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Coordinates and Coordinate Vectors

Let B = {51, cl, Ek} be a basis for a vector space V. Then for each
vector v in V, there are unique scalars c1, ¢, ..., ¢k such that

k
V= C151 I CQEQ SF oo S CkEk e ZC,'E,'.
i=1

1
. 5 — (6)
We call ¢, ¢, ..., ¢k the B-coordinates of v and [V]B =
is the B-coordinate vector for v.
Ck

Note that [\7]8 is a vector in RX.
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Coordinates for Subspaces of R”

Suppose V is a vector subspace of R”.

In this setting, finding coord vectors [\7]8 (for v in V) is just the problem
of solving BX = v where B = [51 52 ‘e Ek]

Given a vector vV in V, [\7] is the unique solution to BX = V. This holds

B
because if V= BX = xy1b1 + xoby + - - - + Xx bk, then xq1,xo, ..., X, are the
B-coords of V.

Again, while V is a vector in R”, [\7] is a vector in RX.

B
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Coordinate Mappings

Let B = {51, ey Ek} be a basis for a vector space V. Then each v in V
has an associated B-coordinate vector V] €1
where c1, ¢, ..., ¢k are the B-coordinates of V. ~ C
Again, [\7]5 is a vector in RX. [V]B =

Ck
The B-coordinate mapping is the LT V % R¥ given by the formula

V= [V]
The inverse of the B-coordinate mapping is the linear transformation
Rk L5V given by the formula x1
— — - X2
T()_() = x1b1 + xoby + -+ - + xkbx where X =
Thus X in R is mapped to v = T(x) in V and Xk

V] =X. Thatis, [T(X)]z=X.
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Two Bases

Suppose we have two bases, say A and B for a vector space V.
How are the coordinate vectors [\7]3 and [V’]A related to each other?
If we know one coordinate vector, how do we get the other?

How are the coordinate maps v — [V]; and v [V] , related?

A
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Example

B={b, b} ={ m : [ﬂ} is a basis for R2 and H 2 H + [_ﬂ

o) ! = 2 . What are the B-coord vectors for 4 , 7 , X2
35 1 2 10| |y
We could just solve the appropriate SLEs, but is there a better way?

Remember, X = [51 52] [)?']

. : = o 1 -1
5 right? Letting P = [bl bz] = [1 1 ] we

have X = P[)?}B. We call P the B to £ change of coordinates matrix, and
write P = Peg. Thus | X = Pgp [)?}

Bl

Notice that P is invertible. Therefore, P~1x = [)?]B. Thus P~ 1 is the

& to B change of coordinates matrix, that is, | Ppe = 'Dz:_l% .
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Example (continued)

- o 1| [-1 o 1 1.
ForB:{bl,bz}:{M : [ 1}} P=Pes=[b1 by] = [1 1] is the
B to £ change of coordinates matrix and Pre = Pgé =P listhe £ to B
change of coordinates matrix.

1(1 1
. -1 _ 4
We find that P —2[1 1],so
X X 1 |x 171 1:| [X] 1[X+y:|
MB B‘SM M 2[—1 1 ly] ~2ly—x

A={a1,a}= { [ﬂ , [_43} } is also a basis for R2.

What are the A-coord vectors for 4 , -/ , Xl2
2 10 3%

How do A-coords and B-coords compare?
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Example (continued)

op 1] [-1 - o 1] [-3
B:{blab2}:{|:1:| ; [ 1 }},AZ{aLaz}: {[2} , [4}} bases of R2
P = Pep = [51 52] = B _11] is the B to £ change of coordinates matrix
and Ppe = ng = P~ 1 is the £ to B change of coordinates matrix.

5 _43] is the A to £ change of coords matrix and

Pag = ngl‘ — @ "= 1—10 [_42 ﬂ is the £ to A change of coords matrix.

We compute [_24] in two different ways. First (as above):
A
—4] —4] -4 1[4 3][-4] [-1
2], = [B] = B =n 5 A B - 1)
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Example—second way to compute [24}

b bl = |1 1 11
P:Pw:[blbﬂ:[l 1]a”dP35_Pgé_Pl 1[1 J
are the B to € and £ to B change of coords matrices.

o oo 1 -3 4 3
Q—PSA_[alaz]—L 4]andPAg SAfQ 11[ }

2 1
are the A to £ and £ to A change of coords matrices.

We find that [_24] = [_31] Next, the B to A change of coords matrix
B

iSPAB:PASPSB:QIP—[4 3][1 _1]21[7 _1]-

2 11 1 1011 3
us:
2] el 5] 5] = w ] = [
2], 2], 10|-1 3][3] 10|10 1
Change of Bases and Coords
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The B to A Change of Coordinates Matrix

Let A and B be bases for a vector space V. Suppose B = {51, ey Ek}
Then each v in V has an associated B-coordinate vector [\7]6

where ¢, ¢, . . . ;, Ck are the B-coordinates of V. a
So, V = Zle cib;j. (o))
It follows that . oL a = [‘7]13 I
[V]A: Zc,-b,- = c,[ i}A '
i=1 A= Ck

a

_ [[bl]A ) [bkw ;

Ck

= P[]

here P = [[51]/1 ... [Ek] A} is the B to A change of coordinates matrix.

—

(B .. [EM |
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Writing P = P45 get [V]A = PAB[\?]B and | Pap =




Picturing Change of Coordinates

Let A and B be bases for a vector space V.

Consider the B and A coordinate mappings @
from V to RX. Given vV in V, let
?:[V]Band)?’:[V']A. \%
[15 []a
Consider the LT R¥ — R given by X +— . / \
Rk Rk

This is the linear transformation given by
y’:[ﬁ]A:P[v’]B:P;{ x:[v]3|—>)7:[v]A
where P = P yp5.
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Example

X 1 0
Find |y| where B = {51, by, 53} = { 1|, , |1 } is a basis for R3
Z] 0 2
1 10 3 -2 1
P=[bibbs]=|1 2 1| =Pep, 50 Pge=P 1= |-2 2 -1
01 2 1 -1 1
Thus
X X 3 -2 1 3x =2y +z
yl =Pgely|l=1]-2 2 -1 = |-2x+4+2y —z
74 z 1 -1 1 X—y+z
1 2
For example, (2| = |—1].
3| 5 2

Linear Algebra
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Example

A={3,3,35) = { H : H : H } B = {by, by, b3} :{

are bases for R3. Find P4z.

1
1
0

kAl

Since Pyp = [[El]A[EQ]A[E3]A:|, we could just find the A-coord vectors

for each of 51, 52, 53; this is one way to proceed.

110
Alternatively, Pas = PagPep, where Peg = [by by b3] = |1 2 1|, and
012
100" [1 0 0]
Pie=Pi=[amadmas =110 =|-1 1 of
111 0 -1 1
Thus ) )
1 0 0]t 10 1 1 0
Ps=|-1 1 ot 21 =0 1 1
0 -1 1/]0 1 2 -1 -1 1]
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