Problem Set 3 Problem 1

L = ∂_μϕ_1∂^μϕ_1 + ∂_μϕ_2∂^μϕ_2 − m^2(ϕ^2_1 + ϕ^2)

ϕ1 −→ cos θϕ_1 + sin θϕ_2 ϕ2 −→ cos θϕ_2 − sin θϕ_1

L = (cos θ∂_μϕ_1 + sin θ∂_μϕ_2) (cos θ∂^μϕ_1 + sin θ∂^μϕ_2) + (cos θ∂_μϕ_2 − sin θ∂_μϕ_1) (cos θ∂^μϕ_2 − sin θ∂^μϕ_1) − m^2((cos θϕ_1 + sin θϕ_2)^2 + (cos θϕ_2 − sin θϕ_1)^2) =(sin^2 θ + cos^2 θ)∂_μϕ_1∂^μϕ_1

+ (sin^2 θ + cos^2 θ)∂_μϕ_2∂^μϕ_2 − (sin^2 θ + cos^2 θ)m^2(ϕ^2_1 + ϕ^2) =∂_μϕ_1∂^μϕ_1 + ∂_μϕ_2∂^μϕ_2 − m^2(ϕ^2_1 + ϕ^2)

For the infinitismal transform:

ϕ1 −→ ϕ_1 + θϕ_2 ϕ2 −→ ϕ_2 − θϕ_1 and Ψ = _{ϕ2} ϕ1 !

∂L ∂(∂_μϕ_1)

= ∂^μϕ_1 and likewise for ϕ_2. Therefore the conserved current is:

jμ = ϕ_2∂^μϕ_1 − ϕ_1∂^μϕ_2

The equation of motion for ϕ_1 is:

∂μ∂μϕ1 − m2ϕ1 = 0

and likewise for ϕ_2. The stress energy tensor is:

∂νϕ1∂μϕ1 + ∂νϕ2∂μϕ2 − (∂αϕ1∂αϕ1 + ∂αϕ2∂αϕ2 − m2(ϕ21 + ϕ2))δνμ

Substituting ϕ_1 =^{ϕ+ϕ�}_2 and ϕ_2 =^ϕ�^{ϕ�}_{2i} yields the Lagrangian for the complex scaler field. This justifies our assertion that ϕ and ϕ� can be considered independent scaler fields.