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Fourier transform £(¢) :/ e €% f(x) dx, x,&€R".

n

Notation: ¢ = (&1,&2,...,&n-1) € R*T
Work with paraboloid {&, = |€'|2 = &2+ & + ...+ &2}

Let ¥ be a bounded region of the paraboloid.
Identify £ € ¥ with the corresponding ¢’ € R" 1.
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Dirichlet-to-Neumann Properties

We're going to work with f € LP(R") where ?|>: € L%(%)
by the Stein-Tomas theorem.

I'll say there is a Dirichlet-to-Neumann property

if additional smoothness of IA‘]z (e.g. belonging to H(X) for some £ > 0)

. . okf . . . .
implies that ek |+ is smoother than its usual a priori estimates.
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A priori bounds

6k?7
o€’

Keep in mind that ‘g%f e W—kP(R") is very bad.

What are the a priori bounds for a restriction of
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A priori bounds
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Keep in mind that ‘9 L e WkP(R") is very bad.

What are the a priori bounds for a restriction of

IFf e LR, 1< p < 2042

then 2 W exists as an element of H=%(X).
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A priori bounds

ok f?
oek”

Keep in mind that ‘9 L e WkP(R") is very bad.

What are the a priori bounds for a restriction of

IFf e LR, 1< p < 2042

then 2 W exists as an element of H=%(X).

3

The case k = 0 is the Stein-Tomas theorem.
The case k = ”51

The in-between cases are proved by interpolation.
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A priori bounds

ok f?
oek”

Keep in mind that ‘9 L e WkP(R") is very bad.

What are the a priori bounds for a restriction of

IFf e LR, 1< p < 2042

then 2 W exists as an element of H=%(X).

3

The case k = 0 is the Stein-Tomas theorem.
The case k = ”51

The in-between cases are proved by interpolation.

In this talk I'll concentrate on the kK = 1 case.
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An extreme case

If ?|>: = 0, that makes its restriction as smooth as possible.

What can we say about g—gn in this case?
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An extreme case

If ?|>: = 0, that makes its restriction as smooth as possible.

What can we say about % in this case?

Theorem (G-Stolyarov, '20)

Iff € [P(R"), 1< p < 202 and f|o =0, then Hggi

< ||Ifllp-
) Sl

We need n > 5 here, so that % > 1.
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An extreme case

If ?|>: = 0, that makes its restriction as smooth as possible.

What can we say about % in this case?

Theorem (G-Stolyarov, '20)

Iff € [P(R"), 1< p < 202 and f|o =0, then Hggi

< ||Ifllp-
) Sl

We need n > 5 here, so that % > 1.

f’% € L2(X) is much better than the a priori bound in H=1(X).
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The main idea

Why does f vanishing on ¥ have so much influence on g—;?
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Why does f vanishing on ¥ have so much influence on g—;?

212 T — ir(xn—
Look at F(r) = [1#254,e,) = / /R FROF()E(x — y)er e ddy.
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Why does f vanishing on ¥ have so much influence on g—;?

212 T — ir(xn—
Look at F(r) = [1#254,e,) = / /R FROF()E(x — y)er e ddy.

Basic properties: F(r) >0, and F(0) = 0 by assupmtion.
Show that F”(r) is bounded by ||f||3. Then 0 < F(8) < 62| f||2.
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Why does f vanishing on ¥ have so much influence on g—;?

212 T — ir(xn—
Look at F(r) = [1#254,e,) = / /R FROF()E(x — y)er e ddy.

Basic properties: F(r) >0, and F(0) = 0 by assupmtion.
Show that F”(r) is bounded by ||f||3. Then 0 < F(8) < 62| f||2.

So ?‘z =0, and on a nearby surface, H?HB(Z-HE") < 6| Flp-
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Why does f vanishing on ¥ have so much influence on 6§f ?

Look at F(r) = ||fHL2(Z+re,, = //Rzn FOOF(y)E(x — y)e =) dxdy .

Basic properties: F(r) >0, and F(0) = 0 by assupmtion.
Show that F”(r) is bounded by ||f||3. Then 0 < F(8) < 62| f||2.

So ?‘z =0, and on a nearby surface, H?HL2(Z+rén) < 6| Flp-

Summary: ?|Z+ré is a continuous L?(X)-valued function of r € [-1,1].

But it is Lipschitz-continuous at r =0 if f vanishes on X.
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Why the condition 'A(‘z = 0 is interesting (to me):
Spectral theory of Schrédinger operators H = —A + V/(x) on R".

Michael Goldberg (Cincinnati) Dirichlet to Neumann Spring 2023



Why the condition 'A(‘z = 0 is interesting (to me):

Spectral theory of Schrédinger operators H = —A + V/(x) on R".

Free resolvent Ry (A\?) (A — (A +ie)?) L.

= lim
e—0t

Ry (\2) is a Fourier multiplier with “symbol” IEP%/\z + %’;dqﬂ:)\.
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Why the condition 'A(‘z = 0 is interesting (to me):

Spectral theory of Schrédinger operators H = —A + V/(x) on R".

Free resolvent Ry (A2) = lim (—A — (XA +ie)?) L.

e—0t

Ry (\2) is a Fourier multiplier with “symbol” IEP%/\z + 55 dojg—».
A resonance is a function 1) “close to L2" satisfying ¢ = —Ry (A\2) V4.

It's a eigenfunction of H if ¢ € L2.

We'd like every resonance to be an eigenfunction.
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S. Agmon’s Argument

Agmon: If V is real-valued, then each resonance has W‘I&IZA = 0.

Then Ry (A\?) V4 is better than the a priori estimates for the free resolvent,
and it is better than the initial assumptions on ).

Bootstrap until ¢ € L.
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S. Agmon’s Argument

Agmon: If V is real-valued, then each resonance has W‘I&IZA = 0.

Then Ry (A\?) V4 is better than the a priori estimates for the free resolvent,
and it is better than the initial assumptions on ).

Bootstrap until ¢ € L.

Agmon worked with 1) and V1 in weighted L?(R"), so that Vi € He(R™).
Then he reduced the special bound on Ry (A?) V%) to the Hardy inequality.
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Work with W. Schlag

G-Schlag ('04) worked with V1 € LP(R3).

If ¢ € [Y(R3) and ¢3}|§|ZA =0, then Ry(M\?)¢ € L2(R3).
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Work with W. Schlag

G-Schlag ('04) worked with V1 € LP(R3).

If ¢ € [Y(R3) and q@}m:)\ =0, then Ry(M\?)¢ € L2(R3).

. . . . 2n42
der:é; an R" version of this lemma, with ¢ € LP(R"), 1 < p < H”TJFS
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An open problem

Intuition suggests that if f vanishes at the place where a Fourier multiplier
is most singular, there should be a qualitative improvement in the mapping
bounds.
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An open problem

Intuition suggests that if f vanishes at the place where a Fourier multiplier
is most singular, there should be a qualitative improvement in the mapping
bounds.

Example:
The ball multiplier in R? typically maps L}(R?) to L9(R?) for any q > %.
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An open problem

Intuition suggests that if f vanishes at the place where a Fourier multiplier
is most singular, there should be a qualitative improvement in the mapping
bounds.

Example:
The ball multiplier in R? typically maps L}(R?) to L9(R?) for any q > %.

If # vanishes on the unit circle, then My f € L9(R?) for any q > %.
(G. '16)
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An open problem

Intuition suggests that if f vanishes at the place where a Fourier multiplier
is most singular, there should be a qualitative improvement in the mapping
bounds.

Example:
The ball multiplier in R? typically maps L}(R?) to L9(R?) for any q > %.

If # vanishes on the unit circle, then My f € L9(R?) for any q > %.
(G. '16)

Conjecture: This is also true for any g > 1.
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Proving Dirichlet-to-Neumann Bounds

Assume ?|Z € HY(X).

Michael Goldberg (Cincinnati) Dirichlet to Neumann Spring 2023



Proving Dirichlet-to-Neumann Bounds

Assume ?|Z € HY(X).

Idea: We can control g—é by interpolating between

@ k = 0 assumption )A‘|z € HY(X).

_ _ ntl n+3 i okF —k
® k=rp="=—"3 apriori bound oe |5 € H=*(X).
Note: k = k, is the same as p = —27T2_ |t's the maximum number of

n+34+2k "
derivatives allowed in our a priori bound.
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Proving Dirichlet-to-Neumann Bounds

Assume ?|Z € HY(X).

Idea: We can control by interpolating between
e k=0 assumption f|z € HY(X).

o7
9f |y

_ _ n+1 n+3 ST
@ k=rkKp= T — 5 apriori bound

€ H=K(%).

. — ; _ _2n+42 , ;
Note: k = rp is the same as p = 2355 It's the maximum number of

derivatives allowed in our a priori bound.

Then we expect to see 5 € [2(X) if =2
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Proving Dirichlet-to-Neumann Bounds

The idea hints at the right answer despite being badly flawed.
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Proving Dirichlet-to-Neumann Bounds

The idea hints at the right answer despite being badly flawed.

@ The assumption ?\Z € HY(X) is much too fragile for Complex
interpolation.
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Proving Dirichlet-to-Neumann Bounds

The idea hints at the right answer despite being badly flawed.

@ The assumption ?\Z € HY(X) is much too fragile for Complex
interpolation.

e Standard counterexamples (radial, translated, Knapp) introduce other
constraints on £, k, and p.
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Method 1 ( G-Stolyarov '

Instead of interpolation, we use the Leibniz rule.

2 2 A oS 2 5 ) n a
%<f’g>l—2(z+rén):<f7 g£§>+<ﬂ >_|_2<(9f (9g>‘
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Method 1 ( G-Stolyarov '20)

Instead of interpolation, we use the Leibniz rule.

2 A ~ 525 2% A f 9
ZF &) 12(x 415y = (F, oe) T <§T§’g> + 2<6a£i’ 9, )-

The left-hand side can be controlled by ||f||,|/g|lp, similar to the F”(r)
claim earlier.
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Method 1 ( G-Stolyarov '20)

Instead of interpolation, we use the Leibniz rule.

7 2 0%g 2F o f oo
ar2<f >L2(Z+rén) = (f, 3£§> + (%,g) + 2<g£,a aégn>
The left-hand side can be controlled by ||f||,|/g|lp, similar to the F”(r)
claim earlier.

The first term on the right side is controlled by ”fHHf(Z)}
The second term is similar.

H=4(5)
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Method 1 ( G-Stolyarov '

Instead of interpolation, we use the Leibniz rule.

8r2<? >L2(Z+rén) = <f7 3£2> + <37§%ag> + 2<g£,a g§,>

The left-hand side can be controlled by ||f||,|/g|lp, similar to the F”(r)
claim earlier.

The first term on the right side is controlled by ”fHH‘f(Z)‘

H=4(Z)
The second term is similar.

The last term on the right is the one we want to control.
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Method 1 ( G-Stolyarov '20)

The end result is a bound

[E2lk ey S IS+ 1 Fllhees) + 1156
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Method 1 ( G-Stolyarov '

The end result is a bound

[E2lk ey S IS+ 1 Fllhees) + 1156

If you use the a priori estimate for k = 2, the conclusion is that £ =2 is
sufficient.

. . . K}
Iterating the Leibniz rule gets us to a bound in terms of ||g—£f{|H (k-e(x):

If xpp is an integer, we can obtain the optimal £ = —25 this way.
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Method 2 (work in progress)

Let's consider the difference quotients F(r) = %[ﬂerré - A|Z].

For r # 0 this is a continuous L2(X)-valued function of r.
We would like to show it is continuous at r = 0 as well.
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Method 2 (work in progress)

Let's consider the difference quotients F(r) = %[ﬂerré - ﬂz]

For r # 0 this is a continuous L2(X)-valued function of r.
We would like to show it is continuous at r = 0 as well.

Keeping the Riemann-Lebesgue Lemma in mind, it would suffice to take
the Fourier transform in r and then show that

/ 1EO) 25y dp S 1 Fllp + 1 Fllee)-
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Method 2 (work in progress)

Let's consider the difference quotients F(r) = %[HZJHE - ﬂz]

For r # 0 this is a continuous L2(X)-valued function of r.
We would like to show it is continuous at r = 0 as well.

Keeping the Riemann-Lebesgue Lemma in mind, it would suffice to take
the Fourier transform in r and then show that

/ 1EO) 25y dp S 1 Fllp + 1 Fllee)-

In fact, that condition would suffice to show that the partial derivative 8%
exists pointwise almost everywhere on X. Which is false for f € LP, p > 1,

even if f vanishes on X.
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Method 2 (work in progress)

Let's consider the difference quotients F(r) = %[HZJrrE - ﬂz]

For r # 0 this is a continuous L2(X)-valued function of r.
We would like to show it is continuous at r = 0 as well.

Keeping the Riemann-Lebesgue Lemma in mind, it would suffice to take
the Fourier transform in r and then show that

/ 1EO) 25y dp S 1 Fllp + 1 Fllee)-

In fact, that condition would suffice to show that the partial derivative a%

exists pointwise almost everywhere on X. Which is false for f € LP, p > 1,
even if f vanishes on X.

So we need to use a weaker notion of integrability for F(p) which still
implies that F(r) is continuous.
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Questions for Further Study
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Questions for Further Study

@ That Ball Multiplier Conjecture.
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Questions for Further Study

@ That Ball Multiplier Conjecture.

o Differentiability of f pointwise a.e. on X.
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Questions for Further Study

@ That Ball Multiplier Conjecture.

o Differentiability of f pointwise a.e. on X.

@ Bounds on % in a non-Hilbert space.

i.e. not using T*T methods.
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Questions for Further Study

@ That Ball Multiplier Conjecture.
o Differentiability of f pointwise a.e. on X.

@ Bounds on % in a non-Hilbert space.

i.e. not using T*T methods.

@ what happens when n =47 Or n= 37
(If the derivative of f exists, it will be in L9 for some g < 2.)
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