Chapter 2.  Ecthesis and Existence in the Syllogistic

Abstract

An investigation into existence presuppositions and ecthesis,  Aristotle’s rule “setting out” the species presumed by universal affirmatives, in the context of Corcoran and Smile’s natural deduction theory for the syllogictic as generalized by the author.  It is shown that ecthesis is a discharge rule that functions in syllogistic semantics in much the way that disjunction-elimination and existential instantiation function in first-order logic, that ecthesis is stronger than the perfect syllogisms and may replace them in the natural deduction system, and that if the requirement that the subject stand for a non-empty set is added to  the truth-conditions of affirmative propositions, it need not be required that every term in every interpretation stands for a non-empty set.

1.  Ecthesis

The concept of saturation is related to a rule used by Aristotle in the Prior Analytics known as ecthesis, in which the particular individuals asserted to exist by a particular proposition are “set out” by assigning to them geneal terms under which they are subsumed.  It several ways the rule is similar to existential instantiation in first-order logic.

There are two versions of the rule, one for setting out an instance of  I-statements and one for O-statements.  The proper formulation of the two forms of ecthesis in natural deduction would be: 


If z is some term not present in any sentence of X or Y, or in B, then

I-EC*:
         X(Ixy     Y,Azx,Azy(B
      O-EC*:        X(Oxy     Y,Azx,Ezy(B
(I-Ecthesis) 
        X,Y(B


     (O-Ecthesis)
   X,Y(B

These rules are valid in the semantics developed in this paper.  It is useful to state for comparison the natural deduction formulation of Existential Instantiation in FOL:


If c is some term not present in any sentence of X or Y, or in B, then





X((xA[x]    Y,A[c](B







X,Y(B


They are all “discharge rules” of a similar structure.

In this note the proof theoretic properties of ecthesis will be investigated in the context of the Corcoran-Smiley natural deduction reconstruction of the syllogistic.  The format presupposed will be the generalized framework of Martin (2001). 
  Robin Smith has proved that adding either or both of the ecthesis rules to the Corcoran-Smiley semantics leaves the set of deductions unchanged.
  The ecthesis rules therefore are unproductive if added.  Moreover, neither form seems to be definable from the complete rule set.  If Celarent is deleted from the rule set but Barbara is retained and I-Ecthesis added, Celarent is derivable.  Likewise, the rules minus Barbara but with Celarent and O-Ecthesis yield Barbara. Thus Barbara or Celarent could respectively be replaced by one form of ecthesis.  It should be noted that the present semantics stipulates that all terms stand for non-0 elements in the lattice. 

2.  Existence

The assumption that terms stand for non-empty sets was entirely appropriate to Aristotle’s apodeictic syllogistic in which terms stand for species, which are eternal in the sense that there is always at least one existing individual of each species.  But for non-apodiectic inquiry and for logic after Aristotle in which non-empty sets were investigated, this assumption is inappropriate. 
  

Nothing in the soundness and completeness proof or the rule set, as it stands, exploits this stipulation.  That is, the requirement could be dropped.  The idea is implemented by dropping the restriction against non-0 values in general in the definition of an interpretation.  In doing so, however, there are two cases in which truth presupposed a non-0 extension. To preserve the existential interpretation of I-statements,  its subject term must stand for a non-0 element and since that condition is not satisfied by a general constraint on all values of the interpretation, it must be entailed by the truth-conditions of I-statements.   It is in fact entailed by the conditions as now stated: R(Ixy)=T iff R(x)(R(y)(0. To retain the subalternation of  I  to  A-statements, an explicit  clause must be added to the truth-conditions for  A-statements, namely that its subject x  is such that  R(x)(0.  The possibility that a true statement might have empty terms then is realized only in E  and O-statements, because they continue to be the contradictories of I and  A-statements respectively.  The resulting set of interpretations over syllogistic structures yields a variety of free logic, one in which there are no existence presuppositions for terms in true negative propositions. Below it is called a semi-free language.  Its entailment relation is  characterized by the same natural deduction theory as the theory restricted to non-0 elements.  It is for this reason that the syllogistic works for applications to subject matter with empty as well and non-empty sets.  

3.  Metatheorems

The validity of ecthesis, in contrast, requires that all terms stand for non-0 elements. Therefore, adding ecthesis as an explicit natural deduction rule would require a semantics typical of Aristotle’s apodeictic syllogistic, one in which all terms are “non-empty.”  In the syntax of the traditional syllogistic the failure of ecthesis (in combination with the other rules) to produce a theorem expressing the fact that for any term its extension is non-0 is a result of its expressive limitations. By contrast, in L+ the expanded syntax in which the same term is allowed to be both the subject and predicate of a proposition – it is possible to  express the fact that a term is non-empty.  If R is an interpretation over a syllogistic semi-lattice (see the formal definitions below) in which values may be non-0 elements, then R(Axx)=T iff R(x)(0, and R(Oxx)=T iff R(x)=0.  If 0-value interpretations are allowed for L+,  Axx and both versions of ecthesis fail to be valid.  The resulting validity relation is then the same as that for L, and is characterized in natural deduction by the same rule set.

 For an arbitary term one cannot prove in L+ (recall there are no valid sentences 

in L-) a theorem (deduction with an empty premise set) saying its terms are non-empty.  

Theorem. 
Celarent is definable in terms of IM2 (i.e.C1,C2,RD2,Cut, and Transposition), Barbara, and I-EC.

Lemma.  (A,(z,y, Ezy, Axz, Ixy(A.  

Proof.  Note that Bocardo is provable in IM2 (by Transposition and Cut).  Construct the tree:
    Ezy( Ezy (basic)C1
       Ezy( Eyz C2((
       Ezy( Ozy         Azx( Azx (basic) Bocardo
                             Azx, Ezy ( Oxy             Azy, Axz ( Axy (Barbara) RD2
Ixy(xy (basic)                 Ezy, Axz, Azx, Azy(A I-EC
                          Ezy, Axz, Ixy(A
Proof of Theorem.   Ezy, Axz, Ixy(A (lemma)      Ezy, Axz, Ixy( (A (lemma) RD2     

                                                    Ezy, Axz ( Exy (Celarent)                                            
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Theorem.    Barbara is definable in terms of IM2, Celarent, and O-EC.

Lemma.    (A,      Azy, Axz, Oxy( A.

Proof.  Construct the tree:
                                                                                     Ewy( Ewy (basic)C2
                                                      Azy( Azy (basic)           Ewy( Eyw PS2

                         Axz( Axz (basic)                   Azy, Ewy( Ezw PS2

                                            Azy, Axz, Ewy( Exw C1

                                            Azy, Axz, Ewy( EwxC2((
                                            Azy, Axz, Ewy( (Axw                 Awx( Awx (basic)RD2

           Oxy( Oxy (basic)                                     Azy, Axz, Ewy( A O-EC
                                      Azy, Axz, Oxy( A

Proof of Theorem.  Construct the tree:

Azy, Axz, Oxy( A (lemma)                      Azy, Axz, Oxy( (A (lemma)
                                    Azy, Axz( ( Oxy
                               Azy, Axz( Axy (Barbara)                                                                      
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Moreover, I-Ecthesis is stronger than Celarent in the sense that it allows for dropping one of the primitive immediate inference rules, because as remarked by Aristotle, I-Ecthesis may be used to define E-Conversion (C1) within the full system:

Theorem.   C1 is definable in terms of C2, RD2, Transposition, Cut 
Barbara, and I-EC.

Lemma. The rule, call it  R*, is definable:

X(Exy
X,Iyx( A
Proof.   Let R* be defined by the array (:

X( Exy (given)         Azy, Azx( Azx (basic)PS2      Azy( Azy (basic) C2
            X,Azy, Azx( Ezy                                   Azy( Izy RD2
                                            X,Azy, Azx( A                             Iyx( Iyx (basic) I-EC
                                                                                        X,Iyx( A                             
Proof of the Theorem.  Construct the tree:

X( Exy (given) R*                         X( Exy (given) R*
X,Iyx( A                                 X,Iyx( ( A RD2
                          X( Eyx                                                                                       
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Mutatis mutandis O-Ecthesis is stronger than Barbara.  Due to their prohibition against introducing new terms in their conclusions, immediate inferences augmented by ecthesis are not sufficient for the syllogistic:

Theorem.   For i=1,…,4, neither IMi nor IMi({EC-1,EC-2} is sufficient to prove any of the valid syllogistic moods. 

Below two new syllogistic proof systems are introduced that are stronger than the Corcoran-Smiley set (IM2, C1, RD2, Transposition, Cut, Barbara, Celarent)  in that in each system one of the perfect syllogisms is replaced by that ecthesis rule in terms of which it is definable:   SYLI-EC with the rule set IM2({Celarent, 

I-EC} and SYLO-EC with the rule set  IM2({Barbara, O-EC}:

Definitions

SYLI-EC=<BDS,(C, C1, RD2, Transposition, Cut, PS2 (Celarent) and I-EC>.  
SYLO-EC=<BDS,(C, RD2, Transposition, Cut, PS1 (Barbara), O-EC>.
A semi-free order theoretic interpretation of Syn relative to an order theoretic model structure <U,(,(,0> is defined as any interpretation R of Syn mapping Terms(Sen to U({T,F} such that:


1.
if x(Terms, R(x)( U;


2.
if A(Sen, then



a.
if A is some Axy, then R(A)=T iff, R(x)(0 & R(x)(R(y),

b. if A is some Exy, then R(A)=T iff,  R(x)=0 or R(x)(R(y)=0,

c. if A is some Ixy, then R(A)=T iff,  R(x)(R(y)(0,



d.
if A is some Oxy, then R(A)=T iff, R(x)=0 or not(R(x)(R(y)).

R+-free is the set of all semi-free order-theoretic interpretations for Syn+ for some order theoretic model structure.

R(-free is the set of all semi-free order-theoretic interpretations for Syn(  for some order theoretic model structure.
L+-free=<Syn+, R+-free >. 

L(-free=< Syn(, R (-free>.

Theorems

1. SYLI-EC, SYLO-EC, like SYLC, are sound and complete for L(=< Syn(, R (> and 

SYLC, is sound and complete for L(-free=< Syn(, R (-free> and L+-free=<Syn+, R+-free >. 

2. SYLI-EC, SYLO-EC are complete but not sound for L(-free=< Syn(, R (-free>.
Note that in the proof of the completeness of SYLC for L+-free the same notion of saturated set should be used as that in the completeness proof of SYLC for L(.
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