 1, if M EP(c), then M E9xP(x). Hence by
definition of f, P(c) F3xP(x). QED.

MT. Vx(P(x) E3x(x)
Proof : Let U be arbitrary. Assume for a conditional proof that
M EvxP(x). Then by previous truth-conditional metatheorems: for all

g, forall din Dm, deP". Since the quantification over g is vacuous,
it may be dropped: for all d in Dm, deP™. Since the quantification
over D™ is universal, it may be instantiated by the instance d’ :
deP™. This o’ may be existentially generalized: for some d in Dm,
d’e P A vacuous quantificastion over g may now be added: for all

g, for some d in Dm, de P, Then, by an earlier truth-conditional

metatheorem, "I E3xP(x). Hence by conditional proof in the
metalanguage, if M FvYxP(x), then M FxP(x). Since M is arbitrary,
this fact may be universally generalized: for any 91, if 11 FVxP(x),
then 111 F3xPxc). Hence by definition of F, VxP(x) F3xP(x). QED.

MT. (Barbara) Vx(M(x)—P(x)), Vx(S(x)—>M(x)) k Vx(S(x)—>P(x))
Proof : Let U1 be arbitrary. Assume for a conditional proof that
M EVYx(M(x)—P(x)) and M FYx(S(x)—>M(x)). Then by previous truth-

conditional metatheorems: for all g, for all d in D", deM" or d e P,

and for all g, for all d in Dm, d ¢S" ord e M*.  Since the
quantifications over g are vacuous, they may be dropped: for all d in
D", deM™ or de P, and for all d in D™, de S™ or de M. Since the

quantification over D" is universal, it may be instantiated to the

Page 5

arbitrary instance d”: d’ eMord’eP™ andd’ ¢S" ord’ e M. By
truth-functional logic in the metalanguage, it follows that d” ¢ s™ and
d’eP". Since d’ is arbitrary, this may be universally generalized:

foranyd’, d’ ¢ s™and d’eP". Consider now an arbitrary g’ (x/d”)
such that Clearly g” (x/d” )(x)=d’, and hence by substitutivity of =, g’
(x/d” )(X)eESm and g’ (x/d”)(x)e P". Then by the turh-conditions for
-, MES(X)>M(x)[ g” (x/d” )] Since d’ is arbitrary this may be
universally generalized, for any d in Dm, m |=S(x)—>M(x)[ g’ (x/d")].
But then by the truth-conditions for V, M EVx(S(x)->M(x)) g’ 1.
Now, since g’ is also arbitray, it too may be universally generalized:
for any g, D1EVX(S(X)->M(x))g]. But then by definition,
M EVX(S(x)—>M(x)). Hence by conditional proof in the metalanguage,
if M EYx(M(x)—>P(x)) and 11 FVx(S(x)—>M(x)) then 11 FYx(S(x)—>M(x)).
Since 11 is arbitrary, this fact too may be universally generalized: for
any 11, if MEYx(M(x)>P(x)) and M EYX(S(x)->M(x)) then
1 EVX(S(X)—>M(xX)). Hence by definition of |= Vx(M(x)—P(x)),
Vx(S(x)—>M(x)) F vx(S(x)—P(x)). QED.

MT. (Celarent) —3Ix(M(x)AP(x)), VX(S(X)—>M(x)) F =3Ix(S(x)AP(x))

Proof : Let U be arbitrary. Assume for a conditional proof that
M1 E=IX(M(X)AP(x)) and 11 EYx(S(x)—>M(x)). Then by previous truth-
conditional metatheorems: not (for some g, for all d in Dm, deM”
and d € P"), and for all g, for all d in D™, d ¢S™ or d e M". By
quantifier negation and DeMorgans Law in the metalanguage, for all
g, for some d in D", de M" and d¢ P". Since the quantifications
over g are vacuous, they may be dropped: for all d in Dm, deS"ord

e M, and for some d in Dm, de M™ and de P". Let us give a name
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of convenience to this “some d” and call it d, and universally
instantiate the “for all & to d” as well: d’eS" ord’e M, and d’e M

and d’e P". Since d’e M", and either d’g S or d’e M, it follows by
truth-conditional logic in the metalanguage that d’¢ S. Hence, d’¢ s
and d” ¢ P". This case of d’ may be existentially generalized: for
some d in Dm, d ¢S" and d’e P", to which a vacuous universal
quantification over g may be added: for all g, for some d in Dm, d
#S" and d’¢ P". Then by DeMorgan’s Law and quantifier negation
in the metalanguage, not (for some g, for all d in Dm, d’eS™ and d’e

Pm). Hence, by previous truth-conditional metatheorems,

M1 E-3x(S(x)AP(x)). Hence by conditional proof in the metalanguage,
if M E—Ix(M(X)AP(x)) and M1 EVX(S(x)—>M(x)) then
M E-3X(S(x)AM(x)).  Since M is arbitrary, this fact too may be
universally generalized: for any M, if 91 E-3Ix(M(x)AP(x)) and
M EVX(S(x)—>M(x)) then M F—3x(S(x)AM(x)). Hence by definition of
}=, —Ax(M(X)AP(x)), ¥Yx(S(x)—>M(x)) E ~3Ix(S(x)AP(x)). QED.
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