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Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.
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The Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.
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The Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.

—

Vv,

Normalization Step: For 1 </ < k, i; = || JH
Vi
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The Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.

—

Vv,

Normalization Step: For 1 </ < k, i; = || JH
Vi

First Step: v} = X.
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The Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.

. .. . . Vi
Normalization Step: For 1 < < k, i; = ﬁ
Vi

First Step: v} = X.

How do we get v, ..., V,?
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of X2 onto X1.
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that

Vo =% — pr L X1.
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that

Vo =% — pr L X1.

p2 = Projg (X2)

Thus we find that v, = X3 L v and
Span{vi, v} = Span{x1, X2} = W.
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that

Vo =% — pr L X1.

p2 = Projg (X2)

Thus we find that v; = x; L ¥ and
Span{vi, v} = Span{x1, X2} = W.
So, {Vi, v} is the desired orthogonal
basis for W.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vj = xj and vb = X6 — po
where pp = Projz (X2).
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

—

X3

-
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
< where pp = Projz (x2). Also know that
N Wz :Span{il,f('g} :Span{\71,\72}.

-
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection
p3 = Projy,(X3) of X3 onto Wo.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection
p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection

p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
-7 V3Zf3—ﬁ3J.W2.
p3 = Projy, (3)

Wy = Span{xi, %> }

.2~ 0 Thus we find that v L vo 1 v3 1 W,
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection

p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
-7 V3Zf3—ﬁ3J.W2.
p3 = Projy, (3)

Wy = Span{xi, %> }

.2~ 0 Thus we find that v L vo 1 v3 1 W,
- so, {Vh, V», 3} is the desired orthogonal
basis for W.
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The Gram-Schmidt Orthogonalization Procedure

An algorithm to produce an orthonormal basis from a basis.
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put vi = . For2 </ < k:
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put vi = . For2 </ < k:

o Set p; = Projy, (i)
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put vi = . For2 </ < k:

o Set p; = Projy, (i)

o Put v = X — pi.
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put vi = . For2 </ < k:
o Set p; = Projy, (i)
o Put vi = x; — p;.

Then {Vi, Va,...,Vk} is an orthogonal basis for W with
W; = Span{vi, v, ..., V}.
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put vi = . For2 </ < k:
i—1
o Set 5 = Projy, , (%) = > _ Proj,(%)
j=1
o Put v. =X — G

Then {Vi, Vs, ..., Vk} is an orthogonal basis for W with
W,‘ = Span{\71, \72, ey \7,}
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put i =x1. For2 << k:

-1
o Set § = Projyy. (%) = Z Proj; (X Z

o Put v = X — pi.

><1

Then {Vi, Vs, ..., Vk} is an orthogonal basis for W with

W,‘ = Span{\71, \72, ey \7,}
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The Gram-Schmidt Orthogonalization Procedure
An algorithm to produce an orthonormal basis from a basis.

Start with a basis {x1, X2, ..., Xk} for some vector space W.
For 1 <i < k, set W; = Span{xi,x2,...,%}.

Put i =x1. For2 << k:

-1
o Set § = Projyy. (%) = Z Proj; (X Z

><1

o Put v = X — pi.

Then {Vi, Vs, ..., Vk} is an orthogonal basis for W with
W,‘ = Span{\71, \72, ey \7,}

Finally, we get an orthonormal basis {i, 2, . . ., Uy} for W by setting

H Vi H
Gram Schmidt Orthog T T
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Start with x; =

e



Start with x; =

e

First, vi =

Rl

= = s



Start with x; =

Next,

-1 4
4 o =9 . N =

il I R First, vi = x1 =
1 0

= e



1 -1 4
O £ O I N B
Start with x; = 1125 2|8 | 9o
1 1
Next, °
=% - f where 5 = Proj, (%) and
V3 = X3 — p3 Where p3 = Projyy,(X3).
= Proj = =1 =2x,
B roj; (X2) a2 o0 = 2

First, vi = X1 =

= e



1 -1 4
o 1] . 4 o -2 . . 5
Start with x; = 1l > = 4 | 3 = 5 First, vi = x1 =
1 1
Next, ¢
Vo = X — p2 where p> = Proj; (X2) and
V3 = X3 — p3  where p3 = Projy, (X3).
. X+, 8, " L "
= Proj (x%2) = = —vi = 2x1, SO, Vo = Xo — 2X] =
P2 Jvl( 2) Z o 1 Z 1 1 2 2 1

= = s



1 —1 4
o 1| 4 o -2 . _ 5
Start with x; = 1l > = 4 | 3 = 5 | First, vi = x1 =
1 1
Next, ¢
Vo = X — p2 where p> = Proj; (X2) and
_'3 = _’3 — _'3 where 53 = PI’OjW2()_('3).
. . X+, 8, - L -
= Proj (x%2) = = —vi = 2x1, SO, Vo = Xo — 2X] =
P2 Jvl( 2) 7T 1= 1 2 2 1

p3 = Projyy, (X3) = Projy, (X3) + Proj, (3)

= = s



1 —1 4
o 1 4 o -2 . _ 5
Start with xj = 1l > = 4 | 3 = 5 | First, vi = x3 =
1 1 0
Next,
Vo = X — p2 where p> = Proj; (X2) and
_'3 = _’3 — _'3 where 53 = PI’OjW2()_('3).
- o Xpevi , 8, S L. S
= Proj (x%2) = = —vi = 2x1, SO, Vo = Xo — 2X] =
P2 Jvl( 2) 7T 1= 1 2 2 1

p3 = Projyy, (X3) = Projy (X3) + Proj, (3)

L X3evi , A4,
Projz (k) = =——= v =-v1 =x1
.JVl( ) V]_‘V]_ 4

= = s



1 —1 4
o 1| 4 o -2 . _ 5
Start with x; = 1l > = 4 | 3 = 5 | First, vi = x1 =
1 1 0
Next,
Vo = X — p2 where p> = Proj; (X2) and
_'3 = _’3 — _'3 where 53 = PI’OjW2()_('3).
. . X+, 8, - L -
= Proj (x%2) = = —vi = 2x1, SO, Vo = Xo — 2X1 =
P2 Jvl( 2) 7T 1= 1 2 2 1

p3 = Projyy, (X3) = Projy (X3) + Proj, (3)
X3+

. 4 .
Proj;, (x3) = n=,n=x

—

Vi - \71
Xevh,  —12 -2
Vo - 18 3

Proj, (x3) =

= = s



1 -1 4
o 1) 4 . —2 . > o
Start with x; = 1l > = 4 | 3 = 5 | First, vi = x1 =
1 1 0
Next,
Vo = X — p2 where p> = Proj; (X2) and
_'3 = _’3 — _'3 where 53 = PI’OjW2()_('3).
. Loy Xevi, 8 o
P2 = PI’OJ‘71(X2) = = 1= -V = 2X1, SO, Vo = Xo — 2X1 =

ps = Projyy,(%3) = Projy, (%) + Projy, (%) = 51 — 3%

L X3evi , A4,
Projz (k) = =——= v =-v1 =x1
in(%8) = 2 7
X3+ Vo —12 -2

Projg (X3) =

Vo s Vo 18 3

= = s



1 —1 4
o 1 4 o -2 . _ 5
Start with xj = 1l > = 4 | 3 = 5 | First, vi = x3 =
1 1 0
Next,
Vo = X — p2 where p> = Proj; (X2) and
_'3 = _’3 — _'3 where 53 = PI’OjW2()_('3).
- o Xpevi , 8, S L. S
= Proj (x%2) = = —vi = 2x1, SO, Vo = Xo — 2X] =
P2 Jvl( 2) 7T 1= 1 2 2 1

ps = Projyy,(%3) = Projy, (%) + Projy, (%) = 51 — 3%
X3+

. 4,
Proj;, (x3) = G AT =R
" X3evp , =12, =2
PS5 5B g BT g
. 2,

= = s



1 —1 4
o 1| 4 . —2 . - =
Start with x; = 1l > = 4 | 3 = 5 | First, vi = x1 =
1 1 0
Next,
Vo = X — p2 where p> = Proj; (X2) and
_'3 = _’3 — _'3 where 53 = PI’OjW2()_('3).
X2 \71 N 8 N - - - -
= Projz (X = —vi = 2x1, SO, Vo = Xo — 2X] =
p2 Jv1( ) = T 1= 1 2 2 1

X3+ 44 -
PrOJvl(X3) A
.S X3V , —12_, =2
PrOJVQ(X3) = % V2 = 18 2 = ?Vz
So V3 = X3 — X1 + g Finally, check orthogonality of
3" 1 -3
N S N L
1 -1

= = s

3



Started with basis {1, X2, X3} where X; =

I Wy T Gy Gy



Started with basis {1, X2, X3} where X; =

Got orthogonal basis {Vi, Vo, 3} where

—

Vi

I Wy T Gy Gy

= = =

M

S




Started with basis {1, X2, X3} where X; =

[ S Y
ot
Il

Got orthogonal basis {Vi, Vo, 3} where

—

Vi

=
Ny
Il

To get orthonormal basis {1, tp, 3}, just normalize!

M

S




1] [—1]

. P, S 1 4

Started with basis {1, X2, X3} where X; = 2= 1,
1] | 1]

Got orthogonal basis {Vi, Vo, 3} where

1] [—3]

S L2

1= [1]2= | 5
1] |—1]

To get orthonormal basis {1, tp, 3}, just normalize!

1
Find that o7 = 5 , 0

2:3\/52736\/§7

S G W T Y

. 1 2 1 |[-5

M

S




Started with basis {1, X2, X3} where X; =

= O O



Started with basis {1, X2, X3} where X; =

Get orthogonal basis {Vq, V5, 3} where

—

Vi

XU
I

S
I




1
. P, S 1 S
Started with basis {1, X2, X3} where X; = L
0 -
Get orthogonal basis {Vq, V5, 3} where
17
=,z
1= |1 [
O -

To get orthonormal basis {1, tp, 3}, just normalize!

ol

S




1
. P, S 1 S
Started with basis {1, X2, X3} where X; = L
0 -
Get orthogonal basis {Vq, V5, 3} where
17
=,z
1= |1 [
0 -

To get orthonormal basis {1, tp, 3}, just normalize!

-1 1
1 1 1 2 1
Find that 07 = — S = — 3= —
SRV I B RV B § RV

0 0

ol

S




The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. a_’k] where a; = Col;(A) is in R".
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).

Gram-Schmidt A to get an orthon basis U = {i, iz, . . ., Gk} for CS(A).
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).

Gram-Schmidt A to get an orthon basis U = {i, iz, . . ., Gk} for CS(A).
Then each a; can be written as a LC of the U/ vectors, so we get
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).

Gram-Schmidt A to get an orthon basis U = {i, iz, . . ., Gk} for CS(A).
Then each a; can be written as a LC of the U/ vectors, so we get

k
aj = E rijui =
i=1
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).

Gram-Schmidt A to get an orthon basis U = {i, iz, . . ., Gk} for CS(A).
Then each a; can be written as a LC of the U/ vectors, so we get

rj
= . = 5 = 0|12
aj:Zr,-ju,-: [Ul U2...Uk]
i=1
rkj
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).

Gram-Schmidt A to get an orthon basis U = {i, iz, . . ., Gk} for CS(A).

Then each a; can be written as a LC of the U/ vectors, so we get
rj

Thus -A = QR | where A P
Q= [ t>... 0k ajZZr,-ju,-:[uluz...uk] :J
and R = [rj]. i=1 .
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The QR Factorization

Let A be a matrix with linearly independent columns, say
A :[5’1 3. .. é’k] where a; = Col;(A) is in R".
Then A ={3a1,3,,...,ak} is a basis for the column space CS(A).

Gram-Schmidt A to get an orthon basis U = {i, iz, . . ., Gk} for CS(A).

Then each a; can be written as a LC of the U/ vectors, so we get
rj

Thus -A = QR | where A P
Q= [ t>... 0k ajZZr,-ju,-:[uluz...uk] :J
and R = [rj]. i=1 .

Since U is orthonormal, QT Q = I, and therefore .
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A QR Factorization Example

-1 -1 1

1 0 O
Let A = 1 1 ol

0O 0 1
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A QR Factorization Example

-1 -1 1
1 0 0 . S oS

Let A= 11 ol Get orthon basis U = {1, >, U3} for CS(A)
0 0 1

where
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A QR Factorization Example

-1 -1 1
1 0 0 . S oS
Let A= 11 ol Get orthon basis U = {1, >, U3} for CS(A)
LR R rY Y H e
where P o= e T = e T — ——
0 0 2
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A QR Factorization Example

-1 -1 1
1 0 O . S oS
Let A= 11 ol Get orthon basis U = {1, >, U3} for CS(A)
LR R rY Y H e
where P o= e T = e T = —
en 0 0 2
-Vv2 1 1
o L| V2 2 0
Ve | V2 11
0 0 2
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A QR Factorization Example

-1 -1 1
1 0 O . S oS
Let A= 11 ol Get orthon basis U = {1, >, U3} for CS(A)
LR R rY Y H e
where = —— T = —— iy = —
en 0 0 2
V2 1 1
oL |2 2 0
Ve | V2 11
0 0 2
so
R=QTA=
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A QR Factorization Example

-1 -1 1
1 0 O . SO
Let A= 11 0 . Get orthon basis U = {4, b, G5} for CS(A)
O Y R
where R = D= = D
en 0 0 2
—Vv2 1 1
o L| V2 2 0
Vel V2 -1 1
0 0 2
o)
i V2 vz v2 o |7 Y.
R = A=—1| 1 2 -1 0 =
\/6 1 0 1 2 clJ é (1)
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A QR Factorization Example

-1 -1 1
1 0 O . = = =
Let A= 11 0 . Get orthon basis U = {4, b, G5} for CS(A)
L T Y NS FY IR
where B o= — P = —— B =
en 0 0 2
-2 1 1
o L| V2 2 0
Ve | V2 11
0 0o 2
SO
-1 -1 1
QT 1 V2 V2 V2 0 1 0 0 1 W2 2v2 -2
R = A= — 1 2 -1 0 = — 0 —2 1
V6|1 o0 1 2 é (1) (1) V6lo o 3
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