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The Four Fundamental Vector SubSpaces Assoc'd with A

The four canonical vector subspaces associated with an m x n matrix A
are:

@ the null space N'S(A) of A (a vector subspace of R"),

@ the column space CS(A) of A (a vector subspace of R™),

e the orthogonal complement CS(A)* = N'S(AT) (a VSS of R™),

o the orthogonal complement N'S(A)* = CS(AT) (a VSS of R").
Suppose A= [iy ba ... lm|Z[V4 Va... V] " is an SVD for A. Then:

o {u,...,d,} is an orthonormal basis for CS(A),

o {iy41,...,0m} is an orthonormal basis for CS(A)* = NS(AT),

® {Vi41,...,Vp} is an orthonormal basis for NS(A), and

o {W,...,V,} is an orthonormal basis for NS(A)*+ = CS(AT).
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A= [_’1 H ... 5’,,] mxnandR”Lngiven by T(X) = AX

)?: ﬁ—'— Z,ﬁ: PI’OJNS(A)L()_('),Z: ProjNS(A)()?) S A)?Z Aﬁ—F AZ: Aﬁ
Recall: NS(A)Lt =CS(AT) and CS(A): = NS(AT). When have an SVD
A= [l ... 0n| T[4 Vo... V) T get orthon bases V = {V}, v5...,V,} (for R"),

U= {ih, ... 0} (for R™), and [T],, = . Also, these give. ...



Example: usingan SVD A= UX VT

Let's try to “see” the linear transformation R? T, R3 defined by
T(X) = AX where A= UX VT is given below.

1 2
Here A= [2 0| and we will find U, ¥, V so that A= UX V.
0 2

Recall that A is the standard matrix for T: i.e., A= [T]g. It turns out

that ¥ = [T]uv where

Y= {\717 \72} and U = {L71, 172, 173}

are the orthonormal bases for R? and R3 (respectively) with

V = [\71 \72] and U= [LTl lj2 L73] 0

In fact, it even gets better, but lets just work this simple example.
SVD Example

Chapter 7, Section 4, Ex 2 4/5



2
2 8

'|'|

o

-~

>

|
1
O N =
N O N
| I

>

\'

>

Il
1

o1
—_

3

=

o

>

=

o

(2]

@

<

(2]

>

=

|

O

>~

N

|

o

3 0 11 T_o
Thus o1 = 3,00 =2and ¥ = |0 2|. Get assoc'd eV’s , o)
0 0 2 1

1 1 . 1 —2 1 (1 -2
take v; = % [2 , Vo ] and then V = \ﬁ [2 1|
5 0 1 5 1 0
GetA 2 ,A = |-4| soinh=—=|2| ,ibh=— [-2].
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