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Limited Stock Market Participation and Asset
Prices in a Dynamic Economy

Hui Guo*

Abstract

This paper presents a consumption-based model that explains the equity premium puz-
zle through two channels. First, because of borrowing constraints, the shareholder can-
not completely diversify his income risk and requires a sizable risk premium on stocks.
Second, because of limited stock market participation, the precautionary saving demand
lowers the risk-free rate but not stock return and generates a substantial liquidity premium.
This model also replicates many other salient features of the data, including the first two
moments of the risk-free rate, excess stock volatility, stock return predictability, and the
unstable relation between stock volatility and the dividend yield.

I. Introduction

Empirical evidence documented in the past two decades has challenged the
conventional wisdom about financial markets. Fama and French (1989) find that
stock return is predictable. Shiller (1981) shows that stock prices are too volatile
to be justified by the subsequent movement in dividends; Schwert (1989) also
claims that large variations in stock volatility cannot be accounted for by stock
valuation models. Mehra and Prescott (1985) argue that the consumption-based
capital asset pricing model (CAPM) cannot explain the large observed equity pre-
mium. These puzzles or anomalies seem to suggest that stocks are not priced by
the fundamentals stressed in the frictionless neoclassical models.

In this paper, I show that adding three market frictions—i) limited stock
market participation, ii) uninsurable income risk. and iii) borrowing constraints—
to an otherwise standard model explains these puzzling phenomena in a coher-
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ent way.! Specifically, I analyze an infinite horizon economy inhabited by two
(types of) agents: only one agent holds stocks and receives dividends, while both
agents receive labor income. Agents trade one-period discount bonds with each
other to diversify income risk: however, such insurance is imperfect because of
borrowing constraints. The model is calibrated using the income process esti-
mated by Heaton and Lucas (1996), and the simulation matches the data well
under reasonable parameterization. First, [ replicate the first two moments of the
risk-free rate, stock return, the equity premium, the long-term bond return, and
the price-dividend ratio, as well as their autocorrelations and cross-correlations
obtained from the data. Second, consistent with Fama and French (1989), the
price-dividend ratio and the term premium forecast stock return in simulated data.
Third. I duplicate Cochrane’s (1991) volatility test. which shows that most vari-
ations in the price-dividend ratio are explained by movements in expected stock
return, but not by movements in dividends.

I generate a large equity premium through two channels. First, because of
borrowing constraints, the sharcholder cannot completely diversify his income
risk and his consumption is more volatile and more positively related to stock re-
turn than aggregate consumption. As a result, the shareholder requires a sizable
risk premium on stocks. This mechanism, which has been emphasized in the em-
pirical literature, e.g., Mankiw and Zeldes (1991) and Vissing-Jorgensen (1998),
is similar to the limited stock market participation model by Basak and Cuoco
(1998). Second, uninsurable income risk and borrowing constraints—as shown
by the early authors, e.g., Telmer (1993) and Heaton and Lucas (1996)—generate
a precautionary saving demand for tradable assets such as one-period discount
bonds and thus lower the risk-free rate. However, the precautionary saving de-
mand does not lower stock return because of limited stock market participation.
Such an asymmetry between stocks and bonds generates a substantial liquidity
premium, which allows me to adopt a reasonable calibration for the shareholder’s
consumption.® To my best knowledge, the second mechanism is innovative and
warrants further discussion.

In my model, I generate a liquidity premium because stocks and bonds are
not always priced by the same pricing kernel. In particular, while stocks are priced
by the sharcholder’s intertemporal marginal rates of substitution (IMRS). bonds
are determined by the IMRS of the unconstrained agent(s) or the maximum of
the two agents’ IMRS. Given that the former is lower and more volatile than the

I'These frictions have been well documented in the empirical literature, e.g., see Mankiw and
Zeldes (1991) and Vissing-Jorgensen (1998) for limited stock market participation and Hayashi, Al-
tonji, and Kotlikoft (1996) for uninsurable income risk and borrowing constraints.

“Campbell and Cochrane (1999) show that a habit formation model can also replicate these fea-
tures of the data. However. in their model, there is a monotonic relation between stock volatility and
the price-dividend ratio. which is at odds with empirical evidence by Schwert (1989), who finds an
unstable relation between the two variables. As a result. the habit formation model implies a leverage
effect much stronger than that in the data. In contrast, stock volatility is a U-shaped function of the
price-dividend ratio and the leverage effect is moderate in my model.

"The volatility of the shareholder’s consumption growth is 6.6% at an annual frequency in my
baseline model. which is consistent with that reported by Vissing-Jorgensen (1998) using the Con-
sumer Expenditure Survey (CEX). However, it should be noted that. as argued by Brav, Constan-
tinides, and Geczy (2002). a large portion of the consumption volatility in CEX might be due to
measurement error. Nevertheless, my number is much smaller than the [1.2% used by Basak and
Cuoco (1998).
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latter if borrowing constraints are occasionally binding, stock return is high and
volatile while the risk-free rate is low and smooth, as observed in the data. This
mechanism distinguishes my model from the early literature.® Intuitively, given
that dividends are smooth in the data, if stocks and bonds are priced by the same
pricing kernel, their returns should have similar mean and variance. For example,
if both agents hold stocks, Heaton and Lucas (1996) show that uninsurable income
risk and borrowing constraints cannot produce a sizable equity premium because
they lower both stock return and the risk-free rate. Similarly, Basak and Cuoco
(1998) find that limited stock market participation can generate a large risk price
if the shareholder’s consumption is volatile because of high leverage: however.
their model also implies a volatile risk-free rate because it is always determined
by the shareholder’s IMRS.

Allen and Gale (1994) and Aiyagari and Gertler (1999) have emphasized
the important effect of liquidity on asset prices. Constantinides. Donaldson, and
Mehra (2002) and Storesletten, Telmer, and Yaron (2001) have shown that the lack
of inter-generation risk sharing might lead to limited stock market participation
and thus helps explain the equity premium puzzle. However, these authors do not
fully characterize the liquidity effect in a dynamic setting, as in this paper.

The remainder of the paper is organized as follows. 1 present a heteroge-
neous agent model in Section II and discuss numerical solutions in Section I11.
The simulation results from the baseline model are presented in Section IV, and
I conduct the robustness check in Section V. Section VI offers some concluding
remarks.

Il. A Limited Stock Market Participation Model

In an exchange economy, there is one perishable consumption good and there
are two types of agents of infinite life horizons. 1 use index i = I, 2 to indicate the
representative agent of each type. These agents receive stochastic labor income
Li;.i=1,2andr € [0, oc) by supplying labor inelastically; the total labor income
is L, = Ly ,+ Ly ;. Because of moral hazard, they cannot write contracts contingent
on the realization of their labor income; thus, labor income is uninsurable. There
is also a tree that produces a stochastic dividend D,. t € [0,00). The tree is
endowed to agent 1 (shareholder) at time =0, and he is not allowed to sell it. The
aggregate endowment Y, is the sum of total labor income and dividend income, or
Y=L +Ly +D;. Vector X,=[log(Y,/Y, 1), log(D,/Y,;),log(L, /L) —log(L; /L)]
describes the income process of the model economy, where log(Y,/Y, ) is the
growth rate of aggregate income, D, /Y, is the dividend share, and L, ,/L, is the
sharcholder’s labor income share, the mean of which is L, /L. 1 assume that X,
follows a stationary Markov process, which will be discussed in the next section.
In the absence of insurance markets, both agents hedge income risk only through
borrowing or lending against each other in a one-period discount bond market.
Such a risk-sharing scheme, however, is limited by borrowing constraints: B, >
Bi,. where B, , is the outstanding debt of agent i and B, is his borrowing limit.

*However, this approach has been (implicitly) widely adopted in the empirical literature; for ex-
ample. the risk factors for stocks are different from the risk factors for bonds,
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B, . is positive (negative) if agent i has a long (short) position in the bond market
and B; , is always negative. I assume that there is no outside bond supply and the
net bond supply is zero,

(n B[_;*PB:‘,. = A

The intertemporal budget constraints of agents | and 2 are described by equa-
tions (2) and (3), respectively. P, is the equilibrium price of the one-period dis-
count bond at time 7 that pays one unit of consumption good at time ¢+ 1, P} is the
stock price at time 7, C; is the consumption of agent i at time 7, and S, ( §/) is
the stockholding of agent 1 at time 7+ 1 (r). Because of limited stock market par-
ticipation, stocks do not enter the budget constraints of agent 2 (nonshareholder).
It should also be noted that, in equilibrium, because shareholders can trade stocks
only among themselves, they always hold the same amount of stocks as in Lucas
(1978) or §!,,= 8! for t € [0, ).

(2) PBi i+ PSS, +Ci+ < B, +PS +Lj,+Dy,,
Bigwi = B, 0ZLt<oo0.
(3) PBy i +Cyy < Ba+lay,

By 2 Bawi, 0<t< .

Agents maximize their objective functions, which are defined in equation
),

4) max £ lz BU(Ciy)

=0

!2()] 3 I:12

where £ is an expectation operator conditional on information set 2, which in-
cludes all information available at time 1 = (. 3 is the time preference and U(-) is
the instantaneous utility function. In this paper, I use a power utility function as
defined in equation (5), in which the relative risk aversion coefficient is constant
and is equal to -,

S) U(( ) ]7 . if g (0 and i # 1
(2 ) T.— =y

log(C), if 9=l
The first-order necessary conditions. which determine the equilibrium bond

price, are described in equation (6). F(U(C,41))/(UN(C;;)) is the IMRS, which
is also the pricing kernel.

U"((‘i r+|) =
& 5 || -Qz . i+ i ’
(6) P > E [f UI{Cy) ’ ] B 2 Bim
|, UHGCie1) =
(s G| 2]) B = o

0<r<oo, i=1,2.
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Because of limited stock market participation, the stock price, P}, is determined
only by the shareholder’s IMRS as in equation (7),

U’(CI‘HI)

) — ‘ p 3}
(7 P = E|B(P,+Du) e,

’I),]. Dt 2 e;

Equation (6) indicates that the IMRS are not equalized across two agents when
borrowing constraints are binding. More importantly, bonds are priced by the
IMRS of the nonshareholder and stocks are priced by the IMRS of the shareholder
when the shareholder is constrained. As shown in log-linear approximation below,
this mechanism is important in explaining the equity prc,mium puzzle.

The simple risk-free rate from time ¢ to t+ 1 is R, = (1/P,) — 1 and
the log risk-free rate 'riI is log(1/P,). Similarly, the simple stock return from
time rtot+1is Ry = ((P),, + D) /P}) — 1 and the log stock return is r,,| =
log((P;,, + Dy1)/P;). 1 use lowercase letters to denote log variables throughout.
If the conditional joint distribution of consumption growth and asset returns is
lognormal, the conditional risk-free rate defined by equation (6) and the condi-
tional stock return defined by equation (7) can be rewritten as equations (8) and
(9), respectively.® r,'le is the shadow risk- fru_ rate priced by agent i's IMRS,
giu+1 1s the rate of consumption growth, and o7, is its variance. o7, is the
variance of stock return and oy ;4 is the covariance between the shdreholder's
consumption gmwth and stock return. Equation (8) shows that the equilibrium
risk-free rate fm should be low and smooth because it is the minimum of the two
shadow risk-free rates. On the other hand, equation (9) shows that stock return is
determined only by the shareholder’s IMRS and, therefore, is relatively high and
volatile. Substitution of equation (8) into equation (9) gives the equity premium
as in equation (10), which has two components. The first component, Yo 41 14, is
the risk premium in the standard consumption-based CAPM. The second com-
ponent, J"-]"J+l — 111111{1',]_”,.:"3’_”, }. which is non-negative and is strictly positive
when the shareholder is constrained, can be thought of as a liquidity premium
because it reflects the fact that the shareholder cannot use stocks to buffer income
shocks,

o S |
'\_(J':
(8) rr:'.'HI = —log(3)+ ) - TH
i =2
rfil = min (’"I{m ] "if.:+|) )
; ﬂaz. I
(9) E [r,+| r, F e .(2,] ;+ = P gy
a2 |
(10) E [r,,,l - "iil .Q,} + —;:“— = YO0 + r]j‘H_,

: o ]
— min {’1,:+1~ ’:.r+1} .

*It should be noted that. although log-linear approximation is helpful for illustration purposes, the
approximation error can be large in a model with borrowing constraints as analyzed in this paper.
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I want to emphasize that limited stock market participation plays an impor-
tant role in resolving the equity premium puzzle. If both agents hold stocks as in
Heaton and Lucas (1996). the agent who is constrained in the bond market should
also be constrained in the stock market. As a result, income risk and borrowing
constraints lower both the risk-free rate and stock return through a precaution-
ary saving demand and their model is unable to produce a sizable equity pre-
mium. However. limited stock market participation alone cannot explain all the
asset pricing phenomena either. For example, in the model by Basak and Cuoco
(1998), there are no borrowing constraints and stocks and bonds are priced by
the shareholder’s IMRS, in particular, r/ ., is always equal to ":’,1+|- Because
of limited stock market participation, the sharcholder’s consumption could be
much more volatile than aggregate consumption, which generates a large risk pre-
mium, vas, 4. However, volatile consumption also implies a volatile risk-free
rate, which is at odds with the data. In contrast, because the liquidity premium
"'1".:+1 —min{ rljﬁ 174 1 } accounts for a significant portion of the equity premium,
the risk premium o) ;.1 need not be very large or the shareholder’s consumption
need not be extremely volatile in my model. Moreover, the risk-free rate is priced
by the IMRS of the non-constrained agent(s) and is thus relatively smooth in my
model, even though the shareholder’s consumption is relatively volatile.

Long-term bonds do not enter the model directly. As an approximation, |
assume that there is a consol paying one unit of consumption good in each period
and that its price is determined through auction. If the supply is zero, the price
of the consol P is given by equation (11) below. where P, is the shadow consol
price determined by agent /s IMRS. The simple return on the consol from time ¢
tot+1is R, =((1+P,)/P¢) 1 and the log return is rf,, =log((1 + P, )/ P}).
The yield is v¢,, = | /P;,,. Equation (11) shows that, like the risk-free rate, the
long-term bond return should also be small and smooth,

U’(CLHI)

11 273 E|3(P, L=
(D i ( T ) U.’((',_,)

!2,} O<t<o0and i =12,

P = max(P,P5,).

Finally, equations (1). (2). (3), and (6), along with the goods market clearing
condition equation (12) below, define the equilibrium of my model economy,

(12) Ci,+Cay = Lyg+Lla,+Dyy.

[Il.  Numerical Solutions and Calibration

The model does not have an analytical solution because the bond holdings
are an endogenous state variable, which changes over time. 1 solve the model
numerically using the method developed by Telmer (1993). First. | discretize
the exogenous state variables of the vector X, and the endogenous state variable
B, to approximate the continuous state spaces by finite grids.® Then I calculate
the policy functions of cach state by iterating the Euler equation (6) along with

SR\, is a sufficient statistic for the bond market because the net bond supply is zero, or By ; +
B, = 0.
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equations (1), (2), (3), and (12), recursively. Last, I feed the model with simulated
income processes to generate artificial time series of asset prices.

Heaton and Lucas (1996) assume that the vector X, follows a first-order VAR
process as in equation (13), where j is a vector of intercepts, .1 is a matrix of
slopes, @ is a matrix of coefficients, and =, is a vector of i.i.d. shocks that have
standard normal distributions and are orthogonal to each other.

(13) X, = p+AX,_|+0e.

Heaton and Lucas estimate equation (13) using the annual National Income and
Product Account (NIPA) data and the Panel Study of Income Dynamic (PSID)
data and then use Tauchen and Hussey s (1991) quadrature method to approximate
the estimated income process with an eight-state (two grids for each state variable)
Markov process.

In this paper, I adopt Heaton and Lucas’ (1996) eight-state income pro-
cess. Moreover, Mankiw and Zeldes (1991) report that only 25% of U.S. house-
holds own stocks and that they receive higher labor income than nonshareholders.
Therefore, I assume that the shareholder on average receives 30% of the total labor
income and the nonshareholder gets the remainder, 70%. in the baseline model.
The simulated income process of the baseline model is reported in equation (14), 7

0.11 0.15 0.05 0.00
(14) po= —0.52 |, A = —0.34 0.72 0.00
0.00 0.00 0.00 0.49

[ 0.03 0.00 0.00
@ = 0.01 0.04 0.00
| 0.00 0.00 0.22

Finally, I assume that the borrowing limit B;, is proportional to aggregate
income Y, and the ratio BC = ﬁ[_f,_,/’Y! is constant over time. This is a standard
assumption in the literature, e.g., Telmer (1993). Since B, is equal to —B., in
the equilibrium, the normalized bond holding B, ,/Y; should fall into the interval
[fBC. BC]. In the calibration, B, ,/Y, can take the value of —BC. BC. or 1240
grids evenly spaced over the interval [-BC. BC].

V. Baseline Model

The parameterization of the baseline model is listed in the table below. It
should be noted that the frequency is annual in the simulation. I assume that, on
average, dividends account for 15% of aggregate income as in Heaton and Lucas
(1996). and the shareholder receives 30% of total labor income. The relative risk
aversion coefficient, 7, is equal to 3, and the time preference, 9, is set to be (.99,
Finally, I assume that each agent can borrow up to 10% of aggregate income. |

"Ereport only the shareholder's labor income in equation (14). The nonshareholder's labor income
process is similar to. but less volatile than that of, the shareholder in the baseline model. [n particular,

the volatility of annual income growth is 16.1% and 11.0% for the sharcholder and the nonsharcholder,
respectively,
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want to stress that the assumption about borrowing constraints is not unrealistic:
In the baseline model, both the shareholder and the nonsharcholder can still di-
versify most income risk by borrowing and the volatility of their consumption
growth is close to those reported by Vissing-Jorgensen (1998). It also should be
noted that one shareholder can borrow three times as much as what one nonshare-
holder can borrow if shareholders account for 25% of the population, as in the
baseline model.

oy Ly/L 5 ki BC

5% 30% 3 0.99 10%

I simulate the income process 50,000 times and use the last 20,000 real-
izations to calculate the relevant statistics, which are then compared with their
empirical counterparts. Given its prominent role in the asset pricing literature. |
first show that my model helps explain the equity premium puzzle. I then pro-
vide some economic intuitions by illustrating the dynamic of the model, and also
show that my model is able to replicate many other salient features of financial
market data. Finally, [ discuss the social welfare loss associated with the frictions
incorporated in my model.

A. Means and Standard Deviations

The first column of Table | reports the mean and the standard deviation of
asset returns in simulated data. The risk-free rate r/ is 2.1% and the consol return
¥ is 2.0%, compared with stock return r of 6.2%. My model thus generates a large
equity premium r—r/ of 4.2% but a small term premium »* —r/ of —0.1%. Also.
the standard deviation of stock return is 15.4%, which is much higher than 4.7%
for the risk-free rate and 8.3% for the consol return. These numbers match their
empirical counterparts of various sample periods. which are reported in columns
2 through 4 of Table 1. The mean and the standard deviation of the price-dividend
ratio match the data as well.

In the frictionless consumption-based CAPM, the unconditional equity pre-
mium is approximately equal to v, — (¢2/2), where @ /2 is Jensen’s inequality
term and o, is the covariance between excess stock return and aggregate con-
sumption. In simulated data, the covariance between excess stock return and
aggregate consumption growth is 6.[E—04 and implies a relative risk aversion
coefficient of 88, compared with 3 used in the calibration. ® This is the equity pre-
mium puzzle argued by Mehra and Prescott (1985). Equation (10) shows that their
formula is inappropriate for two reasons. First, I should use the shareholder’s con-
sumption growth, which implies a risk premium vo ) of 2.8%. Second, the liquid-
ity premium FI"J_H - miu{rlf‘m .74 .1} is about 2.6%. which accounts for almost
half of the equity premium in simulated data. As mentioned above, Heaton and
Lucas (1996) cannot generate a sizeable equity premium because both agents can
hold stocks and thus there is no liquidity premium in their model.

®It should be noted that. in my exchange economy, aggregate consumption is equal Lo aggregate
income. of which the growth rate has a mean of 1.8% and a standard deviation of 2.8%.
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TABLE 1
Means and Standard Deviations: Baseline Model and Data

Baseline Mode! 18711998 1871-1945 19461998

Panel A Mean

4 21 24 29 1.6
r 6.2 69 6.4 76
F— 42 45 35 59
Is 20 22 29 12
g —-01 -02 -00 -05
P/ 23.7 235 201 28 1
Fanel B. Standard Deviation

o 47 94 106 80
r 15.4 18 4 17.9 191
r—+ 155 176 190 156
rf 83 1.7 10.9 12.7
- 72 58 37 80
P/D 60 79 48 89

r' is the risk-free rate, £ is stock return; r° is the consol return in the model as well as the leng-term government bond return
in data, £/D is the price-dividend ratio In columns 2-4, data of the risk-free rate, stock return, and the price-dividend
ratio were obtained from Robert Shiller at Yale Unwersity, data of the long-term government bond were provided by Jack
Wilson at the University of North Carolina. The price-dividend ratio is reported in level and all other variables are reported
in percentage. The frequency is annual

B. Dynamics of the Baseline Model

It helps to understand the economic intuitions of my model by looking at
statistics conditional on the normalized shareholder’s bond holding B,/Y, €
[=BC.BC|. As mentioned above, | discretize B, /Y, and it can take the value
of =BC. BC, or any of 1240 grids evenly spaced over the interval [-BC, BC].
Figure 1 shows the distribution of B; /¥, in simulated data. Point 1 (12) is the
case By /Y, = —BC (B),/Y, = BC) or that the shareholder (nonshareholder) is
constrained. Point 2 corresponds to the first 124 grids immediate to —BC, point
3 is the next 124 grids, and so forth. The vertical axis is the fraction of the time
that B, /¥, falls into these corners or subintervals. I find that both agents hit
the borrowing limit quite frequently: 17% for the shareholder and 20% for the
nonshareholder.

Figure 2 shows the growth rates of consumption and income from time 7
to t+ 1, conditional on By ,/Y,. dyl (dy2) and dcl (dc2) are the shareholder's
(nonshareholder’s) income and consumption growth rates, respectively. At point
I, the shareholder has to reduce his consumption at time ¢ because he cannot
borrow any more after a string of bad income shocks. However, his expected
consumption growth rate from time 7 to ¢ + | is high because he anticipates a
high income growth rate given that income shocks are transitory. Meanwhile,
the nonshareholder’s consumption at time ¢ is high because he cannot save any
more. His expected consumption growth rate from time ¢ to r + 1, however, is
low because his expected income growth rate is low. Conversely, the expected
consumption growth is low (high) for the shareholder (nonshareholder) at point
12, when the nonsharcholder’s borrowing constraints are binding. For the other
points, two agents can completely diversify income risk and, therefore, have the
same consumption growth rates. Although borrowing constraints are relatively
stringent, both agents can still diversify most income risk by borrowings. As
Figure 3 shows, conditional income is much more volatile than conditional con-
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FIGURE 1
Distribution of Shareholder's Bond Holdings
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sumption for both agents. Also, the unconditional volatility of the consumption
growth rate is 6.6% for the shareholder and 4.9% for the nonshareholder, com-
pared with the income volatility of 16.1% for the shareholder and 11.0% for the
nonshareholder. As mentioned in the Introduction, the shareholder’s consump-
tion volatility is close to its empirical counterpart reported by Vissing-Jorgensen
(1998). Tt should also be noted that the conditional consumption volatility 1s a
U-shaped function of the normalized shareholder’s bond holding B, /Y because
neither agent can diversify income shocks at point 1 and point 12, As I show
below, this also generates a U-shaped stock volatility.

In Figure 4, r‘l’ (r{ ) is the shareholder’s (nonshareholder’s) shadow risk-free
rate as defined in equation (8) and ' is the equilibrium risk-free rate obtained
from simulated data. Consistent with equation (8), »/ is approximately equal to
min(r]" . r‘zf ). The risk-free rate is low at point 1 (12) because it is determined by
the nonsharcholder’s (shareholder’s) IMRS, which is low. as shown in Figure 2.
For the other points, the risk-free rate is flat and relatively high. The conditional
consol return displays a similar pattern to that of the risk-free rate and is not re-
ported here. In Figure 3, r| is the shareholder’s shadow stock return as defined in
equation (9) and r is stock return obtained from simulated data. These two vari-
ables are approximately equal to each other because stocks are always priced by
the sharcholder’s IMRS. Stock return is high at point 1 because the shareholder’s
consumption is expected to rise and he has little motivation to save. Conversely,
stock return is low at point 12 because the shareholder wants to save for the future
decline in his income. Stock return is flat and moderate at the other points when
the shareholder can pertectly diversity income risk.

Overall, unlike the risk-free rate. borrowing constraints do not lower stock
return on average and my model can thus generate a sizable equity premium.
This point is further illustrated in Figure 6: PREMIUM is the equity premium
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FIGURE 2
Conditional Income and Consumption Growth
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Conditional Income and Consumption Volatility
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obtained from simulated data, and PREMIUM] is the shadow equity premium
defined as the ditference between the shareholder’s shadow risk-free rate and the
shareholder’s shadow stock return, which is equal to yo . — (02, /2) as in equa-
tion (9). PREMIUM is approximately equal to PREMIUMI1 except at point 1,
where the IMRS are not equalized across two agents and the risk-free rate is de-
termined by the nonshareholder’s IMRS. The difference is the liquidity premium
"'1".:+| - Illill{rl"'ﬁprjj‘”l} as shown in equation (10). It should be noted that,
although the liquidity premium is important, it accounts for only about half of
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the equity premium in simulated data and the remainder is explained by the risk
premium. Similarly, Figure 7 shows that the Sharpe ratio E(r — r/) /(o (r — r'))
spikes at point 1 and is flat at the other points.

FIGURE 4
Conditional Risk-Free Rate
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Figure 8 shows that the conditional stock volatility is a U-shaped function
of By ,;/Y, and is skewed to the left, as expected. On the other hand, the price-
dividend ratio is a monotonically increasing function of 8 ,/Y;, as shown in Fig-
ure 9. Together, my model predicts an unstable relation between stock volatility
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FIGURE 6
Conditional Equity Premium
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and the price-dividend ratio: the two variables are negatively (positively) corre-
lated when the price-dividend ratio is high (low). This pattern is consistent with
empirical evidence documented by Schwert (1989) and below I further discuss its
implication for the leverage effect. The conditional risk-free rate volatility is also
a U-shaped function of B, ;/Y, . although much smaller than stock volatility.
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FIGURE 8
Conditional Return Volatility
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FIGURE 9
Conditional Price-Dividend Ratio
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C. Autocorrelation

The lower panel of Table 2 reports the autocorrelation in the data. While
the risk-free rate #/ is somewhat persistent, stock return r and excess stock return
r — r! show small and usually negative autocorrelation. Fama and French (1988)
and Poterba and Summers (1988) also document a slow univariate mean reversion
in stock prices. This is demonstrated by the partial sum of the autocorrelation
coefficient of excess stock return Y% p(r, — r,"'.rH,- - r,"“-). which is negative
and decreases with the horizon j. Moreover, Fama and French (1989) find that the

e



Guo 509

price-dividend ratio P/D and the default premium DEF are more persistent than
the term premium TERM.”

TABLE 2
Autocorrelation: Baseline Model and Data

Lead
1 2 3 5 7

Panel A. Baseline Mode!

s 0.61 031 0.12 -0.01 oo
r 0.00 —00s —007 0.08 ~0.04
r—r a2 =002 Q.06 —0.07 0.04
P/D 080 0.61 045 0.21 008
DEF 087 067 0.47 0.31 012
TERM 0.60 0.31 012 —0.02 001
Tl A= ol — 1) 0.02 0.00 —006 018 -0.30
Panel B Data 1871 1393

r! 028 0.08 0o8 005 0.14
; —-0.07 -0.15 0.09 -0.01 0.12
r=i' 003 -0.23 011 -0.14 0.15
F/D 075 056 055 0.40 0.40
DEF 0.74 081 0.34 042 046
TEAM 0.46 0.24 0.04 0.20 0.06
o _vialtp—via— ) 003 -0.20 -009 -029 -010

DEF 1s the default premium and 1s approximated by shareholder's bond holding 8. ; in simulated data TEAM is the
term premim .'mq 1s defined as the yield spread between the consol and the one-period discount bond in the model
Pl — iy — 1y, s the coefficient of correlation between £, — randr,, — F.,'” All other vanables are defined in the
riote of Table 1. In the lower pangl, the default premium and the term premium are reproduced from Table 1 of Fama and
French {1989), all ather vanables are calculated from Shiller's data The frequency is annual

The default premium DEF is not directly defined in my model, and I use the
shareholder’s outstanding debts B, as an approximation for it.'" In simulated
data shown in panel A of Table 2. both the price-dividend ratio P/D and the
default premium DEF are more persistent than the term premium TERM, which
is defined as the yield spread between the consol and the risk-free rate. Also, the
autocorrelation of the other variables displays a similar pattern to that in the data.

D. Leverage Effect

Christie (1982), among others, argues for a leverage effect that stock prices
are negatively correlated with stock volatility.""  Following Campbell and
Cochrane (1999), T use the absolute value of excess stock return |r,; — "ii;l as
a measure of stock volatility and report its coefficient of correlation with the log
price-dividend ratio p, — d, in Table 3. The coefficient is indeed negative; how-
ever. the magnitude is rather small in both simulated and actual data. In contrast,
Campbell and Cochrane (1999) predict a much larger and much more persistent

“In Fama and French (1989), the default premium is defined as the yield spread between Aaa
bonds and a bond portfolio: the term premium is defined as the yield spread between long-term Aaa
bonds and the risk-free rate.

"Fama and French (1989) find that the price-dividend ratio and the default premium are highly
correlated, with a coefficient of correlation of 0.61 for the period 19271987 and 0.75 for the period
19411987, Interestingly, these two variables have a coefticient of correlation of 0.93 in simulated
data.

" Guo and Whitelaw (2001), among others, suggest that a volatility feedback effect may also ex-
plain the negative relation between stock prices and volatility.
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leverage effect, which is reproduced in the last row of Table 3. The reason for
the difference between the two models is as follows. Stock volatility decreases
monotonically with the price-dividend ratio in Campbell and Cochrane (1999);
however, as Figure 8 shows, it is an asymmetric U-shaped function of the price-
dividend ratio in my model.

TABLE 3
Leverage Effect: Baseline Model and Data

Lead
1 b 3 5 7

Baseine Model

Pr— S ey = 1l -010 ~0.12 -012 -009 -0.05
Data 1871-1998

Pr— oy e = )l —0.04 -0 -0.14 -0.03 0.03
Campbell and Cochrane (1999)

By — oy [Py =i 049 —042 —0.37 -0.28 -0:21

pr — dy is the log price-dividend ratio and |r,,, — r1,,| 1s the absolute value of excess stock return Shiller's data are used
to caloulate the empincal counterparts in the middle panel. Table 4 of Campbe!| and Cochrane (1999) is also reproduced
for comparisen The frequency 1s annual

E. Long Horizon Predictability

Fama and French (1989) find that the price-dividend ratio, the default pre-
mium, and the term premium forecast stock return and the first two variables have
longer forecasting horizons than the last one. The left column of Table 4 shows
that my simulation replicates Fama and French's results. The price-dividend ratio
P/D and the term premium 7ERM both predict stock return. > Also, while R
increases with horizons for the price-dividend ratio, it peaks after two to three
years for the term premium. " The default premium DEF, which is approximated
by the shareholder’s liquidity conditions B, in simulated data, exhibits the same
pattern as the price-dividend ratio in forecasting stock return and is not reported
here.

R? increases with horizons for the price-dividend ratio because the price-
dividend ratio tracks the liquidity component in conditional excess return, which
is relatively persistent. For example, when the shareholder is constrained, ex-
pected excess return is high. However, because the labor income shock is persis-
tent, the shareholder is likely to be constrained again in the next period, and the
realized excess return thus might be low. On the other hand, the labor income
shock is not permanent and the shareholder’s consumption eventually reverts to

2 Lettau and Ludvigson (2001) show that the consumption-wealth ratio, which is the error term of
the cointegration relation among aggregate consumption, labor income, and wealth, is a strong pre-
dictor of stock return. In my simulated data, the coefficient of correlation between the consumption-
wealth ratio and the price-dividend ratio is - 0.99, and the two variables have very similar forecasting
abilities for stock return.

31 do not report the empirical counterpart for the term premium in Table 4 because Fama and
French (1989) show that the term premium has predictive power for only one to two quarters, while
the frequency of my simulation is annual.
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the trend level over a long horizon: accordingly, the realized excess return is high
over the long horizon.

TABLE 4
Long-Horizon Predictability: Baseline Model and Data

Baselne Data
Model 1871-1998

Horizon Slope "¢ Slope A*
Panel A. 3 (ny, r“' J=a+b=(p — o)
1 -0.17 0.07 002
2 -0.32 014 008
3 —0.46 0.19 009
5 -0 68 0.25 017
7 076 027 016
Panei B ¥ i(r,, — r, )=a+b= TERM
1 083 003
2 101 004
3 119 0.04
5 111 002
7 085 oo

2 s 1s the log price-dividend ratio and TERM s the term premium, defined as the yield spread between the caonsol
and the one- o discount bond in simulated data. We use overlapped data in the regressions  Shiller's data are used
for the empincal counterparts. The frequency i1s annual

Fama (1990) argues that variations in long-term rates are less extreme be-
cause the risk-free rate is a mean-reverting process. In the baseline model, the
standard deviation of the yield on the consol is only 0.2%, compared with 4.7%
for the risk-free rate. Most variations in the term premium, therefore, come from
innovations in the risk-free rate, which in turn are primarily caused by innova-
tions in aggregate income.' In contrast, as discussed above, the price-dividend
ratio forecasts stock return because it tracks closely the shareholder’s liquidity
conditions, of which movements are explained by idiosyncratic income shocks.
Therefore, idiosyncratic income shocks and aggregate income shocks are the two
major economic forces that influence expected stock return in my model econ-
omy: however, the former has much larger and much more persistent effects on
stock prices than the latter does.

F. Volatility Test

Cochrane (1991) decomposes the variance of the price-dividend ratio into
two parts—shocks to expected stock return — Z; P cov(p,—d,. r4;) and shocks
to the dividend growth Z;;, pleovip, — d;. Adyy;). as in equation (15) below,
where p=(P/D)/(1 + (P/D)) and P/D is the unconditional price-dividend ratio,

X [+ &
(15) var(p, — d,) =~ Z p%uv(p, —d;, Adyj) = Z p’ cov(p, — d,, Fraj)-

i=1 =1

HAs equation (13) shows. my model economy is perturbed by three shocks: dividend shocks,
aggregate income shocks, and idiosyneratic income shocks. Because dividends move closely with ag-
gregate income, the model dynamic is primarily driven by aggregate income shocks and idiosyneratic
income shocks. In simulated data, while the former explains 10% of the variations in the risk-free
rate, the latter accounts for only 1%: a large fraction is explained by its own lags.
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The volatility test mirrors Shiller’s (1981) excess volatility puzzle: as shown
in Table 5, shocks to expected return account for most variations of the price-
dividend ratio in the data. My model replicates this feature well. While shocks
to expected stock return account for 95% of variations in the price-dividend ratio,
shocks to dividends explain only 1% in the simulation.

TABLE 5
Volatility Test: Baseline Model and Data

Expected Return Cwvidend
Baseline Model 95 .
Data 101 10
Cochrane (1991) shows that the vanance of the price-dividend ratio can be decomposed into two parts

x x
var(p, — d) S E ploov(ipr — o). Ady,, ) — 2 /o oovipr — d, fry ).

s and It

nd component 1s due to expected return
£ ¥ ulate th
n from Carr mns Il and Cochrane (1993) All the numbers are reported in percentage

T'u first mwur‘t nt 1s the variation caused tw dwidend sh

G. Social Welfare Loss

In this subsection, 1 define and calculate the social welfare loss associated
with the market frictions analyzed in this paper from the perspective of a so-
cial planner, who cares about the shareholder and the nonshareholder equally. It
should be noted that both agents can completely diversify income risk through
trading on the stock market if there is no limited stock market participation. In
this case, the outcome of the decentralized economy is Pareto optimal and is the
same as that of the social planner economy; the associated expected social util-
ity is EX[#'U(aC,) + F'U((1 — «)C,)]. where e (1 — @) is the average ratio
of the sharcholder’s (nonshareholder’s) income to aggregate income and C, is ag-
gregate consumption, which is equal to aggregate income in my exchange econ-
omy. In the decentralized economy of the baseline model, the expected social
utility is £ [FU(C,,) + 3'U(Ca,)]. where C; = Cy; + Cay. To calculate the
social welfare loss, I define £ 3 [ #U(a(l — N C) + FU((1 —a)(l = A\)C)] =
ES [FU(C)+3"U(Cs,)], where A is the fraction of aggregate consumption that
the social planner is willing to spend on eliminating the market frictions. Also, |
define the welfare gain A, of the nnns‘harchuldcr for becoming a shareholder as
EY[B'U((1 - n)C )= EX[FU{(1 4+ A))Co,)]. The shareholder also benefits
from the removal of the stock ['I"Id]']\LI participation restriction: the welfare gain X »
for the shareholder is defined as E " [3'U(aC,)] = EX_[FU((1 +A2)Cy,)].

1 calculate the welfare loss or gain through a grid search using simulated data
and find that, in the baseline model. A is about 1.24%. Also, A is about 0.47% for
the nonshareholder and A- is about 1.619% for the shareholder. The shareholder
benefits more than the nonsharecholder does because the income of the former is

more volatile than that of the latter in the baseline model. "> Admittedly, the social

31n Basak and Cuoco (1998), while the nonsharcholder’s welfare improves, the shareholder’s wel-
fare actually deteriorates if the restriction of limited stock market participation is removed. The dif-
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welfare loss is relatively large. However, it is at least qualitatively consistent
with empirical evidence, e.g., Hayashi, Altonji, and Kotlikoff (1996) and many
others. More importantly, some recent research provides direct support to my
model. Using shareholders’ consumption from PSID data, Jacobs (1999) reports
overwhelming rejection of the Euler equation for the risk-free rate, but not for
stock market return. Also, Heaton and Lucas (2000) find that proprietary income
risk, which is borne mostly by shareholders, has significant effects on stock prices.

V. Alternative Specifications

In this section, I calibrate the model using different parameters and income
processes. In general, my results are robust to reasonable variations in parameter-
ization.

A. Borrowing Constraints

My model predicts a large equity premium because the precautionary sav-
ing demand lowers only the risk-free rate, not stock return. The more stringent
the borrowing constraints are, the larger is the effect of the precautionary saving
demand on the equity premium. This is clearly demonstrated in Table 6. As BC
increases, the percentage of the time that the shareholder (F1) and the nonshare-
holder (£2) are constrained decreases or their abilities to diversify income risk
increases. As a result, the risk-free rate R/ increases and stock return R decreases;
the equity premium R — R/ disappears when borrowing constraints become so
loose that both agents can perfectly diversify income risk.

TABLE 6
Changing Borrowing Constraints

8C A a(f) A atall AR (A - A" F1 F2
0.07 06 55 83 208 77 210 219 25,1
010 22 47 77 170 55 17.2 169 203
015 37 39 72 131 35 133 120 15.3
0.20 45 34 69 106 25 108 91 112
0.30 52 27 67 78 15 78 58 82
050 58 22 6.6 52 07 51 30 49
080 61 19 65 39 04 35 16 27
1.00 62 18 6.5 35 03 31 11 21
120 62 18 65 34 03 29 08 18
1.50 62 18 6.5 3.1 0.2 26 G5 12
2.00 63 18 6.5 3.1 02 26 0.1 04
300 62 17 6.5 3.2 03 2.7 00 02
4.00 62 1.7 65 35 03 30 00 00

rrewing constraints BC. Al the numbers are reported

The specifications are the same as the baseline mode!, except
1 e of the time that the shareholder's (nonshareholder's)

r ge and the frequency is annual. £1 (F2)is the perce:
borrowing constraints are pinding

B. Relative Risk Aversion Coefficient

Changing ~ has two opposite effects on the risk-free rate. First, as Tuble
7 shows, the frequency of binding constraints goes up for both agents when the

ference between their model and mine is explained by the fact that Basak and Cuoco (1998) do not
consider idiosyncratic income risk and borrowing constraints.
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relative risk aversion coefficient v increases because, with higher v, agents prefer
smoother consumption. In other words, higher ~ leads to a stronger precautionary
saving motive and thus a lower risk-free rate. Second, in the power utility func-
tion, ~ is the reciprocal of the elasticity of intertemporal substitution. Therefore,
higher v implies a higher risk-free rate if the consumption growth rate is fixed.
Overall, the risk-free rate first increases then decreases with ~ in Table 7. Be-
cause the precautionary saving motive does not affect stock return directly, stock
return increases monotonically with . The equity premium also increases with
.

TABLE 7
Changing Relative Risk Aversion Coefficient

. A (AN A a(R) g A a(R-R") F1 F2
1 17 16 35 68 19 69 16.7 184
2 21 32 55 120 34 122 16.8 194
3 22 a7 7.7 172 55 17.2 16.9 203
4 21 63 100 218 79 218 17.0 217
5 19 i 12.2 260 103 26.0 7.2 226

The specifications are the same as in the baseline mode! excepl the relative risk aversion coefficient 4 All the numbers
are reported in percentage and the frequency 's annual. F1 (F2) 1s the percentage of the time thal the sharenolder's
(nonshareholder's) borrowing constrants are binding

I also allow the shareholder to be more risk averse than the nonshareholder,
as in Basak and Cuoco (1998). 1 find that such an asymmetry helps explain the
equity premium puzzle. For example, with the other parameters the same as in the
baseline model, if ~ is equal to three (one) for the shareholder (nonshareholder),
my model generates an equity premium of 4.5% for BC = 30%, compared with
1.5% reported in Table 6. The intuition is as follows. When the shareholder is
constrained, the nonshareholder, who has a lower 4 and thus a higher elasticity
of intertemporal substitution, and is more willing to substitute consumption in-
tertemporally. accepts a lower risk-free rate relative to the baseline model. Specif-
ically, the asymmetry in preference amplifies the liquidity premium and thus the
equity premium. Similarly, my model generates a smaller equity premium rela-
tive to the baseline it the sharcholder is less risk averse than the nonshareholder.
In this case, however, I can always restore the equity premium by assuming more
stringent borrowing constraints. Therefore, heterogeneous risk preference does
not qualitatively affect my results.

C. Dividend and Labor Income

In Table 8. I allow the dividend share D/Y and the shareholder’s labor in-
come share L; /L to deviate from those in the baseline model and find that these
modifications have no qualitative effects. These results should not be a surprise
because my model generates a sizable equity premium as long as the shareholder
is occasionally constrained. Mankiw (1986) points out that if labor income shocks
are concentrated in the troughs of business cycles, the risk-free rate should be
lower than would be the case if these shocks are acyclical. To address this issue,
I calibrate the model using the cyclical labor income estimated by Heaton and
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Lucas (1996) and the results are reported in Table 8 under the column Cyclical.
As expected, the risk-free rate is lower in the cyclical model than in the baseline
model: stock return and the equity premium are also slightly higher. There is,
however, no significant difference between the baseline model and the cyclical
model.

TABLE 8
Means and Standard Deviations: Alternative Specifications

Baseline DY =5% DY =10% Ly/L=20% Li/L=40% Cyclical

Panel A Mean

R 22 06 17 42 —~1.0 19
A 17 LR 81 71 B5 83
R-A 55 83 64 29 95 64
P/ID 237 252 743 231 244 240
Panei B_Standard Deviation

A 47 62 52 3.7 508 7.0
R 171 246 198 12.1 223 20.8
A- A 17.3 243 197 121 232 21.4
P/D 6.0 84 69 4.4 73 65

The specifications are the same as the baseline model except the dividend share in columns 2-3, the shareholder's labor
income share in columns 4-5, and cychcal income shocks in column 6 The price-dividend ratio 1s reported in level and
all other vaniables are reported in percentage The frequency is annual

VI. Conclusion

[ find that a combination of some well-documented market frictions explains
the equity premium puzzle. My main innovation is that, in addition to the risk
premium in the standard model, shareholders also require a liquidity premium on
stocks because of limited stock market participation. Interestingly, the liquidity
premium also sheds light on some ongoing controversies in the asset pricing liter-
ature. For example, because the liquidity premium can be negatively related to the
risk premium, I might find a negative risk-return relation in the data, which contra-
dicts the CAPM. Nevertheless, my model suggests a positive risk-return trade-off
once [ control for the liquidity premium; Guo (2002a) finds that these implica-
tions are supported by the post-World War 1I data. Also, like Merton’s (1973)
intertemporal CAPM, my model highlights the inadequacy of the CAPM because
investment opportunities, e.g., conditional stock return and volatility, change over
time. In particular, given that past volatility and the price-dividend ratio forecast
stock return and volatility in my model, they should be included as risk factors in
addition to market return (Campbell (1993)). Indeed, Guo (2002b) finds that these
factors help explain the cross section of stock returns. 1 believe that the market
frictions analyzed in this paper, given their success in explaining the asset pricing
phenomena, are important to understanding many other related economic issues
and warrant attention in future research.
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