Notes on Tarski's Definition of Satisfaction

Here is a statement of the usual syntax of FOL

A syntax for first-order language FOL consists of a series of sets (“parts of speech”) VblseoL, Conseor,
FuncsroL, Predseor, TrmsroL, AFroL and Fror, and the rule set Reo. meeting the following conditions:
We stipulate that the following sets exist, called sets of atomic (or basic) expressions:
the (infinite) set of variables: VblsegoL ={v1,...,vn,...};
some set ConsgoL Of constants (proper names) drawn from (i.e. subset of): {cs,...,Cn,...};

some set Predsro. of predicates drawn from: {P%,...,P%,...;P1,...,PY,...;...;P™1,....P™,...;...} it is
stipulated that P is L, called the contradiction symbol (it's meaning is explained below);
some set FuncsgoL of functors drawn from: {f1,...,f4,...;...;f™,. ™0

The set Rro. of grammatical rules includes R-,RA,Rv,R-, and Re from sentential syntax and three new
rules:

Rar takes a symbol x and a string of n items y1...y» and makes up the string xy1...yn:
i.e. RaF(X,Y1....,¥Yn)= XY1...¥n;
Rrunc takes a symbol x and a string of n items yi...y, and makes up the string x(y1...yn);
i.e. Rrunc(X,Y1....,¥Yn)= X(Y1...Yn);
Rv takes the sign x and string y and makes up the string Vxy; i.e. Rv(X,y)=VXxy.
The set Trmsgo. of terms is defined inductively:
1. Basis Clause. All constants and variables are terms (i.e. Vblsgo. and ConsgoL are subsets
TrmsFOL).
2. Inductive Clause. If ts,...,t, are terms and " is a functor, then the result f(t1...t,) made up by apply
to them the rule Rrunc is a term.
3. Nothing else is a term.
The set AFgo. of atomic formulas of FOL generated by TrmsgoL, PredsroL, and Funcseo. is the set of all
P'ti...tn made up by applying the rule Rar to a predicate P"y, and the string of terms tu,... .
The set FroL of formulas (also called the language) generated by Trmseor, Predsg,. and FuncseoL is
inductively defined:
1. Basis Clause. If Pisin AFroL then P is in FeoL (i.e. AFeoL is a subset of FroL).
2. Inductive Clause. If P and Q are in Feo, and v is a variable, then the strings ~P, (PAQ),
(PvQ), (P—Q), (P<~>Q), and VVvP that result from applying to them the rules
R-,RA:Rv,R5, Res, and Ry are all in Feoy.
3. Nothing else is in Feor.
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Here are two statements of the semantics of FOL. The first is what is now the one commonly found in
logic texts. The second is closer to one of Tarski's in the 1950’s in which it is perfectly clear that the
notion of truth is extensional, i.e. that truth of a formula, even that of quantified formulas, is defined as a

function of the truth of its parts.

Let FroL be a first-order language.

A model or structure for basic expressions of FeoL relative to a non-empty domain D and an

interpretation operation J is any A=<D,J3>, that meets the following conditions:

o D=zO.

e Every constant c is assigned by J to an objectin D. That is, 3(c)eD.

e Every n-place predicate is assigned by 3 to an n-place relation on objects in D. There are three special

cases:

1. If n=1, then 3(P)cD, i.e. a one place predicate P! stands for a subset of D.
2. If n>2, then 3(PMcD", i.e. 3(P") is an n-place relation on elements of D, i.e. some set of n-tuples
drawn from D". If the syntax specifies that first 2-place predicate P21 is the identity predicate =,
then it is required that 3(P21) be the identity relation on D.
3. If n=0, then 3(P%){T,F}, i.e. O-place predicates function semantically like sentence letters of
sentential logic in that they do require any terms to their right and they stand for a truth-value.
Furthermore, the syntax specifies that the first O-place predicate P is the contradiction sign L. Itis
required that 3(L)=F, i.e. L always takes the value F.

e Every n-place functor f" is assigned by 3 to an n-place function (also called an operation) on objects in

D. Thatis, 3(f")eDP".

Let A=<D,3> be a model.
A variable assignment over D for FroL is any function s of mapping the set of variables into D.
An interpretation 3 relative to a model A=<D,3> and an assignment s of the variable over D for Feor,
briefly 3%, is defined inductively:
e Basis Clause. If t is a constant, then J5()=3(t).
If v is a variable, then J2(v)=s(v).
e Inductive Clause. Iftis some complex term, then f(t1...to), I8(f(t1...tn))= I(F)(I4(t),...,I5(tn)).

P is satisfied in model A=<D,3> relative to an a variable assignment s over D for FroL (abbreviated
equivalent as As kP or 35(P)=T) is defined inductively:
e Basis Clause. An atomic formula Pnty,....tn is T in 3%, iff the objects picked out by its terms under 3%
(in order) stand in the relation picked out in 3 by its predicate. In symbols
As EPMty,.. ty iff <T8t),..., I5(th)>e I(P")
or equivalently,
J8(Pta,...,tn)=T) iff < I8(t1),..., I5(tn)>e I(P")
e Inductive Clauses. The satisfaction of a molecular formula relative to variable assignment is broken
down into case one for each formation rule of the syntax:

Ask ~P iff not As fP; or JL(~P)=T iff 3% P)=T

As EPAQ iff (AsEP and As|FQ); or SAPAQ)=T iff, FA(P)=T and IA(Q)=T
As EPVQ iff (As EP or As FQ);or JA(PVQ)=T iff, I5(P)=T or J45(Q)=T
As FP—Q iff (not As FP or As FQ); or JH(P—Q)=T iff, I8(P) =T or I5(Q)=T
As EPOQ iff (As P iff As kQ);or SAPoQ)=T iff, FAP)=T iff IAQ)=T

As FVxPx iff for any x-variant s“of s, As' fPx, or ~ 35(VxPx)=T iff for any x-variant s“of s, J8(Px)=T

P is true (simpliciter) in A=<D,3> (abbreviated AP) iff, for all s over D, As FP.
X logically entails P (briefly X P) iff, for all A, if (for all Q in X, AkQ), then AEP).
P is valid (briefly kP) iff, for all A, AFP.
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A model or structure for basic expressions of FgoL relative to a non-empty domain D and an

interpretation operation J is any A=<D,J>, that meets the following conditions:

o Dz@.

e Every constant c is assigned by J to an objectin D. That is, 3(c)eD.

e Every n-place predicate is assigned by J to an n-place relation on objects in D. There are three special

cases:

1. If n=1, then J(P)cD, i.e. a one place predicate P! stands for a subset of D.
2. If n>2, then 3(PMc<D", i.e. 3(P") is an n-place relation on elements of D, i.e. some set of n-tuples
drawn from D". If the syntax specifies that first 2-place predicate P21 is the identity predicate =,
then it is required that 3(P21) be the identity relation on D.
3. If n=0, then 3(P%)<{T,F}, i.e. O-place predicates function semantically like sentence letters of
sentential logic in that they do require any terms to their right and they stand for a truth-value.
Furthermore, the syntax specifies that the first 0-place predicate P is the contradiction sign L. Itis
required that 3(L)=F, i.e. L always takes the value F.

e Every n-place functor f" is assigned by 3 to an n-place function (also called an operation) on objects in

D. Thatis, 3(f")eDP".
Let A=<D,3> be a model.

A satisfaction sequence over D for FroL is any denumerable sequence s of elements in D, i.e. any element
of Dv.

An interpretation 3 of terms relative to a model A=<D,3> and a satisfaction sequence s over D for
FroL, briefly 3%, is defined inductively:
e Basis Clause. If t is a constant, then J5()=3(t).
If v is a variable, then J4(v)=s;, the i-th element of the sequence s.
e Inductive Clause. Iftis some complex term, then f(t1...ta), IE(F(t1...tn))= I(F)(F4(t2),-..,I5(tn))-

The set 34(P) of sequences that satisfies P in model A=<D,3> Fro. 34(P)=T) is defined inductively:

e Basis Clause. For an atomic formula Pnty,...,tn,
JAPM,...,tn) = { seD¥ | <T4(t),..., IL(t)>e I(PM)}.

e Inductive Clauses. The definition of JA(P) a molecular formula P is broken down into case one for
each formation rule of the syntax:
JA(~P)= DY=3A(P),
SAPAQ)=IAP)NIAQ),
IAPVQ) =3AP)UIAQ),
SAP—Q)= [D¥-IA(P)IUIAQ),
JIA(VxP)=Dv if 3A(P)=Dw, 3A(VxP)=J otherwise.

P is true (simpliciter) in A=<D,3> (abbreviated A FP) iff 3A(P)=Dv.
X logically entails P (briefly X EP) iff, for all A, if (for all Q in X, AkQ), then AEP).
P is valid (briefly FP) iff, for all A, AkP.




