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Similar Matrices and Diagonalizable Matrices

Two n X n matrices A and B are similar if and only if there is an invertible
matrix P such that A= PBP~! (and then we also have
B =P 1AP = QAQ! where Q = P71).

An n x n matrix A is diagonalizable if and only if it is similar to a diagonal
matrix; that is, there are a diagonal matrix D and an invertible matrix P
such that A= PDP~L.

Here we want to better understand these ideas. In fact, these are
statements about linear transformations.

Please review Sections 1.9, 4.7 (the text and related videos) and especially
the video Chpt4Sect7MA4LT. This material actually has little to do with
eigen stuff!
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The Matrix of a Linear Transformation

Suppose V T Wis a LT and B, A are bases for V, W resp.

Consider the B and A coord maps V — R” @ @
T

and W — R™. Given VinV, win W, let

X:[V}Band)?:[v‘v’]A. V—W
Consider the LT R” — R™ given by X — y. [-]3l J[]A
This is a matrix transformation, and

[T@)] = 7], =7=Mi=M[7], R R

so [T(V)] , = M[V],. %@

We call M :[T] AB the matrix for T relative to B and A.
Thus | [T(V)] , =[T] 4[] 5|
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The B-Matrix for a Linear Transformation
Suppose V=R" =W and B = A, so R” T, R" is a linear transformation
and B is some basis for R". Here we write [T]B:[ ] 5 for the matrix for
T relative to B and B, and call this the the B-matrix for T.
Consider the B coord map R” % R". Given
X and y = T(X) = AX, look at

. ) ) X J=A%
%] 5 and [] 5 = [AX] . T
R? —— R"
Recall that X = P[ ] where P = Pg¢p :[B].
So [ ] = P~1y and we see that [']Bl l[']B
T1s¥s = [T@) = A5 = P77 D
= PlAg = P1AP[F], X+ 75

Thus the B-matrix for T is [T]B =P 1AP, so A= P[T]BP_l.
Therefore A = [T]g and [T]B are similar matrices!
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All Matrices for a Linear Transformation are Similar

Let R" 15 R” be a LT. Suppose A, B are any two bases for R”.

Then [T} and [T] are similar matrices.

A B

Above we saw that [T}g =A= P[T]BP*1 where P = Pej.
One way to remember this is by realizing that

[T]&e =A= 'D[T}B'D_l = PfB[T]BB'DBf'
Similarly,
[T]A = [T]AA = PAB[T]BBPBA = PAB[T]BPZ\/}&

It follows that [T]
So, [T] , and [T]

= P[T] 4P where P = Pyz.
are similar matrices.

A
B
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Similar Matrices Represent the Same LT

Suppose the n x n matrices A and C are similar; so there is an invertible
matrix P such that A= PCP~!.

Let R" 55 R” be given by T(X) = AX.

Since P is invertible, its columns form a basis for R”. Let
B = {b1,...,bn} where bj = Col;(P).

Recall that P = Pgg; so, P~! = Pgg which means that [y ]B = pP-ly.
Thus

T8 = [T(R)], = [Az] = P1(A%)
= P7Y(PCP7'X) = C(P7'X) = C[4] 5.
This says that C = [T .

So A and C both represent the LT T.
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Conclusion

Two matrices are similar if and only if they represent the same linear
transformation.
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