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Linear Equations and their Solutions

A linear equation in “unknowns” (the variables) x1,x2, ..., xp has the form
aix1 + axxp + -+ - + apx, = b.
Here a1, as, ..., a, are the coefficients and b is the right-hand-side; these

are numbers (aka, constants or scalars) that are usually—but not
always—known in advance.

A solution to the above linear equation is a list (s1, sp, . ..,s,) of numbers

such that setting x3 = s1,...,x, = s, makes the equation a true
statement. The solution set consists of all of the solutions.
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Systems of Linear Equations and their Solutions

A system of linear equation in “unknowns” (the variables) xi,x2, ..., Xn

has the form
aiixy + aipxe + -+ aipxp = by
as1xy + axxo + -+ axp, = by

amiX1 + amex2 + -+ - + ampXn = bm

Here ai1, a12, ..., amn are the coefficients and by, ..., by, are the
right-hand-side constants; these are numbers (aka, constants or scalars)
that are usually—but not always—known in advance.

A solution to the above system is a list (s1, 52, ...,Ss) of numbers such
that setting x; = s1,...,x, = s, makes all of the equations true
statements. The solution set consists of all solutions.
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SLE Solution Sets

SLE Solution Set Trichotomy

Every system of linear equations has exactly

@ 0 solutions (that is, no solution), or,
@ 1 solution (so, a unique solution), or,

@ infinitely many solutions.

In the third case, when there are infinitely many solutions, we
must—somehow—describe all of solutions.

There are two totally different ways to go about describing the solution set
for an SLE. An algebraic description for the solution set provides a
formula, or formulas, that gives every single solution.

A geometric description for the solution set provides a pictorial
visualization that represents every single solution.
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Euclidean Space

The set R2 = {(x,y) | x,y any numbers} is called 2-dimensional
Euclidean space; the xy-plane is a geometric visualization for R? and
allows us to draw pictures that describe certain subsets of R?.

The set R3 = {(x,y,2) | x,y,z any numbers} is called 3-dimensional
Euclidean space; xyz-space is a geometric visualization for R and allows
us to draw pictures that describe certain subsets of R?.

The set R” = {(x1,...,%n) | X1,...,X, any numbers} is called
n-dimensional Euclidean space. 'Seeing’ a geometric visualization for R" is
difficult and drawing pictures that describe subsets of R” can be a
daunting task; but, we can do simple things!

Notice that the solution set to an SLE with n variables is a subset of R".
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Solution Set for One Linear Equation

Again, a solution to the linear equation
aixy+axxp+ - +apx,=b

is a list (s1, %2, ...,Sp) of numbers such that setting x; = s1,...,x, = Sp
makes the equation true. We want to “find” the solution set which
consists of all of the solutions.

It is easy to find a few solutions; just set all but one of the variables equal
toOorlor2or....

In general, if, say a; # 0, we can solve for x; in terms of the remaining
variables; these remaining n — 1 variables are called free variables because
they can be anything (i.e., any numbers). In this setting, our solution set
has n — 1 degrees of freedom, and we call it a hyperplane in R".
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Hyperplanes in R”

A hyperplane in R" is the solution set to a linear equation
aix1+axxo+---+anxn=>b
where at least one coefficient is non-zero.

When n = 2 we get ax + by = ¢ which gives a line in R.
When n = 3 we get ax + by + cz = d which gives a plane in R3.

When n = 4 we get a;x; + a»x> + azxz + azxqs = b which gives a
hyperplane in R*.
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Solution Set for System of Linear Equations

Again, a solution to the SLE

ainxy + apxe + - 4+ ainxn = b
axy + apxo + - 4+ aymx, = b
amix1t + amexe + -+ 4+ ampXn = bny
is a list (s1, %2, ...,5n) of numbers such that setting x; = s1,...,x, = s

makes all of the equations true. We want to “find" the solution set which
is all of the solutions.
Now it is not easy to find even one solution.

In fact, the solution set is the intersection of the m hyperplanes given by
the m equations.

So, how can we: Visualize this intersection? Describe all solutions?
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