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HISTORY AND PHILOSOPHY O F  LOGIC, 5 (1984), 143-176 

The Semantics of Frege's - Grundgesetze 

JOHN N. ~ ~ A R T ~ N  

Department of Philosophy, University of Cincinnati, 

Cincinnari, Ohio 45221, U.S.A. 

Received 22 September 1983 

Quantifiers in Frege's Grundgeserze like ( V x ) ( F x  & Gx) are not well-defined because the part Fx & Gx 
btands for a conccpt but the yoking conjunction is horizonralised and must stand for a truth-value. This 
rtandard interpretation is rejected in favor of a substitutional reading that, it is argued, both contorms 
berrer I O  the ley! and is well-defined Thr r l~rorv o f  rhc horizontal is investigated in detail and thecornposite 
reading of Frege's connec~ives as made up of horizontals i< rcjccted. The sense in which the Grundgeserze 
ha5 a many-valued but clabbical Ioy i~  i z  esplained by proving that its propovitional fragment (under the 
standard interpretation) and Bochvar's 3-valued logic are instances of the samc metatheoretic methods. 
Hisrorically, the paper argues for a niore naive but wcll-defined reading of the rexr. Theoretically, ir 
provides a formally adequate statemenr of that semanticb, i ib  well as developing the abstract metatheory 
which ernbraces Bochvar's language and the Fregean l'ragrnent. 

1 .  The problem of undefined cases 
Various interpreters of Frege's semantics have suggested that the reference rela- 

tion as Frege envisaged i t  for his formal language of the Grundgesetze der Arithmetik 
is ill defined. The problem derives from the simultaneous application of two features 
of Frege's theory. First is thegeneral principle that referenceof part determines refer- 
ence of whole, and second is what Frege has to say about the functions which com- 
bine to form wholes. If Frege's commitment to the first principle is read as a commit- 
ment to a categorial semantics in the modern sense, then functional expressions made 
up in turn of other functional expressions as parts, should have references that are 
defined for the references of the parts. But what Frege says is that the reference of the 
functional expression forming the whole is defined for only objects whereas the refer- 
ences of the parts in this case are functions, not objects. 

My purpose in this paper is to explore the exact nature of this ill-definedness prob- 
lem, and the evidence for the categorial interpretation that begets i t .  I shall argue that 
the categorial reading goes beyond the text in important ways and is really an attempt 
ro fill out lacunae in Frege's exposition so as to produce a fully developed semantics 
in the modern sense. I shall also try to show that it is possible to fill out Frege's explicit 
semantics in a way that both conforms bettcr to the text and avoids the undefinedness 
problem. The result is a claim that it is historically inaccurate to find in Frege a 
'Fregean' semantics, as the term is understood in modern logic. 

A large part of the discussion will concern Frege's horizontal operator. It will be 
shown how on the categorial interpretation, i t  can be understood to have essentially 
the same conceptual role as the [ruth-operator of Bochvar's three-valued logic, but 
that nevertheless Frege's own understanding of the horizontal was more modest. 
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144 John N. Marrin 

2. Fregean semantics in modern logic 
It has become the custom to  describe a general approach to  modern semantics as 

Fregean. Its main fealure is a certain parallelism between syntax and semantics that is 
suggested in some of Frege's writings. In 'On sense and reference' in particular, he 
seems to assume a syntax in which parts determine wholes and a parallel semantic 
structure in which the references of syntactic parts determine the references of 
syntactic wholes. At onc poin; hc comcs very close to  using rhe mnderr! notinn nf part 
and to  explaining the influence of part on  whole as one  of determination (p.35/65: 
for an  explanation of the forms of citation of Frege, see the bibliography). But most 
of the evidence for this interpretation derives indirectly from his argument that truth- 
values are the references of sentences (32/62 ff.). H e  argues that just as substitution 
of co-referential parts preserves the reference of the whole when the parts are simple 
names, so does substitutivity of materially equivalent sentential parts. The reference 
of the whole in thc first case is a truth-value, and so it should be in the second. If 
material equivalence is viewed as two sentences standing for the same truth-value, 
then a bin& principle will explain the substitutivity properties of both names and 
sentences: wbstirurion of co-referring parts preserves the reference of the whole. 
Moreover, there seems to  be no other candidale for the reference of sentences that 
would at the same time be h i i i  pia~isi'ole and render the substitutivity principle true. 
Thus,  Frege concludes, sentences refer to truth-values. 

What is interesting in this argument is the presupposed link between substitutivity 
and parallelism. One seems to  imply the other. A sentence can be compared to  a brick 
wall. The wall is a whole composed of individual bricks as parts. The  color of  the 
bricks determines that of the whole and,  as a result, substituting bricks of like color 
will not alter the color of the whole. Conversely, if color of parts alone did not deter- 
mine the color of the whole, then substitutivity of parts of  like color could not be 
relied upon t o  leave the whole unchanges. Frege seems to  have some such metaphor in 
mind,  but he does not say so in so many words and certainly comes nowhere near to  
laying out  in a mathematically rigorous way the properties of structures needed to  
insure true parallelism and its related substitutivity. These properties have been quite 
generally defined in modern algebra, and one of the attractions of Frege's discussion 
is that he seems to  make use of these ideas in a rudimentary way. 

The modern notion of parallel structure is defined by reference to abstract struc- 
tures'consisting of a set followed by a series of functions on that set. If 

are two structures of the same type in the sense that operations of the same rank take 
the same number of argument places, then a function from A into B is called a 
homomorphism from S1 t o  S2 iff for any i, 

Such a function that is 1 - 1  and onto  is called an isomorphism. The notion of a func- 
tion constructible in a structure S = < A ,  f,, . . . f,> may be defined recursively: 
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The Semantics of Frege's Grundgesetze 145 

f,, . . . , f,, are constructible in S and if g, h , ,  . . . , h, are all functions constructible in 
S and 

then k defined on A as follows is constructible in S :  

A relation E on A is said to be a congruence relation on S iff for any function k 
constructible in S, 

k ( x , ,  . . . , x , )  k ( y , ,  . . . , y,) iff x, G y ,  &. . . & x ,  r y,. 

Parallelism determines equivalence under substitutivily i r ~  the sense thar a homo- 
morphism determined a straightforward congruence relation, and conversely a con- 
gruence relation determines an obvious homomorphism. If h is a homomorphism 
from S1 lo S 2  we define = as foiiows: 

x = y iff h ( x )  = h ( y )  

Conversely, if B is the set of all =-equivalence classes [ y ]  = {y : y x }  for any ele- 
ment x of A and g i ( [ x , ] ,  . . . , [x , ] )  is defined to be [ f , ( x , ,  . . . , x , ) ] ,  then the function 
f; f r ~ m  A ?G !? defined as h ( x )  = [Y! is I homomc~rphism form S to < B, g ! ,  . . . g,?>. 

In formal semantics these ideas are adapted to explicate the idea of a language 
with parallel syntactic and semantic structure. First a syntax is defined as a structure 
on a set of expressions with operations that map expressions into expressions in the 
manner of more traditional formation rules. A semantics is then defined as a 
structure of the same type on a non-empty set of semantic values or references. 
Finally, a language is defined as a pair consisting of a syntax and semantics of the 
same type. Intuitively, the operation corresponding to a formation function is a 
semantic rule that determines the reference of a whole formed by that formation 
operation given the references of its immediate parts as arguments. A semantic 
interpretation or reference relation is defined as any homomorphism from syntax to 
semantics. Usually the set of expressions of a syntax is defined as the closure under 
the syntactic operations of a set or series of sets of atomic expressions. In this case a 
reference relation is defined recursively by first stipulating the values of atomic 
expressions and assigning references to whole expressions by applying the corres- 
ponding semantic operation to the references of its immediate parts. If S1 and S2 as 
previously defined are res~)lec?i~e!y this kind nf syntax and its parallel semantics, and 
R is a recursively defined reference relation between them, then the assignment of a 
reference to a molecular expression f , (x , ,  . . . , x,) is determined from the references 
of the immediate parts and the corresponding semantic operation gi according to the 
following rule: 
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146 John N.  Martin 

Thus,  jusr as a syntactic nperarinn is a formal version of a tradiiioriai foi-iiiatioii i-iile. 
its corresponding semantic operation is a formal version of :he traditional semantic 
rule used to ir,te:pre? expressions fnrzec! by that ru!e in it, c!au?c in !he r e i _ . ~ r ~ i u e  defi- 
nition of the semantic vaiue assignmenr. A language may also exhibit tile prvperiy . . 
Lila[ e ~ c i  j- jcIiianr;i; c~ipei-a;iufi I:, d i r e i ; j j -  ;qrcjci;icd ii: rhc sj.n:ax by exprcssioc 
that essentially refers to it. Such a language is known as a categorial grammar which 
for our purposes we may define as a syntax, a semantics of like type, and a set of 
recursively defined reference relations obeying (1) that in addition conform to the 
following constraint: 

(Here the notation f!x)(p) = z means g ( y  ) -- z where f ( x )  = g. )  
Frorn (1)  arid (2) ii follows that kvirhin a carcgoriai gr2iiliiii;i iefereiice of a whole 

expressinn is dwprmined cornpleiely by the references of its parts: 

Such a grammar is sometimes further simplified syntactically. Since all complex 
exprexsions are assigned references in the same way, as explained in (3), there is no 
need tc. keep track of the syntactic differences among complex expressions. Indeed, 
formation rules may all take the same form. For example, they may all be simple con- 
catenation rules taking the form: 

f , ( x , ,  . . . , X,,,) = X,,Yi . . . X n ,  1 .  (41 

We may then deduce a single principle of interpretation applicable to all expressions: 

Historically, categorial grammars were first studied by Ajdukiewicz, who was 
interested in their syntactic properties and did not provide semantic interpretations. 
The modern semantics with its structure parallel t o  syntax may fairly be said to find 
its inspiration in Frege to the extent that Frege too advocated a parallelism but of a 
less precise sort.' But to read Frege as intending a categorial semantics in the strict 
sense for the Grundgesetze is another matter. 

1 Modern abstractions from Frege of homomorphic parallels between syntax and semantics can prob- 
ably be traced to Rudolf Carnap, though clear algebraic expression of the idea seems to be somewhat 
later. I r  may be found in Waiiace i964, 99- i i i ,  and ~ h r o u g h o u ~  ihr w u ~  k of Riihard Mciiitagiis. 
Abstractions from Frege to the additional constraints of a categorial grammar are found in Kaplan 
1964, Chapters I and 11; Pott, 1973 and 1977; and Cresswell 1973, esp. pp.5 and 75ff. The main root 
of categorial grammars, however, is independent of Frege and goes back to Ajdukiewicz. See Bar- 
Hillel er alii 1964. 
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The Semantics of Frege's Grundgesetze 147 

3. The categorial interpretation 
Commentators specifically interested in the precise statement of the semantics of 

!he Grundgevtz~ either quite clear attribute to Frege a categoial semantics or ascribe 
to him general principles highly suggestive of a categorial framework. The explicit 
vcrsiom of the categorial interpretation all agree that theoperators. both theconnect- 
ives and the variable binding operators, are to be read as referring expressions stand- 
i i ig  cur- semaniii. i;pcra:i~n; on references. The reference nf a whnle made up nf an  
operator is then computed in the manner of (3). 

This interpretation rests largely on what Frege says about functional expressions. 
First of all is a claim about the syntax of the Grundgesefze. All complex proper names 
on this reading are understood to begenerated by a formation rule that takes a func- 
tional expression with various sorts of place holders and an equal number of proper 
flaxes as argnments and then produces the comple-x name by filling the positions of 
the place holders by the names occurring as arguments. Frege consistently remarks 
that the result of substituting names for argument5 into argument-places of func- 
lict~ial exprebjions yields a propcr name: 'We obtain a namc of the value of a func~ion 
f(v art argument if we fill the argument-place in the name of the function with the 
name of the argument' (Grundgesrrze, 1 :6/34). 

A rypical example is his remark :ha ' ?3'> 2' results from '-----5' > 2'  
-3 > 2  L < > 2  

by '3' being substituted for '6' (Grundgesetze, 13:23/54). These substitutional facts 
are then read as revealing the order of construction implicit in Frege's unstated but 
implicit formation rules. That Frege consistently speaks of obtaining complex proper 
names by substituting argument names for place holders in functional expressions is 
taken as evidence for a formation rule that constructs complex names in just this way. 
Hans Sluga puts the interpretation this way: 'Frege holds that we can divide ihe 
words of our language into those which determine the structure of a complex phrase 
in which they occur and those which do not. The latter are Frege's names, and the 
former his functional expressions'.' 

This syntactic thesis is supplemented by a semantic one that is a result of viewing 
Frege's language as categorial. Together with principle (3)  i t  follows that the refer- 
ence of a proper name is computed by applying the reference of its component func- 
tional expression to the references of its component names. Edwin Martin describes 
the semantics as follows: 'The reference of a complex expression is the value of the 
function which is the reference of the expression's main function-name when it takes 
as arguments the references of the expressions which fill the main function-name's 
argument places' (1974,441). Similarly, Dummett writes that a functional expression 
is ' . . . a part-or more properly a (partial) feature-of some expression which as a 
whole stands for an object . .  . '.' On this reading then Frege postulates a semantic 
operation that does the work of a semantic rule corresponding to the formation rule 
that takes names and functional expressions to yield names. The operation is referred 
to by the functional expression, and reference is determined as iii (3), i n  a manner 
suggestive of a categorial grammar. 

2 Sluga 1980, 140. See also Dumrne~i 1981, 23, 24, 38, 39, and 176; and Currie 1982, 23. 
3 Dummett 1981,250.SeealsoE. Martin 1971.49; Dummett 1981,159and 1982,319;andCurrie1982,23. 
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148 John N. Martin 

A straightforward consequence of having adopted such a general categorial read- 
ing of the Grundgesetze is that it should apply case by case to the various sorts of 
sentences, all of which Fregeincludes with thecategory of a proper name. The analysis 
in each case proceeds by poslulating a formation rule that breaks down the sentence 
type into a functional expression and component proper names, by determining the 
function that the functional expression refers to, and then by determining the refer- 
ence of rhe sentence Ivpe hv applving this function in the manner of (3).  In the cases 
of the functional expressions for the primitive connectives of the horizontal, nega- 
tion, and the conditional, Frege is fairly clear that he intends the connectives to stand 
for concepts and about what functions these are.4 Frege's analysis may be stated 
rather simply in set-theoretic notation if we acknowledge his stipulation that func- 
tions are not to be identified with their extensions but are to be understood rather as 
undefined primitives. Frege calls a function's extension its course-of-values, and this 
corresponds essentially to the modern set-theoretic analysis of a function into setsof 
n-tuples. Let us represent the set of (non-extensional) functions from B into A by AB, 
and the set of functions into A with first argument in Band second in Cas A''" '. Let 
0 be the set of all objects understood to include the trurh-value T for the True and 
F for the False. Frege explains that the functional expressions for the connectives 
refer to function from nhjects to objects that for a n  arbitrary reference relation R 
may be defined as follows: 

R ( - 6 )  = ( I  f ) ( f & o O &  ( ~ x e O ) ( x  = T - +  f ( x )  = T.&. (6) 
x #  T +  f ( x )  = F ) ) :  

R(T-S) = ( 1  f ) ( f & O 0 &  ( V x e O ) ( x  = T -  f ( x )  = F .&. (7) 
X Z  i - + f ( x j  = Tjj: 

Sentences with a quantifier ranging over objects can be obtained from second-level 
functional expression, those which refer to a function from concepts to objects, as 
follows: 

4 As Heck and Lycan point out (1979, 488). there is some evidence for understanding the function 
referred to by the negation functional expression, analyzed here in (7), to be 'horizontal' in the sense 
of having the function g defined in (6) (or one like it resrricted to just truth-values) applies to the rele- 
vant arguments. The Issue is discmsed in detail below. Rriefly, 1 opt for the unhorizontalized (7) 
because it is equivalent to the horizontalized version and because it conforms to those functions 
corresponding to the conditional and the quantifier which in the Grundgeserzeare nor horizontalized. 

For (6) see Grundgesetze, 5:9/38; for (7) see 6: 10/39; for (8) see 12:20/5 I ; and for (9) see 8: 1 1/40 ff. 
and 26:43/81. 
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The Semantics of Frege's Grundgesetze 149 

The controversial par1 of the categorial interpretation now begins. An interpretation 
for the sentence types generated from these four functional expressions follows 
directly from the general for111 of a categorial interpretation (3) ,  together with the 
functions just defined. Let A and r be sentences, let a functional expression @ (0 with 
placeholder 4 contain no occurrences uf a ,  and let @ ( a 1 be like @ ( 5 )  except for con- 
taining a wherever @(<) contains <. Applying (3) to (6 ) - (9 )  then yields the standard 
account of scntcntial rcfcrcncc: 

Of these four formulas. I think (13)  alone is an accurate rendering of what Frege 
intends (see Grundgesetze, 8: 12/42 and 21 :37/74).  But in addition there is some evi- 
dence to think (10)-(12) do capiiire Frege's views. First of all is the general argument 
that Frege is committed to global categorial approach, a thesis which is in turn justi- 
fied by what Frege says about functions as explained previously. What 1 shall try to 
show is that though Frege does intend the connectives to stand for the functions 
captured essentially in (6)- (8) ,  he would not subscribe to the categorial analyses 
given in (10)- (12) .  1 shall also explain how his views on functions admit of exceptions 
and how they may be read as inconsistent with universal application of a categorial 
rule like ( 3 ) .  A second sorr of evidence for (10)-(12) is textual. Frege does sometimes 
write in a way suggestive of these formulas, and in due course I shall discuss the rele- 
vant texts. 

But before discussing the reasons for the categorial reading, we should note its 
most striking consequence for Frege's semantic theory. On the categorial reading, the 
semantics is not well-defined; some well-formed expressions are not assigned refer- 
ences. This problem is acknowledged by defenders of the categorial reading. Edwin 
Martin describes one case as follows: '"&" is apparently a truth function when 
standing between sentences but is not when contributing to the references of larger 
quantificational contexts such as " V x ( F x  & Gx)"' (1971, 441). What Martin is 
suggesting is that conjunction as it appears in the expression 'Fx & Gx' must be 
defined for the references of the parts 'Fx' and 'Gx ' ,  but the references of these are 
concepts, whereas the reference of conjunction is a function defined for objects, not 
concepts. Changing the example to the simpler case of negation, the same problem 
may be illustrated in terms of the categorial principles (1)- (13) .  

An instance of (13) is: 

Together (1 1 )  and (14) entail: 
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John N .  Martin 

h i  the fiiiicii~i; or, the right side cf ( ! 5 )  !s ~lndefined for irs argument because, by 
(9), the domain of the function R ( ---\aJ-- + (  a )) is 0" but its argument 
R(-()(R (a(())) is in 0 by (7). A similar problem is pointed out by Heck and 
Lycan 1979 as following on their categorial interpretation of the horizontal. One 
instance oi rhe iaw of the arnaigamatiun of hai~iiiiilid~ (Gi'undgeseize, 5:14/43) is: 

Together (16) and (13) imply: 

Then from (17) and (10) follows: 

But thisidentity cannot hold, because by (9) theentitynamed just to theright o f '  = ' isa 
function from O0 t o  0 while its argument term to  its right names an object in 0. 

Strictly speaking, however, both these derivations are bogus; they do  not follow 
on a strict reading of the categorial principles. In both derivations the rules governing 
sentential reference are taken as explaining the reference of functional expressions 
beginning with the same operator. In (15) the rule ( 1  1) for R (TA) is applied to 
obtained R( - r@([ ) ) ,  and in (18) rule (10) for (R-A) is applied to  get 
R (-0 (4)). But since neither l - O ( t )  nor -0 (4) is a sentence, these steps seem 
to  be illegitimate. 

There still is, however, a major technical flaw in Frege's semantics under the cate- 
gorial interpretation, and which can be more accurately put as  follows. On  this 
reading n o  explanation is given of the reference of functional expressions other than 
the three particular functional expressions for the connectives given (10)-(13). But 
these three functional expressions will not suffice for determining the reference of an 
arbitrary functional expression. Moreover, on this reading the reference of an 
arbitrary functional expression is presupposed, because such an expression is used 
in the definiens of the quantifier in (13)-its reference conditions are defined in terms 
of an arbitrary functional expression @(.$). The categorial account is ill-defined in 
the sense that, though it presupposes an analysis of the reference conditions for an 
arbitrary functional expression in the analysis of the reference of rhe quantifier, its 
analyses of the reference conditions for the connectives will not suffice for deter- 
mining the reference of functional expressions of arbitrary grammatical complexity. 

4. A substitutional interpretation 
It is possible, I think, to construct a well-defined semantics for the Grundgeselze 

consistent with what Frege actually says. But before showing how, I should make 
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The Semanrics of Frege's Grundgesetze 151 

clear how much we are departing from straight exegesis. It would be anachronistic to 
find in Frege an explicit set of syntactic formation rules, corresponding semantic 
rulcs, and a recursive defi::i:ion of reference in the mode::: seme. The categorical 
interpretation which often presents itself as exegesis goes beyond the test in just this 
way by attributing to Frege a categorial grammar. Frege nowhere sets out grammar in 
the sense of generating all well formed expression from a limited lexicon and a restric- 
ted set o i  tormarlon rules. He expiains what expressions mean, but semantically not 
syntactically. ~he'formulation of a grammar sufficient for the language of the 
Grundgesetze is a project entirely supplementary to what we find in the text. There 
are, however, some loose guidelines for any reconstruction of the implicit grammar. 
It must not be too narrow in ruling out any of the acceptable expressions actually 
used in the text, and it should also assign expressions to categories consistently with 
the examples which Frege gives. The grammar must not be roo broad, either. Exactly 
how restricted i t  should be is hard LO say. Obviously not everyrhing should be 
admir~ed, but much more s h ~ u l d  be adn:itted than F:ege x!ual!y uxs .  We \hall 
encounter later a substantive issue ot interpreration that turns on how broadly the 
grammar should bc construed. The categorial intcrprctation reconstructs Fregc's 
grammar to the extent that i t  postulates a definite consrruction of whole from part 
viewing all sentences as formed from functional expressions.' 

Semantics, too, is a consrruction that goes beyond the text. Frege explains what 
expressions mean in semantic terms. But there is no reason to suppose that he does so 
in the precisely specified way of a recursive definition. His explanations of the mean- 
ings of expressions then should not be assumed to be clauses in a recursive definition. 
Rather, they should be viewed as semantic truths that serve as the measure of success 
of any attempt lo organize Frege's semantics in a recursive fashion. Only that recon- 
struction is adequate in which Frege's actual explanarions follow as metatheorems. 
We shall see shortly an example in which what Frege says about the semantics is   no ti- 
vated by quite clear interests that do not have anything to do with recursive defini- 
tions. Having made clear what it is we are about to do, let us now rurn 10 the cenrral 
issue, the interpretation of what he calls 'first-level functional expressions'. 

Frege discusses these expressions at length in the Grundgesetze (l:5/33 ff.). He is 
concerned to make the points that functions are not objects, that they are unsaturated, 
and that they are distinct from expressions. It is also clear from the Grundgesetze and 
other writings that first-level functional expressions are taken as referring to func- 
tions on objects. (See also 'Function and concept', as well as 'Coments on sense and 
meaning' and the letter from Frege to Husserl of 24 May 1891 .) But what he never 
fully formulates is the quite specific view he seems to hold about the way in which the 
particular function picked out by a functional expression is determined. His idea 
seems to be that the expression stands for thar function which rakes as an argument 
any object that is denoted by a name that may fill the gap in the functional expres- 
sion. and pairs with i t  as value the object referred to by the functional expression 
when its gap is so filled. Frege would thus be assuming that functions are defined for 

5 For careyorial inrerprerarions with quite precise grammarical claims see E. Marlin 1974, Porrs 1977, 
and Heck and Lycan 1979. 
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152 John I\'. Mart in 

all objects, and that each object has a name. This interpretation for first-level func- 
tional expressions is properly called substirutional, in the commonly used sense of the 
:EX, because the in?erpretz!ior! nf t h e  e x p - e ~ s i ~ n  in quesiion is deteiiiiined by siibsti- 
tuting names in its gap. We may give the view a more formal statement by first postu- 
1 .  - ..A """' 
~ L I I I ~  d SCL Y r i v  of basic proper names mapped by the referenre rr!a!i[rr? R onto t!ie 

set 0 of  objects. Let O(<) . @(<. 5 )  be arbitrary first-level funciiortai expressiotis of 
one and ~ w o  argurtrenth r e s p e i t i k e i j ,  ~ i i i i  < and < si-iviiig as plaxhclders in ?he gaps 
to be filled by names. Then 

R!O!<, 5 ) )  = (1fe0"'"~" ) (  V x ,  y e O ) ( E n ,  m&BPN)(R (n)  = x & (20j 
K(mj  = y & f i x .  v j  = RiOin,  m ) j ) .  

'l'racing the reference conditions of --&- O( i back through :hose of 3::). 
t h l l s  ar r wi L,lUr .,LL :hat !h:: ;r:!!h-vn!~!e of the quantifier depends on the references of names . . . . -  arra tiieii- substituiioii  iiistancrs in t n t :  fuilc~iolliii ~ X P I Z > > ~ U I I .  Togeilier i!) 2nd !!9) 

imply:' 

R (  O( a ) )  = F i f  (EneBPN)(R(@(n))  = F ) .  

The textual evidence for this reading of functional expressions is indirect. In his 
discussion of f l m c t i o n  Frege remarks thar 'We obtain a name of  the value of  a func- 
tion fcr  an argument if we fill the argument-place in the name of the function with the 

6 See also 25:42/80. 
In a passing remark in a pa<<age not directly about the quantifier, Hans Sluga explains Frege's 

quantifier in what is essentially a substitutional way, though in passages Jirrciiy abuui the ijuaiitifiei 
he explains it in Frege's own loose way as being 'about' first-level functions. See Sluga 1980, 87. 

Leslie Stevenson 1973 discusses whether Frege uses a substi~urional or referential in~erpretation of 
[lie quantifier and argues rhar he opts for a subs~iturional reading much like (21) in his early work but 
for a referential version, much like our (13) in the Grundgesetze. My p o i n ~  is that even (13) becomes 
referential once tire proper analysis of its component R (O(< )) is given. 

The same point can be tirade with reference lo Edwin Martin's suggestion in  IY82rhat even within 
the Grundgesetze one finds passages suggestive of both the referentlal and cubstitutional interprera- 
lion of rhe quantifier. It is Martin's ~hesis  that a shifting between the two interpretations leads Frege 
into error in his quasi-inducrive proof (30:46/85 ff.) that everv expression hay a reference. In the 
discussion of this proot, commentarors irequentiy interpret irs re5uit a \  ciasiring w i i l ~  i i ~ e  well k n o ~ i i  
iriconsistency of Frege's axiom system (see, for example, E. Martin 1982, 151 and Thiel1968,76). But 
~echnically speaking it is perfectly possible to  have a well-defined reference relation (in the sense that 
every expression has a reference) and simuitaneousiy have an  inc consist en^' ~ i ~ e u r  y I'ul ~iiuiateli withiii 
that language. A fir51-order naive axiomatizarion of ser rheory with an unrestricted comprehension 
principle is an example; its sernanticc ic weli-defined, but the particular set of sentences singled out as a 
theory is unsarisfiable. As will become clear. 1 am suggesting that something o f  this sort holds in the 
Grundgeseize. 
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The Semantics of Frege's Grundgesetze 153 

name of the argument' (Grundgeserze, 1:6/34). The principles (19) and (20) seem to  
be about the weakest that would be sufficient to imply the claim. In another relevant 
passage he explains not the denotation of functionai expressions bui i he  reiaied issue 
of the conditions under which such a denotation exists. H e  does not characterize 
R (@(()) but formulates a condition Csuch that ( E x ) ( R  (@([)) = x)  iff C :  'A name of 
a fircr-level function of one argument has a denorarion. . . if the proper name that 
results from this function-name by its argument-places' being filled by a proper name 
always has a denotation if the name substituted denotes something' (Grundgeserze 
29:46/84, cf. 8:11/41). 

Montgomery Furth (1966, xxviii) points out that this passage seems to presuppose 
that all objects are named. His reasoning is presumably that if a purported function 
was undefined for an  object that lacked a name, the condition C would not spot it 
and the test as a whole would be unreliable. Again, (19) and (20) find their justifica- 
tion as interpretations in that they insure the dependabi:ity of C withou: assuming 
much exira. 

How this reading of functional expresGnns would mesh with the interpretations 
o f  the orher expressions of the formal language, would depend in par: on their grani- 
mar:  Frege of course never defines a grammar in the modern way; the nearesr h e  
comes to doing so occurs in his quasi-inductive proof that every expression has a 
reference (30:46/85 jj'.). His reasoning in the argument roughly is that every cxpres- 
sion has a reference because primitive expressions have references and the mechan- 
isms for forming 'longer' expressions from 'shorter' preserve the property of having 
a reference. The argument thus assumes that there is a grammatical path from any 
expression through smaller intermediaries to basic expressions. The sort of grammat- 
icai analysis Frege assumes can be skeiched by considering the case of functional 
expressions (functors) of one argument place: 

( i )  every basic proper name is a proper name: 
(ii) if @(() is a first-level functor of  one argument and n is a proper name, then 

@(n ) is a proper name; 
(iii) If p g + u )  is a second-level functor of one argument and a([) is a first-level 

functor of one argument, then pp@(/?) is a proper name; 
(iv) every basic first-level functor of one argument place, is a first-level functor o f  

one argument place; 
(v) if @ ( n )  is a proper name and [ is a place holder for proper names, then @ ( 5 )  is 

a first-level functor of one argument place; 
(vi) every basic second-level functor of one argument place is a second-level func- 

tor of  one argument place; 
(vii) if p,@@) is a proper name and + is a place holder for first-level functors of one 

argument place, then p,+(13) is a second-level functor of one argument place. 

Frege also allows for forming functors of one argument by filling the argument 
place of a functor of two arguments by an  appropriate name, and a full grammar 
would also need provisions in the previous rules for generating to and from two argu- 
ment functors in a manner analogous to  those of one argument functors, as well as 
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154 John fi. Martin 

rules for third-le\,el functors and the quanrifier over functions. But this sketch is 
sufficient to illustrate two properries of the construction. First, the grammar does 
provide fvr alik ueii-formed exprijsion an g x p h  ccnnecting the expression through 
intermediarieq to basic expressions. 111 the example below the graph is a tree, and each 
descent 1s justified by rhe applica~iun or a rule, annotated to thc left of the expression 
generated by it,  as is shown in Figure 1 .  

Thuc, the grammar is sufficient to Frege's purpose in that i t  'grounds'each expres- 
sion in basicones. Ifhecouldprove in addition that ifcvcry immediate 'part'refersthen 
so does the outcome of a rule, he would have established his main point. (For a 
discussion of why he fails to d o  the latter see Thiel 1968, 76-77.) An equally striking 
featureof thegrammar,  however, is that it does not yield auniqueconstruction foreach 
expression, and constructions may go in circles, as the following case shows: 

It is considerations i i ~ e  rhese t h a ~  icad Ports (1573and 1977, especia!!;. p.9) to a t t r i h t e  
to Frege the syntactic interderivability of sentences (names) and functors. 

It is not clear what status to accord thegrammar (i)-(vii). Toview it as recording the 
grammar implicit in a recursive definition of reference seems too strong. But what is 
clear is that if i t  is adopted as the grammar of the Grundgeselze together with the 
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The Semantics of Frege'.~ Grundgesetze 155  

substitutional analyses of (19) and (20) of functional expressions, it follows [hat the 
semantics provided by Frege is not caregorial. Categorial grammars ordinarily call . . f - . -  -..-: ...- .---.-- ".* 

U I  u ~ i ~ y u c  g ~ d i ~ i ~ i i d ~ i ~ a l  L U I I I ~ U ~ L L I G ~ ~ ,  aiid iiiiirc iiiiportafitly, the reference of an 
expression is always determined by the reference of expressions used to generate it. 
But here the reference of a functor depends not on that of c h t  ser~~ent ia l  pr vper- names 
used in an application of rule (v)  but rather on that of a possible infinite set of substi- 
tution instances of that name. Ihere 1s no 5~andard  sense 111 wh~ch these substitur~on 
instances could be construed as the ' p a r ~ s '  of the functor within acategorial gram- 
mar.  We may speculate that on some suitable abstraction from the notion of a cate- 
gorial grammar, one that allows for an infinite number of parts and non-unique 
parsing, all the substitution instances interpreting a functor would be counted as its 
'parts' ,  but what the merits of such an abstraction would be is hard to judge. 

In the context of first-order iogic the quantifier can be interpreted referentiaiiy as 
par: cf 'a  categoria! grarrmar in several ways that do  c o n f o m  to (3). !n Tarski's early 
interprerarion sentences aie assigned [ruth-valiies as references relative lo a paiticular 
assignment of values lo the variables known as a satisfaction sequence. Ihe  result 15 

[hat the syntax of sentences is homomorphic under an assignment o f  rcfcrenccr to [he  
structure of truth-values organized by truth-functions. More elegant perhaps is 
Tarski's later interpretation in which sentences, both open and closed, stand ior sets 
of satisfaction sequences, for the set of all sequences relative to which they are true. 
An algebra of these sets is then straightforwardly homomorphic to syntax. It is even 
possible to obey the categorial restraints and follow Frege somewhat more closely by 
assigning truth-values to closed sentences and functions from objects to truth-values 
to open sentences. An algebra of operations definable for both truth-values and 'con- 
cepts' is then definable that is homomorphic to syntax.'Rut each of these three refer- 
ential accounts of first-order logic departs from Frege in major ways. Since both of 
Tarski's accounts assign open and closed sentences the same sort o f  interpretation, 
neither draws Frege's semantic distinction between the two types of expression. Open 
sentences, the first-order equivalent to Frege's functional expressions, and closed do 
not stand for fundamentally different sorts of things. Tarski's later accounts also 
share a major non-Fregean feature with the third account. In both the semantic 
operations corresponding to the connectives are defined for both objects and 
'concepts' rather than for just objects as Frege would have it. There is, I think, a lesson 
in the failureof first-order semantics to accurately match Frege's. It is difficult, perhaps 
impossible, both to assign to the various categories of expression the values Frege 
wishes and to simultaneously conform to the restraints of a categorial grammar.  
Frege's own semantics may be understood as coping with this dilemma by opting for 
what is essentially a non-categorial substitutional interpretation of the quantifier. 

5. The formal semantics 
The motivational remarks of the last section may now be drawn together by a for- 

mal statement of a fully defined semantic theory. The language o f  Grundgesetze will 

7 For  a statement of the two versions of Tarski 's semanrics and  the Fregean alternalive, as  well as  a d i s -  
cussion o f  [heir properries as  categorial grammars ,  see my 1977. 
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156 John N. Martin 

be simplified in several non-essential ways. Omitted areexpressions for generality ($a), 
the operator for the definite article (a 1 1 ), and functional expressions of more than one 
argumeni piace, and t he number of variab!es is !imited !c! those Frege actual!y uses. As 
before no assumption is made about the set Oof objectsot her than i t  contains Tfor the 
True and Ffor the False, and functivns are io be uliderstood as non-extensional primi- 
tives distinct from their courses-of-values which are identified with sets o f  n-tuples. For 
simplicity (AB)  will do double duly as a type in 1t1e syntax a i d  a5 L I I C  bct AXof  (non- 
extensional) functions in the semantics, and likewise (ABC)is used for both a typeand 
theset The format of acategorialgrammar is observed to thedegree permitted 
by the interpretation, and predicatesand operators are accordingly treated as genuinely 
referring expressions standing for functions that apply to the references of a sentence's 
immediate parts. The grammar is also defined so as to avoid syntactic ambiguity and 
loops. To each expression it is possibie to associaie a uiliqiie finite grammatical tree 
tracing its constructions through shorter expressions to basicexpressions. In doing so I 
suppress one half of the syntactic in:erderivr:bi!ity :xn!ioned in the grammar (i) -- (vii) 
holding between sentential proper names and functors. I t  should be stressed that i n  
doing so. I am tivl so ~nuch violating Frcge's cxplicit grammar, as grammar is now 
understood, as I am regularizing in an anachronistic manner for the purposes of 
recursive semantics the syntactic reniarks Frege makes for other purposes. 

Since (i)-(vii) associate with each expression a connected graph grounded in basic 
expressions, the semantics below could be adapted to a grammar that preserves the 
interderivability, perhaps in the manner of Potts. The result would be well defined 
with the same set of assertable sentences, but not a categorial syntax. 

Though I conform to the categorial tradition in syntax, doing so in the semantics 
would contradict Frege's exp!id? remarks on functional expressions. In violation of 
the categorial requirement (3), the reference of these expressions is not defined in 
terms of those of their immediate parts, bul rather in the way spelt out in the substitu- 
tion interpretation. In conformity with this substitutional interpretation, the assump- 
tion is made explicitly that all objects and all first-level functions are named. No 
assumption, however, is made about the cardinality of these sets. That is some inten- 
ded interpretation these sets may be non-denumerable and beyond the naming capa- 
city of a denumerable grammar is a limitation of any substitutional interpretation, 
and certainly not unique to Frege. (There is now a substantial literature on the limita- 
tions of the substitutional interpretation. See, for example Dunn and Belnap 1968, 
and Kripke 1976.) No attempt is made to reconcile the semantics with the proof 
theory of the Grundgesetze. The axiom system is inconsistent and would require 
major correction well beyond anything Frege himself contemplated, and well beyond 
the scope of this essentially semantic study. 

For our purposes it will suffice to define a complex symbol in intuitive syntactic 
terms as any string of symbols, and we shall say that a complex symbol is apa r t  of a 
longer string of ymho!s i f  i t  occrlrs within it. We let A (B)  stand for a complex sym- 
bol containing B as a part, and let [A (B)] C/B refer to that symbol like A (B) except 
for containing Cwherever A (B) contains B. The set of rypes is defined as the least set 
such that 0 is a type and if A and Bare types then so are (OA )and (OAB). Parenthe- 
ses surrounding type notation are dropped if convenient. 
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The Semanrics of Frege's Grundgeset~e 157 

The grammar consists of a series of sets of expressions defined as follows. They 
are divided into rhose which are lexical and defined by stipulation and those which 
are coiiipiex and defined in clauses :ha: describe their fnrrmtion. 

(1) Lexical expressions. 

(A) The set of basic proper names of-type O is {c, , . . . , c,, . . . j ,  and 
the set of basic proper names of type 00 is { f , ,  . . . , f,,, . . . }; 

(B) the set of predicates of type 00 is {-, T), and 
the set of predicates of type O ( 0 0 )  is { = , =}; 

(C) the set of operators of type O ( 0 0 )  is { ,), and 
the set of operators of type 0 ( O ( U 0  jj is { 1: 

(D) the set of variables of type 0 is { a ,  e .  E). and 
the sel of variables offype 00 is { f }; 

(E) t h e s e t o f p I u c e t t 0 l d e r ~ o f t y p e O i s { ~ , 5 , ~ } , a n d  
the set of place holders of type 00 is {+, y, } .  

(2) Complex expressions. 

(A) The set of proper names (of type 0 )  is the least set such that 

(i) every basic proper name of type 0 is a proper name; 
(ii) if A is a predicate or basic proper name of type 00 and Bis a proper 

name of type 0 then AB is a proper name, and if A is a predicate or' 
type O ( 0 0 )  and both B and C are proper names of type 0 ,  then 
ABC is a proper name; 

(iii) if (a) @(n) is a proper name, 
(b) n is the basic proper name of type 0 ,  
(c) v is a variable of type 0, and 
(dl @ ( v )  = [@(n)l v/n, 

then + 0 (v) and $@(v) are proper names (here v is said to 
be bound in each); 

(iv) if (a) p, @ (lj) is a proper name containing 0 (0) as a part, 
(b) /I is bound in pp@(lj) but not bound in a@), 
(c) for some basic proper name n of type 0 ,  @(p) = [@(n)JP/n, 
(d) v is a variable of type O ( 0 0 ) ,  and 
(e) v,?W) = hp@VJ)I vW)/@(B), 

then + ppv(lj) is a proper name. 

(B) The set offunctors of level one (of type 0 0 )  is the least set such that 
if (i) @(n) is a proper name, 

(ii) 5 is a place holder of type 0, and 
(iii) for some basic proper name n of type 0 , @  (5) = [@(n)lt/n, 

then @ (5) is a functor of level one. 
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158 John N. Marrin 

(C) The set of functors of level two (of type 0 ( 0 0 ) )  is the least set such that 

if (i) ~ , ~ @ ( 1 3 )  is as in (a)-(c) of (A-iv) above, 
(iij 6 is a place holder uf iype 00, ami 

(iii) pa+@)  = klp@(/3)19(8)/@(8), 
then ppg(J') is a functor of level two. 

The partitioning of expressions determined by this grammar is used to define the 
key concept of the semantics, the notion of a reference relation. It will suffice to 
assign values to  expressions according to  their syntactic variety. Those for lexical 
expressions are defined directly and those for complex expressions by recursion. Let 
0 be a non-empty set containing T a n d  F. A reference relation is any function R on 
expressions that assign values as follows. 

(1) Lexical expressions. 

(A) For any basic: proper riarnc ri u f  type 8, R (n j&O; 

(B) R assigns functions in OU to basic proper names of type 00. and R 
assigns values to predicates as follows: 

(i) R(-) = ( l . , f ~ 0 0 ( b ' x r O ) ( x  = T +  f ( x )  = T.&.  
x f  T +  f ( x )  = F), 

(ii) R ( - r )  = ( l f rOO)(VxrO)( r  = T +  J(x) = F .&. 
x t  T +  f ( x )  = T), 

(iii) R ( = )  = ( ~ f ~ 0 0 0 ) ( ~ x , y ~ O ) ( x = y + f ( x , y )  = T 
.&. x # y + f (x, y )  = F), 

(iv) R ( l C )  = ( 1 f r 0 0 0 ) ( V x , y r 0 ) ( x  = T & y #  T . +  
f(.w, y )  = F : & : x f  T v y  = T.-'f(x,y) = T ) ;  

(C) R assigns functions to operators as follows: 

(2) Complex expressions (by category corresponding to clauses in the syntax). 

(A) Proper names. 
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The Semanrics of FregeS Grundgesetze 159 

(B) Functors of Level One. 
R ( @ ( < ) )  = ( l f~OO)(€tx~O)(En)(n is a basic propername type O & f ( x )  

r, /A. /.. 1, = A \ W [ f l j J .  

jC) F i ~ ~ i c t i ) r \  of Lecel Tho.  
R (p,+@)) = ( i f iOO)(  tr 'g~OO)(Eh) (11 1s a basic proper name of type 

nn g g = R ~lh(:\ \  k11.i = R (unh(p)) 
(recall by the syntax that for Eome basic proper name n of  type 0 ,  
h(4) = [h(n)]</r? and h(0) = [h(n)lP/n).  

A reference relation R is said to be acceprable iff it meets the following expressibility 
c~nd i t ions :  

(i) for every XEO, there is a basic proper name n of type 0 such rhar R jn j = x, 

and 

(ii) for evrry/~nC?; there is a basic p r q e r  name h of type 00 such that K (h  j = .t: 

A proper name A may be said to bc a logical trurii or to be (sernaniicaiiy j assr;riiiDle 
. r l - : d "  -- 
; I  I I L ~  ILference is Tunder every acceptab!e rrfcrcnce reia~ioi~,  and we iiiay abbrcvistc 
the statement that  A is assertable by (&A, using / /  as a semantic correlate of 
Frege's proof theoretic assertion sign k.R The use of the horizontal here and its 
properties more generally are our next topic. 

6. The horizontal 
When studied in detail the horizontal is probably the most obscure feature of 

Frege's formal language. Some of these details are regularly used as backing for the 
categorial interpretation. I have postponed [heir consideration until now because of 
their complexity. 

6.1. Horizontal analysis. There is a common view about the horizontal that is 
used io suppcirt ihc catcgorial interpretation. It requires tha! a version of the stand- 
ard interpretation must hold for all the connectives and operators that in Frege's 
symbolism begin and end with a horizontal line segment. These include negation, the 
conditional, and the quantifiers. The view holds that any expression beginning with 
these symbols is to be analyzed in terms of immediate parts that themselves begin 
with horizontals, and for this reason we may call it the thesis of horizontalanalysis. It 
is in part syntactic, in part semantic. Grammatically, any expression including both 
proper names and functional expressions that starts with one of these connectives or 
operators is viewed as constructed from an expression that starts with a horizontal, if 
the symbol is a one-place connective or operator, or from two horizontalized immed- 
iate parts in the case of the conditional. Each of these horizontalized parts is in turn 
constructed from what is ro [he rigiri of ihe hiirizonta! by :he f~:..r.a~iun rg!e ?!?a! cdds 
ihe horizontal to i t .  Semantically, the analysis parallels the syntax in the categorial 

8 In the language of Secrion 6, It - is 'non-composire' and noc intended to conlain a horizontal as a 
par1 
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manner; and for this reason the thesis, if correct, would go a long way to  justifying 
the categorial interpretation. Reference of a whole expression beginning with one of 
horizontalized connectives or cperators is cornpu!ed by applying the function corres- 
ponding to  the connective or operator to its horizontalized part or parts. The refer- 
ences of these is in turn computed by applying the function corresponding to the hori- 
zontal to the reference of the expressions that occur to their right. What I shall argue 
is that this picrut-t. i:, much more p r e ~ i s e  tiiar~ a ~ l q h i ~ i &  Frcge actually saps, aiid that 
the text does not require this interpretation of functional expressions beginning with 
horizontalized connectives or operators. 

The thesis of horizontal analysis when applied together with the general assump- 
tions of a categorial grammar entails that the horizontal operations occurring in the 
analysis be reflected in the grammar itself. This condition is satisfied by another 
common view of the horizontal, which we may refer to  as the composite reading ~f 
the horizontal i~ed connectives and opet-ators. On this reading Frege is undcrstood to  
have intended these symho!s which a!l start and end with horizontal line segments to 
be literally a series of distinct expressions wlth a hor~zonta l  a[ bcginninp and end, and 
containing a more primitive sign for the operation or connective in question sand- 
wiched between the outside horizontals. The logical relation of this reading to the 
thesis of horizontal analysis is rather subtie. Horizontal analysis dues not alone eniaii 
that the language is categorial because it does not bear on all the expressions of the 
language; the thesis could be true yet one of its other expressions could still fail to  
conform to the categorial framework. But the thesis does lend support to the general 
categorial reading even if this justification is less than entailment. The categorial 
framework in turn requires that the semantic operations applied in the analysis of an 
expression be represented in the syntax by a part referring to  that operation. Exactly 
how this representation should be carried out  is not dictated either by the categorial 
framework o r  the thesis of  horizontal analysis; there are many possible ways in which 
the syntax could meet this condition. The  composite reading insures that one of these 
obtains. Thus it works together with the horizontal analysis to give, if correct, strong 
but not conclusive support for viewing Frege's language as a whole as  ~ a t e g o r i a l . ~  

There is yet a third view about the horizontal that though not entailed by horizon- 
tal analysis or  the composite reading goes in conjunction with them to  support a cate- 
gorial reading. This is the thesis that Frege intended the semantic functions referred 

9 Not only does the thesis of horizontal analysis not entail the composite reading, the converse fails also. 
It would be possible to read all Frege's horizontalized connectives and  operators a s  composites of 
horizontals and  more  primitive connectives and  operators,  yet analyze these primitives semantically 
without any appeal to the horizonral's semantic operation. O n e  way to d o  so would be to  alter the 
primitice symbols of the syntax o f  Section 5 s o  that the horizonral line segments were deleted from 
both sides o f  the horizontalized connec r i~es  and operators.  The  syntax and  semantics would then be 
defined for just unhorizontalized primitives and  rhe horizontal.  Composite expressions could then be 
generated by nesting the p r imi t i~es  inside horizontals, and  the expression of the Grundgeserze could 
be read as  composites of this sor t .  The composite reading would hold then in the  context o f  a non- 
standard semantics. Though formally adequate ,  such an  interpretation would leave unexplained why 
Frege never uses the primitives alone and  systematically prefers their horizontalized uses. It is for this 
reason that in the  non-standard interpretation I have given in Section 5. 1 h a ~ e  also rejected the 
composire reading. 

D
ow

nl
oa

de
d 

by
 [

Jo
hn

 N
. M

ar
tin

] 
at

 1
2:

22
 2

5 
Se

pt
em

be
r 

20
12

 



The Semantics of Frege's Grundgesetze 161 

to by negation and the conditional to be defined for just truth-values rather than 
objects in general. If defined for just truth-values, they could not in general be applied 
direciiy io proper rlliriies for then the resulting expression would lack a ref, -refice. 
Hence the role of the intervening horizontal. It transforms an object into a truth- 
value so that later applications of the connectives will be well-defined. 

Before considering the evidence for and against these views, it should be pointed 
out that though if true they support the categorial reading, the categorial reading 
does not require them. It is perfectly possible to maintain a categorial reading of 
Grundgesetze yet view Frege's horizontalized connectives and operators as syntactic 
and semantic units, analyzed without reference to deeper horizontals, referring to 
semantic operations defined for all objects. Michael Dummett (1981, 315) consist- 
ently argues for just such a reading. 

The main reason for doubting the thesis of horizontal analysis and its attendani 
views is that it leaves the reference relation undefined for a large variety of expres- 
sions. We have already seen in (16) -i 18) how ihe view that the reference of - @ ( 5 )  
determines that of 1- cP( a ) breaks down because, on the view under consid- 
eration, the former stands for a truth-value whereas the ~econd-level quantifier opcr- 
ation is defined not for truth-values but concepts. A similar problem arises for 
negation. Suppose, as Kneaie and Kneale (1962, 504), and Heck and Lycan (1979. 
488) suggest, that R (It) is defined by applying the negation function f, defined 
over truth-values only, to R (-6). But -< refers to a first-level function, and 
therefore f is undefined for its argument. A reconstruction of Frege's semantics that 
is consistent with the text but avoids these problems would be preferable. 

A second rather global reason for questioning the interpretation is that the thesis 
.L-. r--.. ulaL r l c g  intended the connectives to refer ?e functions defined on!y over truth-  
values is almost totally speculative. Indeed, in his introductory discussion of func- 
tions (2:7/35) he remarks that 'the domain of what is admitted as argument must also 
be extended to objects in general'. Though he is here discussing functions in general 
rather than the references of the connectives in particular, he does not in discussing 
the latter explicitly limit their domain to truth-values. Indeed it is possible to assert in 
the object language of the Grundgesetze the logical truth that all first-level functions 
are defined for all objects: 

Moreover, the restriction of connectives to just truth-values is unnecessary. As my 
main argument is designed to show, it is possible to construct a well defined semantics 
consistent with the text that does not make this assurnpt i~n. '~Bur despite these gene- 
ral reasons against the thesis of horizontal analysis there are arguments for it which I 
would like now to address. Three of these are matters of exegesis, and the fourth is a 
. V F ~ Y  .-.. interesting thesis a b ~ u t  [he concep!ua! role of the horizonta!. I sha!! consider 
each in turn. 

10 Thus in Section 5 only the single basic type Ois used rather than two basic types Oand { T .  F }  common 
to some modern 'Fregean' languages. In this I follow Potrs 1973 and 1977. 
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6.2 Frege's ana/.vsis o f T [ .  As Heck and Lycan ha\ e obseri ed (1979, 388) Frege 
sometimes does explain the functional expressions beginning with a connective and 
fol!owd by p!ace-tinidt-rs hy  rcferenoe ro rhe sarrlt. place-l~oldei-s begiiiiiing ii ith hori- 
zontals. Both ncgation and theconditionalareexplained this way in 'Function andcon- 
ccpt' (?8:39]]".), ar,d ::e_=2:io:: is e-pizir?ec! this 1.f a)in the Grr~nc!ge:cI:e (6:!n:3?). He 
there explains the reference of -+ in rerrns of ---<. If tiieae expianatiurrs a le  ~ o i i -  
srruc.d a iiaiibc; i l l  ail d i i~ i l ;p ;  ;I i-c;;irijii dS[iiijtiG;; rsfcrcn2- i n  ih2 :;c;.!~ of  2 
categorial grammar, as the reading i n  question dictates, [hen -< must be vielved a <  
a syntactic part of --r<, and the thesis of horizontal analysis is confirmed. But I have 
suggested that these explanations should be viewed rather as semantic truths to ~vhich 
Frege does indeed subscribe but not necessarily as clauses in a modern sernariiic defi- 
nition. In trying to understand what the roie of rhese explanations is, it is inieiestiiig 
* -  - - * -  ,L". 
LU I I U ~ ~  L l l a L  Fiegc docs not alivays f o ! ! a ~  this patterr. of euplaini~io "D a horizontalized 
connect i~e  01- operaror in  iernls o f  2 !?orizontal. In thc Cr;dnc!g2s.i.!zrzr he cuplains the 
conditiona! 7 - 4  in tcrrns a f  5 and  [ ;  not -1 and -[. and the uuantifier 

I 
-i 

->a,- .-. O( a ) is  eup!ain~d i!? !ern?\ o f @  ( { )  ra~hel-  t h a n  ihr hor-iioniaiircd ----@i> i 

(12:20/51, 8:121'4?, 21 . j i i T S j .  i i i i : ,  sbvitcii of partern is iner.p!icabii: i i i  ihr accourit oi' 
the Knedes and that of ~ e c k  and Lycan, b u ~  i f n h a i  Frege really iiai ili liiiiici ii a i i i i -  
rawly implied by the semantics of Section 5. the variation is easily explained beca~ise 
it follows from that semantics that either style of explanation is correct. Indeed, they 
are equivalent. 

Below in (24) two explanations of R aregiven. The first without a horizon- 
tal in the analysans describes R ( /<)  in the same term\ as those used in the seman- 
tics of Section V;  the second wirh the horizontal also accurately describes R (-0 
but in terms whose accuracy is dericative from the more basic specification's of 
R ( < )  and K in that dcfinitioi;. Likewie,  (25) give5 two descriptions of 

( I ~ E O O ) ( V X E O ) ( X =  T 4 f ( x ) =  F . & . x # T - f ( x ) =  T) ;  (24a) 

( ) f ~ 0 0 O ) ( V x , y ~ O ) ( x  = T & y #  T . - f ( x , y )  = F : & : x #  T V  (25a) 
y = 7 .-+ f (x: y )  = T): 

That Frege should shift between the two, supports the view that his explanations were 
not intended to be clauses in a recursive semantics, and if a recursive semantics is to 
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The Semrmtics oj Frege's Grundgeset~e 163 

be provided for what he does say, then these passages are rather more consistenr wiih 
the non-categorial zernanrics of Section V than with the categorial account." 

6.3 The argurnrni -x fi>r 1hr.fut1ctiot1 11.. The second textual argument for 
horizonrai anaiysis rests or1 i'regc'b ~~~ci i l i i r t l~ ic i i~ i i i  I\iiili+ii ;i> t h i  i i i i i ~ i ' g C i 7 i ~ i i i i l i  

of horizonfal.5. He gives various formulations but its esence may be surnrnartzed as 
follows: the addition or de l e~~on  o i  a iiori~onrai operalor i~r~rricciiateiy neforz or afizi 
a horizontalized operatc~r governing either a sentence or a functional expression 
leaves the reference of the whole unaltered." 

For our purpose the law should be regarded as part of Frege's explicit semantics 
that must be captured by any attempt to f i l l  in gaps so as to yield a fully adequate 
recursive account. The law does indeed follow from the semantics of Section 5. The 
reason i t  is suggestive of horizontai anaiysis resls nor in  the iaw irseii'bul in his giosses 

" ,  on 11. 'bunclivr! Y1:d C:>!iC.c;!ii (22./35j, ii.e says about -:< j'_isifig s tor piact.- 
1- .1A. . .  5 .. , ' . I . . .  i- ...... A,.,.,.,. t - , . i .  
~ I C ~ I U C I  < I!! L I I C  L I I  i < r i c l & r . > r t ; . r  1 .  

I 

These remarks are suggestive of the horizonla1 anaiy& of ilegatioil iil ihai i i  

suggests that the function ~x is determined by the function But literally 
speaking x is not an argument for ~ x ,  because the former is a function while 
the latter is defined for just objects. There are, I think, two possible readings of the 
remark that x i s  an argument of 7 1 -  that are consistent with Frege's choice of  
reference tor these expressions. First, we can Inrerprer him lo be [aiking i n  ihe inaier- 
ial rnode, no1 about expressions, but about what expressions rcfer to. Then, rather 
than saying ----x is an argument for x, what he should have said is the non- 
colli lovt.,-siai pi-opoi,iioii tiia: (lie volireA- --r 2;-e aigfifi1ci1cs o f  aiid w!lcii I 
speaking carefully this is what he does say. (See, ror example, his remarks on ----[ at 
Crundgeselze, 45:61/!05.) A!ter:?atively we :nay constrlle the remark as par!!y abou? 
syntax and partly about references. First, he makes the syntactic point that the 
expression ' x '  is an argument for the expression ' 7 ( x ) '  in the sense that 
the latter may be obtained by filling the gap in ' 1--( )' by ' x ' .  He then 
makes the semantic point that 'Tx' and ' T ( x ) '  are co-referential. In  the 
notation of Section 5 these points may be put: 

. ,  
! L A >mall iriclegank-e in t h e  hnr i io l i~al izcd fo i inu la~ inn  :hat may have inclined Frege in favcx of 1aki11g 

rhe descriptions in Sectior~ 5 a s  definitional is ~ h a r  rhe hori/ontalized versior~ ubes an unnecessary 
c~rcunilocurion. i n  i24b) and  i25b). b u ~  no[ in (24aj  a ~ d  (25aj. i l ~ c  j A ~ i a x  '# 7' rndy be aii~ipliticif i ~ i  

' = F'. I have cxplaincd above why I think ( h e  functions range over all objects and  no1 just T a n d  F. 
12 For   he law applied to  fuucrional expressions, see 'Function and  concept ' ,  22/35, and Grundgeseize, 

48:61/105 ff; for  i t \  application to sentences, see Grundgeserze, 6:10/39, 8:14/43, 12:20/51 
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164 John N.  Martm 

This second reading is perhaps the better because unlike the first i t  mahes sense o f  
both parts of the quoted passage, and does not attribute to Frege a slip of the tongue. 
Bur uzder !his interpr~ta!ic)!? !he paqkage hardly suppoiis the categorial i n i e r~ re ra -  
tion as is seen from the fact that both (26) and (27) follow from the semantics of 
Section 5. 

6.4 Tne c.umpusir~ ~ytni)o/ibtti uJr ill@ i ' i ) i i i i t ? ~ i i i ; t : j .  r i ege  ciffci-j a second gloss on 
the amalgamation of the horizontals that is the strongest of the rextual evidence 
advanced to  support the thesis of horizontal analysis. The text is read as asserting not 
the thesis itself but the corroborating syntactic claim that the horizontalized connect- 
ives are composite. In 'Function and concept' Frege refers to  the law which we would 
express as (28): 

He then remarks that it provides an oi.i.iihiuii i i i  i \ h l ~ h  i h ~  righi harid lioriiontal lit;e 
scgrncnt of '-' 1s 'fused' with the horizontal. H e  also s i n g l e s  our the vertical line 1 
segment from irs flank~rig huiiruritai lines and gives i t  ihe special name of the ' ~ i i o l i ~  
of r,ega[io:l7. Explaining hirnseif more fuily he tiieii says: ' I  chus regarc! :he bi:s of:he 
stroke in "v" to  the right and LO the left of the stroke of negation as horizontals, in 
made to work; but ,  taken as a place-holder, as it is intended, the account breaks 
105ff.). Comnientators interpret these passages as direct statements of the composite 
nature for the negation sign '--r'. Syntactically, ' 5 '  is joined with '-' t o  produce 
'----6'. Then '-5' is joined with ' I '  lo yield 'r<'. Finally, 'r<' joins with 
'-' to make 'Tt '. This syntactic analysis is then interpreted in the framework of 
a categoria! grarnnxr to yield a progressive semantic breakdown of R (-,-<) that 
runs essentially as follows:13 

We have already seen that if 5 is understood as a sentence, the account may be 
made to work; but ,  taken as  a place-holder, as it is intended, the account breaks 
down. The argument terms on the right side of (29) refer to  entities for which the 
functions named to their left a re  undefined. The arguments are concepts but the 

13 For exanlples of this reading, see Kneale and Kneale 1962, 504, and Heck and iycan  1979,388. These 
commentators and others (see Currie 1982) take the connectives themselves as standing for funct~ons 
rather than combinations of connectives and place-holders. In the explanation of functional expres- 
sions like tho5e on the right of (29) Frege himself would use other iuncrionai expressions, i.e. cornbina- 
tions of connectives with place-holder?, and I follow this practice in (10)-(12). Thus, instead of 
R ( ) a n d  R(1)  on the right of (29) we should have R (~--{)and R ( I ( ) .  In (he formal semantics 
ofsenrencesin Section 5 , 1  do give references directly to the connectives (I -B-i, ii and iv) but these are 
intended as constructs consistent with but supplemenral to Frege's text. 
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The Setnanrics of Frege's Grundgeset~c  165 

functions are defined for just objects. Fortunately it is nor necessary to read the 
quoted passages in this way. 

To read Frrgr'z r e m a r k  ahout .l--' having hits c:crnsis~ing nf '- ' a n d  ' l ' a s a  
commitment to corresponding syntactic and semantic operations is to see him ~ v o r k -  
ing in a mcderr, fi-axework ::.hich he ::owhere clearly formu!ares. Mnrec??,er, i f  :he 
details of categorial reading are to be beiieved, he does a rather bad job ~Tenlpioying 
rile framework i n  ihat  itit. iesuiiiiig iciiiiiiiii is p u i i ~ i ~ .  defiiied. A iiluri i i l \~!:~,  riailiiig 
of the remarks, it seems to  me, is that they are intended to summarize in altcrnativc 
words the metatheorem they gloss. Saying that 'T' consists of two horizontals 
flanking a negation stroke may mean nothing more than that adding or deleting extra 
horizontals to  the right or  left of '--r' leaves the reference of the resulting expression 
unchanged. That  speaking of bits and distinct parts should lead later readers schooied 
in categorial semaiitics to uiidcrs:and : h e x  ideas in a late; :echnica! sense is n=: 
Frege's fau!t. T!i,e truth i:, that in his mouth these words ceed not have these technica! 
meanings. 

6.5 The concept!rai rnie 0-f the hori,-on/ni. The final arpurvcril i o  coris~der f o r  the 
thesis of horizontai anaiysis is theoretical rather than textuai. i~ contends h i  on   he 
a!ternarive analysis the horizonrai is cvncepiuaiiy ~rivial  arid i!a> I I O  s i g~~ i f i can i  cu i~ i i  i -  
bution to make to  metatheory. Suppose, the argument goes. that horizontalized 
connectives are not composite and that their semantics are not defined in terms of hori- 
zontal operations. Then the horizontal line that forms a part of the connective symbol 
might as well not be there, and even the horizontal used on its own is replaceablein every 
occurrence by non-horizontalized equivalent expressions. The whole idea of the hori- 
zontal is therefore dispensible. But an interpretation that plausible attributes a more 
significlnt role ro theidea thar Fregeapparently thinksto beimportan! would beprefer- 
able. The analysis then goes on to spe!! out a nun-trivial role for the horizonta! on the 
compo.site categorial interpretation. (This argument is suggested by the remarks of 
Heck and Lycan 1979,487.) 

The positive account of the horizontal advanced by the categorial reading is indeed 
interesting and will concern us in the next section. First 1 would like to  show that on the 
alternative reading the horizontal is not trivial as alleged but a relatively interesting 
theoretical device. I t  is true that all occurrences of the horizontal can be replaced by 
other non-horizontalized expressions. Frege himself observes that -5 might be 
defined as 5 = (5 = 5) (Grundgesetze, 16/46 and 49/89); and Dummett ,  who rejects 
the horizontal analysis and the composite view of connectives, remarks (1981, 315) 
that -5 may be defined by TT[, which o n  the non-composite reading contains no 
horizontals. But this eliminability of free-standing horizontals does not show the 
expression is conceptually trivial any more than the definability of disjunction in 
terms of negation and conjunction in standard logic shows that that ideais  trivial. All 
that is established is that Frege's primitive expressions are somewhat redundant from 
the viewpoint of  expressive power. In axiomatics and other proof theoretic contexts 
the expressive minimum may lead to  brevity and elegance, and questions o f  cxpressivc 
power and functional completeness are sometimes significant semantically. But expres- 
sive redundancy certainly does not show that a potential eliminable expression is 
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166 Jot111 N. Martin 

conceptually vacuous. Disjunction makes a real distinction in standard logic, and the 
horirorital picks out a distinct concept in Frege's semantics despite its eliminability. 

11 i ~ ,  a!:= po:sib!e rc a!trjh~!tt 2 C O E C ~ ~ ! " ~ !  ~01e IO the hnriznnfai iinr sppmpnls of 

the connecti\es and opel-ators even \\hen these are taken as non-composite. In  its 
broadest jeiibc a iioii-tri~ia: rekiii~i; among sen:ences may be defined 2s zn;. :e!z:ior. 
that holds among some but not all sentences. I f  a non-triviai relation of this sort 
happens lo disiir~guisli a hubzei ( I T  i i ~ c  icigiiaiik ~ a i i d  atguriir~ii>,  l i  13 iioi i i l i l j  ii;sai;- 
ingful but of some logical interest. Thc Ian of the amalgamation of the horizontals 
singles out just such a variely of valid inferences. The role of the horizontal line seg- 
ments may be viewed similarly. When they occur before and after a connective or 
operator, they signal that the law of amalgamation applies to any expression it heads. 
They single out a non-trivial logical relation that an expression headed by a horizon- 
iai bears lo  oii~le, explessioil:, just like it except for the add: '-- -- A - l - + ; - -  - C  h,,,.; l t l ~ l l  u1 U L l L L I " I 1  "1 I , " ' , -  

zoniais ii~;ixi.\liaieiy befc::e ur afte; t!:e !~orizonta!ized -ynibo!. !t is e ~ o s g h  to think 
of  F:ggc". ! :~ ! - i /~ ! -~ ta ! i~ed  ~-,rt.!iogriphy for the connccr i ; .~~ and operator'; a: having 
for its tiieorrticai role merei): ihe dlspia): c i i  i h i i  ii~plca! pii)pcrty. 

Thnr the re!;!tlori i:! queitir)~: is ge?iuine!y fin!?-tri\.ia! i c  c h r m n  h y  the f'aci l h a ~  the 
amalgamaiion of i ior~zor~tais 1s i r ~ ~ a l i d  for some expressions. it faiis boih io the icf  
(ourside) and to the right (inside) of the abstracrion nperarur, a r ~ d  wiihiri idct~iiiic\, a \  
the fvllo\\.iny a\\t.rtable sentences r h o n .  Lcr 2 ,  3 and < have their intended mathe- 
matical interpretations: 

The lau does apply, hoaeber,  to the outside of identity, and Frege could have ind~ca-  
ted so in the symbolism by somehow adding a horizontal line segment, distinct from a 
free-standing horizontal, outside identity assertions, e.g. by writing ----(< = <) 
instead of 5 = < or -(< = <). 

7.  Bochvar's many-valued logic 
The case I have to make for the semantics of Section 5 is now complete. I have 

argued the interpretation is consistent with the text of the Grundgesetze, more con- 
sistent on the uhole tl~arl the altel-native categorial interpretation, and that it avoids 
serious problems of undefinedness. But there remains a portion of the categorial view 
to be expounded, and though interesting for its contributions to logical theory, it is 
not really attributable to Frege in a historically accurate sense. If his language is read 
as ha\ing composite connectives defined in terms of horizontals, then if rnany ui' i11e 
details of the language are suppressed and a propositional logic employing just nega- 
tion, the conditional, and the horizontal is abstracted, then the resulting language can 
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The Semantics of Frege 's Grundgesetze 167 

be explained to have a classical logic in an especially interesting manner. Truth- 
functional compounds that are in the form of classical validities yet have atomic ,.,.-..-..,...*" ... 
CuIIIpuIIC1113 do no: stand for truth-va!ues are rescued fmm meaninglessness by 
the application of horizontals. Horizontals seal off meaninglessness, converting i t  to 
a truth-value, so  tia at a trutll-functional compuund is always supplied with arguments 
for which it is well defined. The manner in which this occurs is strikingly similar to 
the technique worked out in the twentieth century by D.A. Bochvar 1Y37. Bochvar's 
representation of classical logic differs from that abstracted from Frege in that the 
representatidtl theory is fully explicit and detailed. It is also formulated in a three- 
valued logic whereas Frege's functions are defined over a much wider set of objects. 
But in a suitable generalized statement of Bochvar's theory in which arbitrarily many 
values are allowed, it may be shown that Frege captures classical logic just in the way 
Bochvar explains. The three-valued ianguage of Bochvar's original exposition and 
Frege's many-valued account prove to be special cases of a general method. I t  is this 
general theory and its applicatim : G  Fiegc ;ha: ha!!  occtipy us here. But i t  should be 
clear at the start that what we are engaged in is the reconstruction of theory left 
inexplicit in Fregc'j work, i f  indeed he is motivated by the samc idcas at all. Thc best 
that can be said is that if the composite readings of the connectives and its artendant 
categorial semantics were the right way to understand Frege, and I have argued that it 
is not, thcn a suitablc abstraction from Frege's language would possess a classical 
logic in the manner of Bochvar. 

The use of the horizontal to represent classical logic is relevant to questions of 
interpretation because it could be seen to illuminate the role of the horizontal on the 
categorial interpretation. After arguing that on the non-composite reading of the 
connectives they can find no signific~nt funcrim fnr the  horizontal, Heck and Lycan 
1979 try to find one on their categorial account. The only useful role they can find is 
that it groups together at an identifiable place in the syntactic construction of any 
sentence a rather arbitrary feature of the semantics. Proper names that occupy the 
syntactic role of a sentence in that they occur as arguments for connectives like nega- 
tion and the conditional can in principle fail to refer to truth-values as their syntactic 
position suggests but rather stand for other sorts of objects. These pseudo-sentences 
are transformed into genuine names for truth-values by the addition of a horizontal, 
and since on the composite account a horizontal occurs to the inside of any sentential 
connective, i t  will be the horizontal attached to a compound's atomic parts that will 
regularize i t .  Heck and Lycan conclude, however, that they are unable to suggest any 
motivation for applications of horizontals additional to those attached to atomic 
expressions, because any expression containing horizontalized atomic parts is a genu- 
ine sentence and is in no need of regularizing (see their 1979, 487 -489, and its note 
16). Their observation that, on the composite view, i t  is the regularizing function of 
the horizontal that is important, may be expanded upon in a way that shows the con- 
nective to be one s!mred by other many-va!ued logics and one with important 
implications for a language's ability to formulate classical logic. 

Hans Herzberger and others have suggested that the horizontal and Bochvar's 
three-valued truth operator have much the same roles in the representation of class- 
ical logic. The suggestion here is not, I think, a historical claim that Frege is to be 
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168 John N. Martin 

thought of as having Bochvar's 1-epresentation consciously in mind, but rather that 
later thinkers can explain by appeal to Bochvar's theory how the propositional frag- 
iiieiit of Ficgc's !anguage under ?he ccmposite interpretarion can be shown to have a 
classical logic.'"he link be~ween Frege's semantics and more traditional many-valued 
iogic may be sketched as follows. 1; ~ i i g h i  ;G he possible on the ccmgccite .view !O con- 
struct grammatical sentences in which the primitive connectives occur without flanking 
horizontals. But unhorizontaiizeci connectives are aysicrtlailcallj- avoided in Frcgc'; 
text, and Kneale and Kneale remark that on Lhe composite interpretation this absence 
needs a n  explanation. They suggest that we should attribute to Frege a grammatical 
prohibition against the occurrence of unhorizontalized connectives (1962, 504). 

But it is not necessary to restrict the grammar in this way, and probably undesir- 
able to d o  so  inasmuch as Frege himself never formulates this rather precise syntaclic 
principie. The semantics as it stands cari aii-eaby explain the absence. Keca!! that part 
~f the composite analysis is rhe ancillary :hesis that the fmct ions  interpreting the 
connectives are defined fm jus! t:u!?!-..dues. These functions are analogous to  predi- 
cates in three-valued significance theory. Such predicaies are haid to apply truly ro 
home objects, app!y fa!sely t o  others? and t c  5e meaningless when applied to yet 
others. Predications of the last sort are category mistakes and in three-vaiued seman- 
tics are assigned the third value representing meaningiessnes: (See, fo r  exarr~pir, 
Hallden 1949 and my 1975.) Similarly, functions for the connectives yield T when 
applied to some objects, Fwhen  applied to  others, and are undefined when applied to 
yet others. Moreover, if the semantic value of a part of an expression is undefined, 
the value for the whole is too because the well-defined set of arguments needed for its 
truth-functional computation is lacking.'" 

Likelvise, Bochvar's three-valued primitive operators for the connectives have the 
property ihai  ihe whole has the third va!m if any c f  the parts do .  A striking feature of 
such semantics is that within it classical validity is noi susceptible to  its standard 
analysis. There are literally no tautologies in tho sense of sentences that are always T, 
because in an  interpretation in which any of the atomic parts of a sentence are mean- 
ingless the whole will be, too. Bochvar's solution and the one that may be applied to 
Frege's propositional fragment with the horizontai is t o  seal off the atomic sentences 
with a truth-operator before combining them with other connectives. Since the hori- 
zontalized atomic sentences are bivalent, compounds of them with the structure of 
classical truths will in fact be Tunder  every assignment of values to the parts. 

I shall now present details of the mathematical theory and d o  so in a rather more 
abstract form than Bochvar so as to  show how its methods are applicable to a wide 
range of many-valued languages, including the Fregean fragment. Results are stated 
in terms of the basic properties of logical matrices on  which they depend. Proofs 
consist of fairly straightforward applications of the definitions and are t o  be found in 
more detail but in a somewhat less abstract form in my 1977b. That the composite 
c & e g ~ r i ~ !  interpretation of t h e  Grundgeserze should inspire these methods is t o  its 

14 Stevenson 1973 seems to be presupposing some such interpretation of the horizontal in his discussion 
of how quantification over objects for which the quantifier is not defined (a sort of category mistake) 
is neverlheless bivalent for Frege. 
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The Sernantrcs of FregeS Grundgesetze 169 

credit, but as historical exegesis i t  is really quite implausibly complex to be seen as 
resting unspoken in Frege's mind. Seeing i t  in Frege is, I rhink, representative of a 
i e r l~c l icy  fOiiiid iii bC\.era[ ahpc,-ts "f t i i i  iaicgoiia! in[cri;re[atior, ;e a!t:ib:;[e re Frege 

ideas of twentieth-century logic which he could not plausibly have held. 
Let tile notions of structure, rnorpi~ixrr~, cu~~riiuciibiz opt.,aii~ii, liiiigiiag<, 

syntax, semantics and reference relation be as defined in Section 2, with the exception 
that a semantics is to be eniarged to include as an addirionai eierlie~~( a \ubsel c ) i  ii, 
domain of semanric references. 'I'his new element is known as the set of designated 
values for the semantics and the resulting structure is called a logical ma(rix. Let 

S = <F,  O , ,  . . . , O,,> 

be arbi i rai-y iiiaii-ix of ific saiiic ivpz se; of designated value:; 9. i4'c !e! L be 
the langauge <S,  M ?  and say that a subset X of F enfoils a formula p of F i n  L ,  
briefly XI t L  p, iff for any reference relation R of L i f  all q of  Xare such that R ( q ) ~  D, 
then R  ED. Langauges distinct from L and their corresponding features in syntax 
and semantics are distinguished by prime markers. The theory consists of formulat- 
ing the conditions under which a many-valued language employing the horizontal has 
:he sa:ne er,tai!mer,t re!a!ic?n 2s t ! ? ~ ?  c?f c!zssica! !ogic. 11 prncceds by first laying down 
a series of i<ey concepts for ihe cv~r~pariso~r of eiiiaiiiiieiii Geiwceri tiv<i xany-va!ucc! 
languages and then stating metatheorems formulating the comparison in ier111s of 
that concept. T h c  concepts are then applied to the special cases of the languages of 
Bochvar, Frege and classical logic. 

A syntax S is part of a syntax S '  i f f  F 2 F '  and for each i ,  0, C 0,'. Iff is an 
arbitrary function on a set A ,  then by f ( A  ) is meant { J ( x )  l x ~ A  }. Let L be <S, M> 
and L ' be <S ', M '>. 

If S is a part of S ' and M = M ', then XI k L  p only if XI 1 L,p .  

If S i s  a part of S ' ,  pcF, and M - M',  then X I t L , p  only i f  X/I  r p .  0-2) 

I f  M - M ', 5 is homonmrphic to S ' under some h. and h ( ~ ) E A F '  (7-3) 
whenever p ~ A t . ,  then h ( X ) l t  [ , h ( p )  only ~t X / t 2  p. 

A matrix M is a matrix exrension of a matrix M'  of the same type iff U U ', 
D C D ',and for each i, +, is non-empty and +, -+, ' . The notion of morphism between 
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170 John N. 12.larf it7 

semantic structures originally defined without provision for sets of designated values is 
extended to matrices by saying that h is a niorphism from Mto  M 'iff i t  is one between 
/ I 1  1 , U .  y ,  . . . , +,,>ar,d < C ', +, ' . . . , .f,, ' > . i\mclrphirm i! frnm Mrn M 'is said topresei-iie 
designation iff whenever XED,  h (1-)ED ', and to preserve nnn-dcsignarion iff whenever 
n ix )ED ', XED. Then 

If S = S ', and M is honiomorphic to M ' under a relation that (T6) 
preserves designation and non-designation, then XI tL, p only 
i f  X I ~ P  

i f  S = S '  and icl ii l i ~ i ~ o i ~ ~ i p h i c  :o M '  under a reiatioi? rhar is onro [T , - 
L'arld that preserves dcsigrlaiia!i aiid nun-dccignaiion. :he:: X /  1 p 
iff ,Yi i L. p. 

Lei i be a contraction of L ' i f f  Sis a pa:! o f  5 ', U = U '. D = D '. and for each i i  
cithcr +, is empty or +, - +, ' .  iUsually 4Fwill  hew subiei of A F ' . i  L ' is a conserva- 
tive extension uf i iff  Sis part of S ' and the entailment relatior? ( / k identical to / bL, 
restricted to  F. Then 

If L is a contraction of L ', then L ' is a conservative extension of L .  (T8) 

Let L ' be a dejinitronui exrension of i if[ i is a con~raction of L ', AF = A F ' ,  
and for each i ,  whenever both +, is empty and +,' is non-empty, +, ' is constructabie in 
M. Then 

If L ' is a definitional extension of L ,  then there is a translalion (T9) 
function i mapping F'  onto F such that XI j t ,p  iff r ( X ) l  b t ( p ) .  

For Bochvar's special application of these ideas we first define four languages. 
For simplicity, we shall employ the same symbol for both a syntactic operalion and 
its semantic correlate. Let L C  be the langauge <SC, M C >  for clussical logic in which 

is a classical syntax constructed in the usual wzy from a set AFC of  atomic forrriuias 
and 

MC = <{T ,  F } ,  { T } ,  &, U ,  3, *>  

in which the operations are the classical truth-functions. The language LI of the 
infernal connectives is <SI,  M I >  such that 
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The Sevr~unfics qf F r r g e ' ~  G I  undgoctzc 17 1 

in which 0 is any set of values that include the classical truth-values T and F as 
elements, and the operations are generalizations of Bochvar's three-valued internal 
connectives defined as follows. Let an operalion +,, of a logical matrix be said to be 
norrnui i T T  Tor i i ~ e  c o r r e x p o ~ ~ d i ~ ~ g  operaiivn +,,' or i i ~ e  ciahhicai matrix MC, wiierlever 
t- v are i n  I T  F i ,  t h e n  n I , . . .  A,n L.. .. l ,',' , " ' C . .  

The only conditions we impose on the generaiizea in~ernai  operations A ,  v, -+, 7 
are that they be both normal and sensitive. The operation -is defined (like Frege's 
horizontal) as  pairing Twith T a n d  everything else in 0 with F. It follows that if O = 

{T, F, N}, the internal connectives have the three-valued truth-tables stipulated by 
Bochvar: 

We now extend LI to  a language LI + = <SI + , MI + > such thal 

is constructed from the set AFI + of atomic formulas identical to AFC by the con- 
nectives of SI and a second set $k, v, +, -of variants for the usual connectives, and 
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172 John N. Marlin 

To facilitate application of the previous ideas we shall regard an n place structure as 
identical to any n + m place structure that is just like it except for having the empty 
SP! 1! positions n + 1 , .  : . , m. It  follows then that SIis a part of S f +  .and that LI + is 
a definitional extension of LI. The language LE of the external connectives is then 
dcfincd as <SE, ME> such that 

and FE is the closure of the set of atomic formulas AFE identical to AFC by the 
syntactic operations A, v,-, and of S f + ,  and the operations of SE are the 
restrictions of corresponding externalized operations of SI+  : $is the restriction of 
to FE, etc.; and ME is defined in terrns of elements of M I +  to be 

Ir  follows that LE i b  a contraction of il+ . Bochvar's result may now bc dcmonstra- 
led as an application of the previour theory to the languages just defined: 

-. 
I nere is a transla~iim function i from FC to Fl such that XI /---p (T ! 0) 

I ,  r only if T ( X ) ! !  - t ( p ) .  
LI 

Proof. Since SE is isomorphic to SC under some h,  i t  follows by T4 that 

Since M E  is homomorphic onto M C  preserving designation and non-designation, 
(T7) implies 

XI +-----p iff XI +p. 
<SE, MC> L E 

Also since LE  is a contraction of L I +  , we know by T8 that XI + p  only if XI + p .  
LE LI + 

Since SI + is a definitional extension of SI, by T9 there is a h ' such that 

The preceding together entail that 

for any X a n d p  of FE. Assume for arbitrary Yand q o f  FCthat Y j k q .  Tinen since 
h is an isomorphism, its inverse h- '  is also, and 

LC 
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The Semantics of Frege's Grundgebet~e 

Then by the foregoing 

for arbitrary y of FC is the desired translation. End of Proof. 
It is possible to apply the foregoing theory in two ways to the language of the 

Grundgeserze so as to show d1a1 there i, a Form in which itit. i i ~ ~ u i t i ~ c  ~alidities of 
classical logic are respected. Which application is appropriate depends on which of 
the two general readings is given to Frege's connectives; the non-composite one 
(which I have argued is preferable) or the composite one (in which the horizontal 
operator genuinely occurs before and after each occurrence of the other connectives). 
It is only under the composite reading, however, that the representation of classical 
iogic takes the form of Bochvar's as given iii (TIO). It miisi be stressed, however, that 
neither application of the theory is explicitly suggested by Frege's own words. Rather, 
t ~ ~ . ,  must be viewed as la~er  ~heo:-e!ic~! exte~sions of his semantics. 

On the non-composite reading, the representation of classical logic within 111c 
Cyundgesetze is straightforward. First a propositional syntax is abstracted from 
Frege's original as fully defined, for example, in Section 5. This wouldconsist of aset of 
formulasconstructedin the usual way from aset of atomic formulasand the basiccon- 
nectives. Frege's negation and conditional could beaugmented by conjunction and dis- 
junction (with their standard definitions)without altering the theory in any substantial 
way. The syntax would essentially be that of theexternalconnectives SE. Semantically, 
the interpretations of theseconnectives would remain as stipulated in Section 5. There, 
negation and theconditional areinterpreted by what are here theexternal operations of 
the matrix ME, and i~ndor the standard definitions in terms of negation and the condi- 
tional, both conjunction and disjunction would also stand forexternal operations. On 
thisreading then thepropositional fragment of the Grundgesetzeisessentially theexter- 
nal language LE. But since the syntax of LEis isomorphic to that of the classical lan- 
guage LC, and its matrix ME is homomorphic-onto, preserving designation and non- 
designation, its entailment relation is identical to that of classical logic. Here the hori- 
zontal has played no role in establishing that Frege's propositional logic is classical. 

On the non-composite interpretation of the connectives, however, the horizontal 
functions like Bochvar's truth operator in LI. This time we abstract from the Grund- 
gesetzea syntax that includes the horizontal as well as negation and the conditional, 
and we may add by definition conjunction and disjunction as well. The resulting syn- 
tax is essentially the internal SI. Semantically, these operations are to be understood 
in the manner of the standard interpretation of the composite reading. They are 
classical if their arguments are well-defined, and they are undefined otherwise. Form- 
ally, all that is required is that the operations be normal and sensitive. The horizontal 
is interpreted by an operation mapping T t o  Tand anything else to F, and the result- 
ing matrix is essentially that for the internal connectives MI. If the state of being 
undefined is represented by the assignment of a third value, the operations are those 
of the internal three-valued matrix, and the resulting language abstracted from the 
Grundgesetze as its propositional fragment would be Bochvar's internal language. Its 
logic may be shown to be classical in the manner of (TIO). 
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174 Johc N. Martin 

There is, however, one way in which Frege's text suggests that the application of 
the theory should be slightly different from Bochvar's. Bochvar does not allow for 
the ex~ernaiired sentences of 1.E to contain any syntactic siruciare except that ger,er- 
ated by the external connectives themselves. Frege, on the other hand, seems to view 
syn:ac!ic uzirs ever! before the applicatior! of a hori7ontal as grammatically complex 
and allows for the possibility that complex expressions might be taken as atomic ele- 
rnciits i i i  an extsrnal language." 

Accordingly, we define a new language 

in which the new syntax is constructed as follows. First, let us say here that in a syntax 
p i s  apart of q iff q is atomic and p = q ,  or q is some 4 ( r , ,  . . . , r,) and? is a part of r ,  
o r .  . . or p is a part of r,. Let us say p is horixonralixed (in S I j  iff fur any y, i f  y i h  a 
par! n!:? a!!d q i s  !lo! v!ne r .  !!?en q is nart of some s which is aiso a part of u.  
Lei FE+ be iiiat set defined as the closure of rhe set AFE+ under thc syntactic 

,. Here AFE+ is defineu ar the ser o t  all such [ha[ pcki operations ,:\. y. 7. ;- 
and p is not hori7on1alired: and the syntactic operaiioi:; are just a notational variant 
on the usual connectives. We may now define an isomvrphisrn from the classical syn- 
tax SC onto SE. Since AFC (the atomic forrnuias of S C )  and 

U = { p  Ip EEF & p is not horizontalized} 

aie both denumerabk, !et the= h ~ v e  2 natura! order. F n r p , ~ A F c :  let h ( p , )  be ---a 
such that q is the i-th elerneni of U. Foi-p - q A r ,  let h ( p )  be qcr,  and similarly for 
the other operations. Clearly h is an onto homomorphisrri, arid a straightforward 
induction shows it  is 1 - 1. Moreover SE + is part of SI + , and the proof of T 10 con- 
tinues to hold if S E +  is substituted for SE, L E +  for <SE, ME>and LEC+ = <SE, 
MC > for LEC. 

The importance of the horizontal in the methods of TI0 can be illustrated in a 
slightly different way. We may use the horizontal to produce a matrix extension of 
the classical matrix with the result that the first two steps of the proof of (T10) can be 
shown to follow from ageneral result about horizontals. For two matrices Mand M '  
we say that an M horizontal relative to M '  is any function - -  on U '  such that (1) 
--restricted to Uis the identity function on U ,  and (2) for any x,  XED ' iff -XED. 
A function +, ' of M '  is M-external iff 

+ ' x  x , ,  = + , ( - - X I , .  . . ,  - -  X , , ) ,  

where - is an M horizontal relative to M ' .  Then 

I S  This difference in the external representations of Bochvar and krege (on the composite interpretarion) 
was first pointed our ro me by Hans Herzberger. 
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The Semantics 0-f Frege 's Grundgesetze 175 

( T l l j  

Clearly, - 

If (1 j Sis homomorphic to S ' under h  and h ( p ) f A F 1  for any ~ E A F ,  
and 

( 2 )  *hn-- ' -n-n 
LUUL is JV111L ?,f" S U C ~  :ha: 

(a) M is homomorphic to M " under some h  ' that preserves 
dehignation and non-designation, 

( b )  M '  is a matrix extension of M ", and 
(c) all $, ot ,Vl are &I-ex~ernai, 

thtn ( 3 )  X b p  iff h ( X ) l  b h ( p j .  

- as previously defined in MI is an MC horizontal and the operations of 
ME are MC external. Moreover, under some h ,  SE is homomorphic to SC in a way 
that maps atomic formulas onto atomic formulas. The identity function also maps 
MC onto itself in the manner described by ( 2 ) .  Thus. we may apply (TI 1 j to the h i -  

guages of Eochva: and Frege: 

For some homomorphism h  from SE onto SC, iT i 2) 

X / & p  i f f  h ( X ) i / , c l ! [ p ) .  

For some homomorphism h  from SE+ onto SC, (T 13) 

Acknowledgements 
This research was supported in part by grant? from the University of Cincinnati - ~esea rch  Councii and Taft Fiiiib. I am grateful to the refcrces fa; severs! usefz! refer- 

ences. 

Bibliography 

Works by Frege 

In the paper, page numbers are cited in the form y h ,  in which y is the page in the German original and z 
the page in the English translation. References in the Grundgesetze are in addition prefixed by the number 
x of the containing paragraph, in the form x:y/z. 

1892- 1895 '[Comment on sense and meaning]', in Hans Hermes et alii (eds.), Gottlob Frege, posthumous 
writings (Chicago: Univ. of Chicago, 1979); translation of Nachgelassene Schrifren und wissenschaff- 
licher Briefwechsel, vol. I (Hamburg: Felix Meiner, 1969). 

1891 'Function and concept', in Peter Geach and Max Black, Translationsfrom the philosophical writ- 
ings of Gortlob Frege, 2nd ed. (Oxford: Blackwell, 1966); from the original 'Funcrion und Begriff' 
(Jena). 

1964 The basic laws of arithmetic, trans. and ed. Montgomery Furth (Berkeley: Univ. of California); 
translation of parts of Grundgesetze der Arithmetik, vol. I (1893) and vol. I1 (1903) (Jena: Verlag 
Hcrn~anr? pohk).  

Letter from Frege to  Husserl, 24 May 1891 in Gottfried Gabriel et alii (eds.), Gottlob Frege, Philosophical 
and mathemarical correspondence (Chicago, Univ. of Chicago P i e b b .  1980); trailslation of Nachge- 
lassene Schriften und wissenschaftlicher Briefwechsel, vol. I1 (Hamburg: Felix Meiner. 1976). 

1892 'On sense and reference', in Geach and Black; translation of 'Uber Sinn und Bedeutung', Zeitschrift 
fur Philosophie und philosophische Kritik, 100 (1892), 25 -50. 

D
ow

nl
oa

de
d 

by
 [

Jo
hn

 N
. M

ar
tin

] 
at

 1
2:

22
 2

5 
Se

pt
em

be
r 

20
12

 



176 The Semantics of Frege's Grundgesetze 

Other references 

Bar-Hillel, Y., Gaifman, Y. and Shamir, E. 1964 'On categorial and phrase-structure grammars', in Bar- 
Hillel, Language and inforrza!ion, Ne\u York !Addis0~1.-We~!ey). 99-! ! 5  

Merrie Bergmann, 1981 'Translator's introduction' to Bochvar 1937. 
Bochvar, D.A. 1937 'On a three-valued logical calculus and its application to the analysis of the paradoxes 

of the classical extended functional calculus', trans. in History and philosophy of logic. 2 (1981). 
87- 112. 

Cresswell, M.J. 1973 Logics and language, London (Methuen). 
Currie, Gregory, 1981 Frege: an introduction to hisphilosophy, Sussex (Harvester). 
Dummett, Michael 1981 Frege: philosophy of language, 2nd ed. London (Duckworth). 
- 1982 The interpretation of Frege's philosophy, London (Duckworth). 
Dunn, J.M. and Belnap, Nuel 1968 'The substitution interpretation of the quantifiers', Nous, 2, 177-185. 
Furth, Montgomery 1966 'Editor's introduction', to his translation of the Grundgeserze, v-lvii. 
Halldtn, Sdren 1949 The logic of nonsense, Uppsala (A.-B. Lundequistska Bokhandeln). 
Heck. William C. and Lycan, Wiiiiam G .  1979 'Frege's horizontal', Cunuciion journalofphi/osophy, 9, 

479-492. 
Herzberger, Hans G. I970 'Truth and modality in semantically closed languages'. in Martin. R.L. (ed.), 

the para do.^ of fhe liar, New Haven (Yale), 25-46. 
Kaplan, David 1964 'Foundations of intensional logic', Ph.3 .  dissertation (UCLA). 
Kneale, William and Martha 1962 The developmenr of logic, Oxford (Clarendon). 
Kripke, Saul 1976 'Is there a problem about substitutional quantification?', in Evans, G. and McDowell, 

J . (eds.), Truth and meaning, Oxford (Ciarendon), 325-jig. 
Martin, Edwin Jr., 1971 'Frege's problems with "The concept horse"', Critica, 5, 45-64. 
- 1974 ' A  note on Frege's semantics', Philosophical studies, 25, 441 -443. 

1982 'Referentiality in Frege's Grundgesetze', History and philosophy of logic, 3, 
151-164. 

Martin, John N. 1975 'A many-valued semantics for category mistakes', Synthese, 31, 63-83. 
1977a ' Fregean interpretation of the quantifiers', Logique et analyse, 20 122-128. 
19771, 'Many-valued logic, classical logic, and the horizontal', in Proceedings of the 

Seventh International Symposium on Multiple-valued Logic, London (Institute of Electrical and 
Electronic Engineers), 84-88. 

Potts,Timothy C. 1973 'Fregean categorial grammar', in Bogdan and Niiniluoto, I. (eds.), Logic, 
probability and language, Dordrecht (Reidel), 245-284. 

1977 'Fregean grammar: a formal outline', Studia logica. 37, 7-26. 
Quine. William Van Orman 1959Mefhods oflogic, rev. ed. New York (Holt). 
Sluga, Hans D. 1980 Gottlob Frege, London (Routledge and Kegan Paul). 
Stevenson, Leslie 1973 'Frege's two definitions of quantification', Philosophical quarterly, 23,207-223. 
Thiel, Christian 1968 Sense and reference in Frege's logic, Dordrecht (Reidel); translation of Sinn und 

Bedeufung in der Logik Gotflob Freges (Meisenheim am Glan: Verlag Anton Hain, 1965 ). 
Wallace, John Roy 1964 'Philosophical grammar', Ph.D. dissertation (Stanford). 

D
ow

nl
oa

de
d 

by
 [

Jo
hn

 N
. M

ar
tin

] 
at

 1
2:

22
 2

5 
Se

pt
em

be
r 

20
12

 


