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Orthogonal Projection Onto a Vector

Let & be a fixed vector, and X a variable vector.

The orthogonal projection of X onto i
is the pictured vector g which is parallel
to & (so, p = si for some scalar) and
has the property that Z7=x—p L .
For this to hold, we need Z- & = 0,
which allows us to determine s. We
find that

XU
S=—-5—
TR
and thus
. ooy Xl
p = Projz(X) = =——= 0|
”() 0.0
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Orthogonal Projection onto a Vector Subspace W

Let B = {51, Eg, ey Ek} be an orthog basis for a vector subspace W of R”.

Theorem (Orthogonal Decomposition Theorem)

Each vector X in R™ can be written uniquely in the form
X=p+Z7Z wherepisinW and Z is in W,

In fact,

Definition

—»

We call g the orthogonal projection of X onto W, and write p = Projyy(X)
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Orthogonal Projection onto a Vector Subspace W
bk} be an orthog basis for a vector subspace W of R”

Let B = {51, by,
Theorem (Orthogonal Decomposition Theorem)
Each vector X in R" can be written uniquely in the form
where p is in W and Z is in W

X=p+7

Ty

and 7 =X —

1

1><1
‘ls

i (9= 3 5

In fact,
5=
i=1
Definition
We call g the orthogonal projection of X onto W, and write p = Projyy(X).
Note that we need the orthogonal basis B to compute Projy(X).
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Orthogonal Projection Onto a Vector Subspace

Let B = {51, 52, e Ek} be an orthog basis for a vector subspace W of
R", and X be any vector in R".

Gram Schmidt Orthog Y Ty



Orthogonal Projection Onto a Vector Subspace

Let B = {51, 52, e Ek} be an orthog basis for a vector subspace W of
R", and X be any vector in R".

Gram Schmidt Orthog Y Ty



Orthogonal Projection Onto a Vector Subspace
Let B = {51, 52, e Ek} be an orthog basis for a vector subspace W of

R", and X be any vector in R".
X
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Orthogonal Projection Onto a Vector Subspace

Let B = {51, 52, e Ek} be an orthog basis for a vector subspace W of
R", and X be any vector in R".

The orthogonal projection of X onto W
is the pictured vector p which lies in W
and has the property that
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Orthogonal Projection Onto a Vector Subspace

Let B = {51, 52, e Ek} be an orthog basis for a vector subspace W of
R", and X be any vector in R".

The orthogonal projection of X onto W
is the pictured vector p which lies in W
and has the property that

Z=X—p L W.

Gram Schmidt Orthog Y Ty



Orthogonal Projection Onto a Vector Subspace

Ek} be an orthog basis for a vector subspace W of

LetB:{El,Eg,...,
R", and X be any vector in R".

The orthogonal projection of X onto W
is the pictured vector p which lies in W

and has the property that
Z=X—p L W.

We find that
= Proju() = zp,
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Orthogonal Projection Onto a Vector Subspace

Let B = {51, 52, e Ek} be an orthog basis for a vector subspace W of
R" and X be any vector in R".

The orthogonal projection of X onto W
is the pictured vector p which lies in W
and has the property that

Z=X—p L W.
We find that

= Proj () = zp,

Note that we need the orthogonal basis B to compute Projyy(X).
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Examples

Find orthogonal projection onto W = {x; + x» + x3 = 0}.
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Examples
Find orthogonal projection onto W = {x; + x» + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?
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Examples
Find orthogonal projection onto W = {x; + x> + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto

Wt =
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Examples
Find orthogonal projection onto W = {x; + x> + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto

1
W+ = Span{i} where 7=[111]T = [1].
1
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Examples
Find orthogonal projection onto W = {x; + x> + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto

1
W+ = Span{i} where "=[111]7 = |1|. Then use fact that
1
Projyw + Projywy. = 1.
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Examples
Find orthogonal projection onto W = {x; + x» + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto
1
W+ = Span{i} where "=[111]7 = |1|. Then use fact that

1
Projyw + Projywy. = 1.

Find orthogonal projection onto

W={x+x+x3+x2=0,x+x3+ x4 =0}
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Examples
Find orthogonal projection onto W = {x; + x» + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto
1
W+ = Span{i} where "=[111]7 = |1|. Then use fact that

1
Projyw + Projywy. = 1.

Find orthogonal projection onto

1 1 11
W:{x1+xQ+X3+X4:0,xz+X3+X4:0}:/\/8([ D
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Examples
Find orthogonal projection onto W = {x; + x» + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto
1
W+ = Span{i} where "=[111]7 = |1|. Then use fact that

1
Projyw + Projywy. = 1.

Find orthogonal projection onto

1111
W:{x1+xz+X3+X4=0,X2+X3+X4:O}ZN‘S([O 11 1})

Easy to get basis for W, but how to get orthogonal basis?
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Examples
Find orthogonal projection onto W = {x; + x» + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto
1
W+ = Span{i} where "=[111]7 = |1|. Then use fact that

1
Projyw + Projywy. = 1.

Find orthogonal projection onto

1111
W:{x1+xz+X3+X4=0,X2+X3+X4:O}ZN‘S([O 11 1})

Easy to get basis for W, but how to get orthogonal basis?
Here W is a 2-plane in R* so W+ is also a 2-plane in R*.
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Examples
Find orthogonal projection onto W = {x; + x» + x3 = 0}.

Easy to get basis for W, but how to get orthogonal basis?

Simplest way to do this problem is to find orthogonal projection onto
1
W+ = Span{i} where "=[111]7 = |1|. Then use fact that

1
Projyw + Projywy. = 1.

Find orthogonal projection onto

1111
W:{x1+xz+X3+X4=0,X2+X3+X4:O}ZN‘S([O 11 1})

Easy to get basis for W, but how to get orthogonal basis?
Here W is a 2-plane in R* so W+ is also a 2-plane in R*.

Given a basis, how do we get an orthogonal basis?
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.

We start with a basis {xi, X2, ..., Xk} for some vector space W.
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.

—

Vv,

Normalization Step: For 1 </ < k, i; = || JH
Vi
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.

—

Vv,

Normalization Step: For 1 </ < k, i; = || JH
Vi

First Step: v} = X.
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First Look at Gram-Schmidt Orthogonalization Procedure

This is an algorithm to produce an orthonormal basis from a basis.
We start with a basis {xi, X2, ..., Xk} for some vector space W.

Then we construct an orthogonal basis {Vi, V4, ..., vk} for W with certain
nice properties.

Finally, we get an orthonormal basis {1, i, . . ., Uk} for W.

—

.. . ., Vi
Normalization Step: For 1 < < k, i; = ﬁ
Vi

First Step: v} = X.

How do we get v, ..., V,?
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

X2
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of X2 onto X1.
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that

Vo =% — pr L X1.
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that

Vo =% — pr L X1.

p2 = Projg (X2)

Thus we find that v, = X3 L v and
Span{vi, v} = Span{x1, X2} = W.
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Example with Basis {x}, %}

Let {X1,%>} be a basis for some 2-plane W (in some R").

Start with orthogonal projection
p2 = Projz (X2) of > onto 1. This
vector has the property that

Vo =% — pr L X1.

p2 = Projg (X2)

Thus we find that v; = x; L ¥ and
Span{vi, v} = Span{x1, X2} = W.
So, {Vi, v} is the desired orthogonal
basis for W.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vj = xj and vb = X6 — po
where pp = Projz (X2).
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

—

X3

-
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
< where pp = Projz (x2). Also know that
N Wz :Span{il,f('g} :Span{\71,\72}.

-
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection
p3 = Projy,(X3) of X3 onto Wo.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection
p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection
p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
V3Zf3—ﬁ3J.W2.
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection

p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
-7 V3Zf3—ﬁ3J.W2.
p3 = Projy, (3)

Wy = Span{xi, %> }

.2~ 0 Thus we find that v L vo 1 v3 1 W,
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Example with Basis {Xi, %>, X3 }

Let {Xi,X2, X3} be a basis for some 3-plane W (in some R").

Already have vi = x4 and b = X6 — p>
where pp = Projz (x2). Also know that
Wy = Span{xi, 2} = Span{vi, »}.

Look at orthogonal projection

p3 = Projy,(X3) of X3 onto Wo.
This vector has the property that
-7 V3Zf3—ﬁ3J.W2.
p3 = Projy, (3)

Wy = Span{xi, %> }

.2~ 0 Thus we find that v L vo 1 v3 1 W,
- so, {Vh, V», 3} is the desired orthogonal
basis for W.
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Start with x;



Start with x; = First, vi = X.

O = O
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Start with x; = First, vi = X.

O = O
= = O

Next, vo = X> — p> where



Start with x; = , X3 = First, vi = X.

O R O =

1
0
1l
1

el
|
co RN

Xo o1

S S S S P, L2,
Next, Vo = X2 — p2 where p> = Proj;;, (X2) = n=on=x, so

—

V1'\71



1 2 1
- 0 o |1 o |0 . o =
Start with xj = 1 , Xo = 0 , X3 = 1l First, vi = x7.
0 0 1
oo 9
Next, vo = X> — p> where ;3’2:Proj‘71(>_<’2):)_<,2 ‘:1 Vi = ZVi =X, SO
ZIER%] 2
1
L 1
2=x2=x1=|_4|



1 2 1
T T E T o
Start with xj = 1l > = ol 5= 1l First, vi = x7.
0 0 1
e )
Next, vo = xo — 52 where 52 = Projvl(f(z) = )_<,2 ‘:1 Vi=—-V] = X1, SO
ZIER%] 2
1
_’2 = _’2 — _'1 = 1l FinaIIy, \73 = )?3 — ﬁ3 where ﬁ3 = ProjW2(>_<’3).

0



1 2 1
o o of - 1] 0 . o =
Start with x; = 1l > = ol 5= 1l First, vi = x1.
0 0 1
o o 5
Next, vo = X — pp where p, = Proj; (%) = )_<,2 ‘:1 Vi = ZVi =X, SO
L Vi-WVi 2
1
_’2 = )?2 — )_('1 = 1l FinaIIy, \73 = )?3 — ﬁ3 where ﬁ3 = ProjW2(>_<’3).
0

Here p3 = Projwz(f('g,) = Proj;, (x3) + Proj72(>_<'3).



Start with x; =

1
0 . " 5
1 First, vi = x7.
0

= = O =

2
. I .
7X2: O 73:
0

LS " o Xpevi , 2,
Next, Vo = X2 — p2 where p> = Proj;, (0) = ———= V1 = ~V4 = X1, s0
ZIER%] 2
1
_’2 = )?2 — )_('1 = 1l FinaIIy, \73 = )?3 — ﬁ3 where ﬁ3 = ProjW2(>_<’3).
0
Here p3 = Projw2(>_<'3) = Projvl(f(g) -+ Proj72(>_<'3). Now
Bl () X3evp , 2, 3 B X3+ 0% — G
MJz\X3) = ——= V1 = Vi1 = X1 an MoJz\X3) = —= V2 =Uwp =U.
Jvl 3 V]_ . V]_ 2 JV2 3 V2 . V2



First, vi = X.

= = O =

1 2
Start with x; = g_) ,Xo = g-) , X3 =
0 0

LS " o Xpevi , 2,
Next, Vo = X2 — p2 where p> = Proj;, (0) = ———= V1 = ~V4 = X1, s0
ZIER%] 2
1
_’2 = )?2 — )_('1 = 1l FinaIIy, \73 = )?3 — ﬁ3 where ﬁ3 = ProjW2(>_<’3).
0
Here p3 = Projw2(>_<'3) = Projvl(f(g) -+ Proj72(>_<'3). Now
Bl () X3evp , 2, 3 B X3+ 0% — G
MJz\X3) = ——= V1 = Vi1 = X1 an MoJz\X3) = —= V2 =Uwp =U.
Jvl 3 V]_ . V]_ 2 JV2 3 V2 . V2

Thus p3 = X1, so

— —

G =g = =

— O O O



1 2 1
o o of - 1] 0 . o =
Start with x; = 1l > = ol 5= 1l First, vi = x1.
0 0 1
o o 5
Next, vo = X — pp where p, = Proj; (%) = )_<,2 ‘:1 Vi = ZVi =X, SO
L Vi-WVi 2
1
_’2 = )?2 — )_('1 = 1l FinaIIy, \73 = )?3 — ﬁ3 where ﬁ3 = ProjW2(>_<’3).
0

Here p3 = Projy,(X3) = Projg (X3) 4 Projy,(x3). Now

. X3.vi , 2, .
PrOng(X3) = T Vi = §V1 = X1 and PI’O_]\72(X3) —

X3+ I
——— w»w» =0w, =0.
1A%

s /5 = 5, o Finally, check that

0 1 1 0
0 SN (] SR T I [
V3 =3X3 — X1 = ol =02 | =107 o
1 0 0 1

are orthogonal.



Started with basis {X1, X2, X3} where X; =

O = O =

fots

[ RN RN )

M

_= = O



Started with basis {X1, X2, X3} where X; =

O = O =

Got orthogonal basis {Vi, Vb, 3} where v; =

O = O

Rt
Il

[ RN RN )

_= = O

_ O O O



s X2 —

Started with basis {X1, X2, X3} where X; =

O = O =

Got orthogonal basis {Vi, Vb, 3} where v; =

1
0
1l
0

To get orthonormal basis {1, iz, 03}, just normalize!

[ RN RN )

Vo =

_= = O

_ O O O



Started with basis {X1, X2, X3} where X; =

Got orthogonal basis {Vi, Vb, 3} where v; =

O = O =

s X2 —

[ RN RN )

[1

o .

1 , Vo =
0

To get orthonormal basis {1, iz, 03}, just normalize!

1 1
0 1]11] .

. 1
Getul—ﬁ 1 ,W—\ﬁ 1 , Uz =

o

= O O

_= = O

_ O O O



Start with xj =

= O O =



Start with xj = First, vi = X.

O = =
3
|

o = O
o
|

_ O O R



-1 -1

Start with xj = Xo = First, vi = x1.

o = O
o
I

= O O =

1
1 )
0

Next, vo = X> — po» where



-1 -1 1
o 1 o 0 o 0 . ~ 5
Start with xj = 1=, ]%= ol First, vi = x7.
0 0 1
. L - . Xpevi , 2 .
Next, vo = Xo — p>» where = Projz (X0) = —— = —V] = —Xq,
2 2 — P2 p2 Jvl( 2) - Vi 3 1 3X1 SO



