Orthogonal Projection onto a Vector Subspace of R”

Linear Algebra
MATH 2076

UNIVERSITY OF -K{

Cincinnati

Linear Algebra Orthogonal Projection Chapter 6, Section 3 1/7



Orthogonal Complement

Definition (Orthogonal Complement of a Vector Subspace)

The orthogonal complement of a vector subspace W in R” is

W+ = {all ¥ in R" with w L X for all w in W}.

W+ is a vector subspace of R”, with dim WL =n—dim W

Also, R" = W @ W+ which means that every vector X in R” can be
written as a sum

X=w+Z where wisin W and Zis in W+,

Here w is the orthogonal projection of X onto W (the ‘part’ of X that is
parallel to W) and Z is the orthogonal projection of X onto W+ (the ‘part’
of X that is orthogonal to W).

How do we find w and Z7
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Orthogonal Projection Onto a Vector

Let &7 be a fixed vector, and X a variable vector.

X The orthogonal projection of X onto U is
N the pictured vector g which is parallel to &
N (so, p= su for some scalar) and has the

\\\ property that Z =X —p L 0.
%) For this to hold, we need Z- & = 0, which

NP allows us to determine s. We find that

\/

7 X

P S=—=—

u-u

and thus
0 P
o b = Proj;(X) = =— 0.
- - — - — — - p—» JU( ) u-u
Note that X = p+ Z where p'|| &'and Z L 4.
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Orthogonal Projection onto a Vector Subspace W

Let B = {51, 52, - Ek} be an orthog basis for a vector subspace W of R”.

Theorem (Orthogonal Decomposition Theorem)
Each vector X in R" can be written uniquely in the form
X=p+Z7Z wherepisinW and Z is in W+,

In fact,

k .
F=) Projz(R) =) =—=bh
i * Y

i=1

Definition

dist(x, W) = [|X — pl| = |21

We call p' the orthogonal projection of x onto W, and write p = Projy(X).

p = Projy(X) is the vector in W that is nearest to W, and so
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1 2 —2
Let X = !2] and W = Span{wy, wo} where wy = | 5 [ ,wp = | 1 |.
3
Write X = p+ Z with pin W and Z L W, and find dist(xX, W).

Since wy - wo = 0, {wy, W} is an orthog basis for W. Therefore,
p = Projyw(x) = p1 + p2 where p; = Projg (X) for i = 1,2. We compute

51 = Proj (z)—i)?'wlw—gw—iw
Pre=rrow 0 = M T 30 T 10
and
y X-wp , 3 1,
pg—PrOJW2(X): T - iy 2:6W2_§W2
Thus
- 3. 1. 1|72 I 2 b
p=p1t+p=—w+-—w=—-|10 and Z=X-—p= 0
10 2 5 1 5 5



Let X = . Find Projyy(X) where

1
—_ o
{
—
{
o O O

1
2
3 -1
4

o
o
=

W = Span{wy, wao, w3}. Since {wy, wn, w3} is an orthog basis for W,
p = Projyw(x) = p1 + p2 + p3 where p; = Projg (X) for i =1,2,3. We
compute

1 e X.w _ 4 .
pl—PrOJVﬂVI(X):_, — Wy = =Wy = 2w,
1 W1

o Xews o
p2 = Projg, (X) = =——— w2 =0,
@)=

. Xews .
p3 = Projg, (X) = =—— ws = 4w
3+ W3

Thus

p=pL+p2+p3=2w + 4wz =

BN o



Orthogonal Reflection Across a Vector Subspace

Let B = {51, b, ..., Ek} be an orthog basis for a vector subspace W of
R", and X be any vector in R".

X . = _ = g
22 % The pictured vector ¥ = p — Z is called
P . | -
¢ N the reflection of X across W.
< \ c — — = = — —
' Since X =p+ Z, r=2p — X, and thus

Rflxnyy (X) = 2 Projyw(X) — X
= (2Projyy —Id) (%).

Note that we need an orthogonal basis B to compute Projyy(X).
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