ON THE . BOUNDEDNESS OF THE WAVE OPERATORS FOR
FOURTH ORDER SCHRODINGER OPERATORS

MICHAEL GOLDBERG AND WILLIAM R. GREEN

ABSTRACT. We consider the fourth order Schrédinger operator H = A? + V(z) in three
dimensions with real-valued potential V. Let Hy = A2, if V decays sufficiently and there
are no eigenvalues or resonances in the absolutely continuous spectrum of H then the wave
operators Wy = s-—limy_ 4., e~ #Ho extend to bounded operators on LP(R?) for all

1<p<oo.

1. INTRODUCTION

Let Hy = A? be the free fourth order Schrodinger operator on L2(R3). Let H := A2+ V

for a real-valued, decaying potential V' (x). The wave operators are defined by

Wy =s— lim et it
t—+o0

We investigate the LP(R?) boundedness of the wave operators. One use of the L” boundedness

of the wave operators is due to the intertwining identity:
(1) f(H>Pac(H) - W:tf<A2)W:>’I;

Here f may be any Borel function and P,.(H) is projection onto the absolutely continuous
spectral subspace of H. Using (1) one may obtain LP-based mapping properties for the more
complicated, perturbed operator f(H)P,.(H) from the simpler free operator f(A?). The
intertwining holds for the class of potentials V' which we consider. The boundedness of the
wave operators on LP(R?) for any choice of p > 2 with the function f(-) = e™*) yield the

dispersive estimate
, 3.3
(2) le™"" Pac(H) o oo S 1817372,

where p’ is the Holder conjugate of p. The intertwining identity is a consequence of the
asymptotic completeness of the wave operators, [25]. The intertwining identity can also be
established for very general operators, [18], without establishing asymptotic completeness.
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Simons Foundation Grant 511825.
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The recent work on dispersive estimates for the fourth order operators, [17, 7, 14] which
was inspired by the weighted L? results in [9], suggest that the wave operators should be
bounded for a non-trivial range of p, which should depend on the regularity of the threshold.
We say that zero energy is regular if there are no non-trivial solutions to Hy = 0 with

¢ € L (R?). Throughout the paper we denote (z) := (1 + |z|?)2.

Theorem 1.1. If |V (x)| < (x)~" for some 8 > 9, and there are no embedded eigenvalues in
the spectrum of H and that zero energy is reqular, then the wave operators Wy are bounded

on LP(R3) for all1 < p < oco.

The LP boundedness of the wave operators for the (second-order) Schrodinger operators
is a well-studied problem with a rich literature, see [26, 27, 28, 20, 4, 24]. These results
span all dimensions n > 1 when the threshold energy is regular. In three spatial dimensions,
detailed structure formulas have been obtained for the wave operators, [1, 2, 3]. The effect
of threshold obstructions has been studied [29, 11, 30, 21, 12, 31, 13, 6, 32]. Generically, the
existence of threshold resonances shrinks the range of p, though some range may be recovered
if certain orthogonality conditions between the potential and the threshold eigenspace hold.
Similar issues arise with point-interaction potentials, [5]. However, to the best of the authors’
knowledge, there are no investigations of the LP boundedness of higher order Schrodinger
operators in the literature to date. The fourth order Schrodinger operators are of particular
physical interest due to their use in modeling laser beam propagation, see [22, 23].

Under the assumptions on V' in Theorem 1.1, the operator H is self-adjoint and 0,.(A?) =
04.(H) = [0,00). Lack of embedded eigenvalues is a standard assumption in the analysis
of dispersive equations, however it should not be taken for granted. Perturbing A% may
induce positive eigenvalues even for smooth potentials. We note that [10] gives an easily
applied criteria for the potential to exclude embedded eigenvalues. The existence of threshold
resonances or eigenvalues is known to effect the dispersive estimates, see the work of the
Erdogan, Toprak and the authors in various combinations [17, 7, 14]. In higher dimensions,
the effect of threshold resonances on dispersive estimates between weighted L? spaces was
studied in [8]. Due to the dispersive estimates proven in [7] in the case of a mild “resonance
of the first kind,” we expect the wave operators to be bounded for 1 < p < oo in this case.

The paper is organized as follows. In Section 2 we introduce notation and other results
we use repeatedly in our analysis. In Section 3 we prove Theorem 1.1 when the spectral
parameter is in a small neighborhood of zero energy. In Section 4 we establish Theorem 1.1

holds for the remaining portion of the continuous spectrum that doesn’t contain zero and
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complete the proof of Theorem 1.1. Finally in Section 5 we prove a technical expansion of

the resolvent in a neighborhood of zero energy that is needed for our analysis in Section 3.

2. PRELIMINARIES

For the convenience of the reader we begin by defining notation we use throughout the
paper, and collect some useful integral estimates.

We use the notation f— to denote § — e for an arbitrarily small, but fixed € > 0. Similarly,
B+ = B + €. We also use the polynomially weighted spaces

L ={f : ()7f € L*(R%)}.

We say that an operator T : L? — L? with integral kernel T'(z,y) is absolutely bounded if
the operator with integral kernel |T'(z,y)| is a bounded operator on L2
Finally, for functions of the spectral variable A we write h(\) = O3(\*) to indicate that
Ih(N)] < AF and [§]h(N)| < A7 for each 1 < j < 3. We may also include dependence
on the spatial variables in some combination, writing h()\) = O3(N\*g(x, z,w,y)) to denote
that |5f\h()\)| < Nl g(a, 2z, w, y)| for 0 < j < 3. For our purposes, we need operators and
functions whose first three derivatives in A may be bounded comparable to division by .
We use the notation h(A\) = O9(\*) if we need only control the first two derivatives.
Our starting point is the stationary representation for the wave operators,
2 oo
(3) Wiu=u——= [ NRIAYV[R" — RTJ(AY)ud.
i Jo
Where R(A*) = (A2 —A\*)~1 and Ry (\*) = (A?+V —\*)~! are the resolvent operators. The
stationary representation in (3) utilizes the limiting resolvent operators, for z > 0:
R*(z) = R(z £i0) = li{%(AQ — (2 £ ie)) 7Y,

Ri(2) = R(z £i0) = 11{‘%(A2 +V — (2 +ie))

Our proof of Theorem 1.1 relies on a careful examination of the integral kernel of the wave
operator W (x,y). This suffices to prove the same bounds for W_, as the action of complex
conjugation C relates the operators through the identity W_ = C~'W,C. By duality, when
Wy are bounded on LP the adjoint operators (W.)* are bounded on L where p’ is the

Holder conjugate of p. We use the following lemma on LP-boundedness often.
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Lemma 2.1. [32, Lemma 3.1] Suppose that K is an integral operator whose kernel obeys the

pointwise bounds
1
(@) ) (] = ly[)>+e
Then K is a bounded operator on LP(R3) for 1 < p < oo if e > 0, and on 1 < p < oo if
e=0.

(4) K (z,y)| <

We say that a kernel of an operator K is admissible if
sup [ |K(z,y)|dy+sup [ |K(z,y)|dx < co.
z€R3 JR3 yeR3 JR3
By the Schur Test, an operator with admissible kernel is bounded on L? for all 1 < p < oo.
There is room in the € = 0 statement to allow for logarithmic factors, which we prove as a
corollary. The logarithmic version is useful to avoid unnecessary integration by parts that

would demand faster decay from the potential.

Proof. The basic principle here is that K(x,y) is a bounded operator on LP(R?) if
(fos | K (z,y)|[P)/Pdz belongs to LP'(R®) with respect to y. Since the kernel bound in (4)
is symmetric in  and y, the operator is also bounded on L”" and exponents in between.
When e = 0, it is convenient to split the integral into three regions according to whether
lz| > 2[y|, |z| < 3|y|, or |y| < |z| < 2]y|. In the region where |z| ~ |y|, which is also

symmetric in  and y, switching to polar coordinates we see that

[ K s o G ] R S
K(x,y dmN—/ dr 5 / ——dr S 1,
|z|~|y| (y)? ly|/2 (r—1lyl)? (y)? lyl/2 (r—[yl)?

uniformly in y. This part of the operator is bounded for any 1 < p < oo.

In the remaining regions one obtains (using that ||z| — |y| | = |y| when |z| < [y|)

1 1
/x|<;y| (= ™ /x|<;y| ()P (y)?

and (using that | |z| — |y| | = |z| when |z| > 2|y|)

! 1 3-4p
L TGRS [ T S 0 1921

We see that the large |z| region constrains the range of p. Finally, we note that

(y)max(/p=4=3) = (yymax(=3/P'"~1,=3) helongs to LP (R3) for any 1 < p < 0o so these parts

dr 5 <y> max(3—4p,—3p) ’

of the operator K (x,y) are bounded on LP(R?) as long as 1 < p < oo.
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When € > 0 one can check in polar coordinates that

7,2

1 [ee]
s / @] — o 4”/0 P — e St

The last inequality follows by breaking up into regions based on whether r < L|y|, r = |y|

or r > 2Jy|, with integrability for large r requiring € > 0. The same bound also holds when
x and y are interchanged, hence K has an admissible kernel and is bounded for 1 < p < oo.
O

Corollary 2.2. Suppose that K is an integral operator whose kernel obeys the pointwise

bounds

(log({J2] — [yI)))
K S ) T = e

Then K s a bounded operator on 1 < p < oo.

Proof. The proof mirrors the e = 0 case of Lemma 2.1. We use the fact that (log({|z|—|y|))) <
(|z| — |y|)?, for any choice of § > 0. In the region when |z| ~ |y| we have (for an arbitrarily
small 6 > 0)

1 2ly| r2 |y|2 2ly| 1
|K(x,y)|dr < / dr < / —————dr <1,
L|z|y| (y) iz (T — ly)*~ W) Sz (r— ly[)2—°

uniformly in y. This requires only choosing § < 1.

When |z| < ]y|, we have

/ <10g(<|l’| - ’y‘>)>p dr < / 1 dr < <y>max(3—(4—5)p7—(3—5)17)’
jal <Ly € 2l <Lly]

()7 {[a] - [y} GBI

and when |z| > 2|y|

(log({lz] — ly|)))? T ; " 3—(4—d)p ; i
Lo GFOTRT S [, g S 0 0> 575

The expression (y)max(=3/p'=(1=0),=(3=9)) helongs to L¥ (R?) provided p’ > 2. For a given

5
choice of 0 < § < 1, we see that the kernel is an LP-bounded operator for p € (% %) Every
1 < p < oo belongs to this range for a sufficiently small 6.

Lemma 2.3. We have the bound

< L,
£z ™~ ()
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provided 3 >

N

. On the other hand,

(2)7° ‘
|z — 2|

[0 <1
T Lz

provided 3 >

N[

Proof. The proof follows by dividing the integral into pieces based on the size of |z| compared

to |z|. Alternatively, we apply Lemma 3.8 from [15] to see that

- w2ﬁﬁ<{cw2ﬁﬁ<

i o2 ()2 B>

2\ =B
[

7|

N Nw

provided 2 + 23 > 3.

3. Low ENERGY

The low energy behavior of the wave operators constrains the range of p on which the wave
operators are bounded, as we show in Section 4 that the high energy portion is bounded
on the full range of p. In this section we develop an appropriate expansion for R; (\*)
in a sufficiently small neighborhood of A = 0 and control the resulting terms and their
contribution to (3). The techniques vary from a delicate argument using harmonic analysis
techniques inspired by Yajima’s work, [32], to a less delicate argument directly bounding

oscillatory integrals.

Theorem 3.1. Under the hypotheses of Theorem 1.1, the low energy portion of the wave

operator

2 oo
Whu=—-="[ XNx(WO)RFOHVIR" — R7](A\")ud\

T Jo

extends to a bounded operator on LP(R?) for any 1 < p < occ.

We note that the low energy behavior of the integral, when 0 < A\ < 2)\g < 1 for some
sufficiently small constant A\g determines the range of boundedness.

For the low energy portion we use the smooth cut-off function x(A) which is one if 0 <
A < Ao and zero if A > 2)\;. We then employ the symmetric resolvent identity to rewrite (3)
slightly. Defining U(z) = 1 when V(z) > 0 and U(z) = —1 when V(z) < 0, v(z) = |V (z)|2
and M(\) = U + vR(A)v. Then, for I(A\) # 0 and R(\) > 0 we may write

Ry(\Y) = ROHvM(N) 1o
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This identity extends to the positive real axis in the expected way,
REOY = REOYHvM=(\) 1

with ME(\) = U + vRE(\)v.

It is well-known in the case of the usual Schrodinger operator —A +V that the behavior of
R‘i} as A — 07 is highly dependent on the existence of zero energy resonances or eigenvalues.
This is also true for the fourth order operator, see [17, 8, 7, 14].

We use the following identity for the resolvent (following [9, 7, 14])

5) REOV)(a, ) = i( i - )
’ 2)\2 ‘

drle —y|  4rlz —y]

This expression has a simple pole at A = 0 with residue a™ = 18—?’. Consequently the

+
power series expansion for M*(\) begins with %P, where P is the rank-one projection

v(@)v(y)
Vi

appears prominently in some formulas below.

onto the span of v with kernel P(x,y) = . The complementary projection Q =1 — P

We now collect some useful results on the (limiting) operators.

Proposition 3.2. If zero is a reqular point of the spectrum and if |V (z)| < (x)72~, then in

a sufficiently small neighborhood of zero we have the expansion
(6) [MT(N)]™! = QDoQ + AMy + My(\)

where QDyQ, and My are \ independent, absolutely bounded operators, and My(\) is a A

dependent, absolutely bounded operator satisfying
2
S ONAEMN| |22z S A% A >0,
j=1

The proof is technical and we defer it to Section 5 for the convenience of the reader. The
operator Dy is intimately tied to the existence or non-existence of zero energy resonances, [7].
For our purposes, we need only that ) Dy() is absolutely bounded and that () is a projection

orthogonal to the span of v. Namely, we use that
Qu= [ Qu(z)dz=0.
R3

Substituting the resolvent identity and expansion for [MT ()]~ from (6) into (3) we need

to control:

7) / TR M0QDQUIRY — RN, y) d,
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(8) /000 MRTOAHoMpw[RT — RT)(AY)(z,y) d),

() /0 TR O My (R — RO (2, y) dA.

We show that each term is bounded on LP(R3) for all 1 < p < oo in Proposition 3.5, and
Lemmas 3.3 and 3.8 respectively.

We lead with the most delicate term.

Lemma 3.3. Let M; be a \ independent, absolutely bounded operator on L*(R?). Then the
operator A defined by

A= / MRT(AYvMpw[RY — RTI(AY) (2, y)x(A) dA
0
is bounded on LP(R?) for all 1 < p < oo provided v € L*(R?).

Our argument to control this term is adapted from Yajima’s work studying the effect of
zero energy resonances on the boundedness of the wave operators in three dimensions, [32].
This argument takes advantage of the cancellation found in singular integral operators such

as the Hilbert transform.

Proof. Using (5) we begin by writing out the full integral defining A,

00 eiMe—z] _ p—Alz—z| eiAw=y| _ o=iXw—yl
A, y) :/o //]RG v(z) M (z, w)v(w) X(A) dwdzd.

8|z — 2| 8m|w — y|

With the cutoff in A in place, Fubini’s theorem allows us to compute the X integral first.

x y // ]\41 2, U) (w) /oo (ei)\|x—z| _ 6—A|x—z|)(€i)\|w—y| _ e—iA\w—y\)X<)\) "
RS 0

6472 |z — z||w — y

All that needs to be said about the integral over (z,w) is that [ [ [v(2)M; (2, w)v(w)|dzdw
is finite. This is true because M; is an absolutely bounded operator and v € L?. The
remaining challenge is to show that for each fixed choice of z and w, the operator

0o eik\x—z\ _ e—)\|x—z\ ei)\lw—y| _ e—i)\|w—y|
Ao = [ X o
0 |z — 2l[w —y|

is bounded on LP(IR3) uniformly with respect to z and w. Minkowski’s inequality for operator
norms then completes the proof.
It is apparent that A, ., (z,y) = Aoo(x — 2,y — w). Thus it sufficies to show that Ay is

bounded on LP(R?) since all other A, ,, are derived from it by composition with translations.
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At all points we get the crude bound

[Aoo(z, y)| S /Ooo min(A, |z[~1) min(A, [y] ) x(A) dA S (2) " ()

We note that the kernel 7 is admissible when restricted to the set {—1 < [z —|y| < 1} C

(z)(y
RC. To handle the regions where |z| — |y| is larger than 1, we rewrite the integral once more,

Aol y) (lla DA _ Gilel—ilyDA _ (~lel+iluDr | eHxH\yDA)X( A) dA.
’ ICEHy!
An integration by parts yields
1 1 1 1 1
!fCHy! ilel +ilyl izl =yl —lal+ilyl T —[a] —dly]
elilz[+ily)A (il —ily)A (—lz|+ily)A (=lzl=ilyDA
/ -+ S Y

I el +ilyl el =iyl —lo[+ilyl T —[a] —dly]

The boundary term will restrict the range of boundedness as the integral term generates an
admissible kernel. Each one of the four pieces can be integrated by parts repeatedly. After
noting that 4|x| £ i|y| has magnitude comparable to |z|+ |y|, the end result is that this part

) 1 1 L
is bounded by I ((|x|+|y\)3 T (IIx\f\yll)‘“’)'
Suppose || > 1. Then

o G+ o) =
sup Yy L
j2>1jaf- > 12yl N (2l + WD (2] - !yH)3

with the majority of the integral being supported in the annular region where |y| ~ |z| but

Iyl = ] > 1.
If |z| < 1, then |y| > 2|z| in order to have |y| — |z| > 1. After integrating by parts twice

more, using the the Mean Value Theorem on the function

£(s) ellz|(£s+i(1—s))+ilyl) Lo )
S) = - - y Wlt S S S y
(lz|(£s +i(1 = s)) + ily])?

provides for cancellation of the form

‘ elilz[+ily A e(=lzl+ily)A elilzl=ily A e(=lzl=ily)A ’ < |< A N 1 >
. . - . 9 . . - . ~ x T |12 T4 )
(e[ +afyl)® (=l +afy)? U Gle] = ayl)® (=] = ily[)? yl? - lyl*
So when |z| < 1 and |y| — |z| > 1, we can find the upper bound

<1 A 1 1
sup [ [T el (S )W S [y S
e W P PR o T

Thus the integral remainder part of Ago(z,y) is integrable in y with a bound independent

of the choice of z € R®. An identical argument with the variables exchanged completes the

proof that this is an admissible kernel.
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Finally we must determine the L? boundedness of the operator A with kernel

ey = ( 1 R DR I >: 4iz|
el \ile| + iyl dla] =iyl —lal +ilyl T —lz[ =iyl [l = [yl
supported in the region where |z| — |y| is larger than 1.
Given a function u on R3, we introduce the spherical averages M,,( 1 ou g2 U

If we further choose r = |y|* and s = |z|*, then

(10) JAuly=c [ stsi( [ ")) ds.
0 | V/r

Yr—Ys1>18 T

The inner integral is more or less a truncation of the Hilbert Transform of r*iMu(%). In
fact, if 0 < s < 1, then it is exactly a centered truncation of the Hilbert Transform as long
as we define M, (r) = 0 for all » < 0.

When s > 1, the integral is truncated away from the interval (/s — 1)* <r < (/s + 1)~
The interval (/s — 1)* < r < (/s + 1)* can be subdivided into two pieces according to
whether r is greater than 2s — (/s — 1)%. The left-hand piece, when r < 2s — (/s — 1),
is exactly centered around r = s. Let us briefly denote the right-hand piece as r € [, =
(25 = (Vs = D)% (Vs + 1)),

We observe that I, is contained inside the interval [s, 16s]. Furthermore, it follows from
25 — (/s — 1)* < r < (s + 1)* and the binominal theorem that s3/* < r — s < 155%* for
all r € I;. This means that an operator with the integral kernel K(s,r) = ﬁ‘re ;. will be
bounded pointwise by the centered Hardy-Littlewood maximal function. In other words, we

can guarantee the bound

[

!/ — M) dr| S I ML) + MIr ML (V) s),
Vr—/s>1

S—T

where H* is the maximal truncated Hilbert Transform, and M is the centered Hardy-
Littlewood maximal function.

For all 1 < p < oo, the inequality —1 < ’%1 < p — 1 is satisfied, hence the weighted
measure s°T ds belongs to the A, class. Both the maximal Hilbert Transform and the
Hardy-Littlewood Maximal function are bounded operators on Lp(spzx;lds), (c.f. Theorems

5.1.12 and 7.1.9 in [16]). Applying this to (10) yields

Julp € [T G @) dr < [T dr =
0 0
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For the remaining pieces, we apply an argument that will not rely on delicate harmonic
analysis. Instead, we use the following lemma repeatedly.

Lemma 3.4. If £(\) = Oz(N), then

= oM (l£ly) (log((|=| £ [y])))
| XNEWAS e

Proof. The boundedness of the integral is clear from the support of the cut-off function y.

We separate the integral into two regions based on the size of A and m First, we note
that
/(90|:|:3J|)1 Aall) ( ) ( ) - (G < 1
ezxyx)\é’)\d)\’,v/ AN S ———m.
0 0 (] + |y[)?

On the second region, we integrate by parts two times. Using the support of x(\) we see

‘ / em(|x|ily\)x()\)g(/\) d)\‘
(lz|£ly) 1

el £ D)), (€l = o)) L
S R CET): *<|:crﬂ:\y|>2/M.)1"33(’“”‘9“”'0ZA
1 1 : o 1+ log(je| £ |y)

TR CETIE Azmy)l MRS T we

Proposition 3.5. Under the hypotheses of Theorem 1.1, the operators

/ b N RT(AYvQDyQuR* (A*) dA
0

extend to bounded operators on LP(R?) for all 1 < p < cc.

We control this operator with a series of lemmas. We begin by writing
ei)x\w—z\ _ e—)\|:5—z| 1 — e(—1+i))\:v—z>
8|z — 2| 8|z — 2|

We now take advantage of the orthogonality relationships between () and v. Namely,

g Qu(2)f(x)dz =0

(11)  ART(O\Y |z —2|) = — iMlal <€M<|x—z\—|x\>

for any function f(z) of x only. Accordingly, we may replace ART (A, |z — z|) with

(—1—i)A|z—z] 1 (—1—9)\|z|

; ; 1—e —e
z)\\x|< iN(|z—z|—|z]) . )
“\° STAlz — 2| STAl]
—1—i)A|z—z —1-i)A|x—z —1—i)A|z
_ Nl (ei/\(lr—ZI—lm"l) B 1)1 — e(m1=)Az—| N 1 — e(=1=DAlz—2| 11— e(—1=DAlz|
8mA|x — z| 8nA|r — z| 81|z



12 GOLDBERG, GREEN

We now define the auxiliary functions

1 — e(—l—i))\|ar:—z|

(12) GE(\, z, ) = (eMe=2l=lzh _q) ST —
1 — e-1=DNa—2 | _ p(—1=i)Ala|

(13) FE(,2) = 8Tz —z| 8wz
Lemma 3.6. We have the bounds

105G*(\, 2, 2))| gﬂ, k=0,1,2,

|x — z|\F
and
05 FE(N, 2, 2)] < &) k=0,1,2.

min({x), |x — z|)\F’

Proof. We begin by noting the following useful bounds. Given A > 0,

’ 1 — e(ly’))\A) - A
d i/l _e(ii)m <i\;1>1
Kﬁ)( A >)5<)\A>Nf0rj21.

Here the second bound takes advantage of the decay of exp((—1 Fi)AA). We now write

le—z|—|z| 1 — e(=1FDAlz—=|
G\, 1,2) = / (z’ei“s c )ds.
0

8|z — 2|

(14)

The desired bounds follow from the product rule using (14) and noting that

jo—el—lel
81§</ jets d3> ‘ < M),
0

To control F£(\, z, z) we write

1— e(—l—i))x|ac—z| 1 — e(—l—i))x\a:| 1
FE(\ = — =—(h(lx —2z|) —h
A 2.2) 8Tz — 2| 8|z )\( (e = 21) = h(=)),

where
1 — (—1Fi)As
h(s) = t-e

8s

The Fundamental Theorem of Calculus allows us to write

1 [le—=
FE(\ 2,2) = X/ h'(s) ds.
||

Note that
H(s) = 14+ (1—(-1F i)sA)eHﬂFIMS_
852
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By Taylor expansion, we can see that the numerator is cA?s> + O((As)?) and may be differ-
entiated two times in A with effect comparable to division by A. In all cases, we also have
the crude bound of |95h'(s)| < s72. Putting this together, we see that
|OYF=(\, 1, 2)| < /|ZZ| imin (/\ L) ds <A7F /|IZ| 1ds.
B Ak " \s? ~ | s

|| z|
Noting that min(|z|,|z — z|) < s and that the length of the s interval is bounded by (z)
completes the proof for |x| > 1. If |z| < 1, we obtain the bound (2)\*~* which allows us to

replace the |z| in the denominator with (x).
U

Propostion 3.5 follows from the next discussion above by applying the following Lemma.
Lemma 3.7. Under the hypotheses of Theorem 1.1, we have
’ / MDA (G (N, 2, 2) + FH(\, 2, 2))vQDoQu(GF (A, w, y) + F*(X, y, 2)) dA
0

< Log({z] £ [y])))
~ (@ )l £y

which extends to a bounded operator on LP for 1 < p < oo.

Proof. We may rewrite the A integral as

/ eMEERD (N E(N) dA,
0

where (ignoring the operator vQ DyQu for the moment)
EN) = MNGT (N z,2) + FF(\ 2, 2))(GF (N w, y) + FE(\,y, 2)).

By Lemma 3.6, we have

EN) =0 Az (w)® )

2(min<<x>, [ — 2[) min((y), w — y])
This suffices to apply Lemma 3.4 to see that
o] 3 3
eMel£liy (1) £(A) d)\‘ < (@) |
/0 (lz] £ y])? min({z), [z — 2|) min((y), [w — y])
On the other hand, a direct integration yields the bound
00 3 3
A NEN D S () ) |
/0 min((z), [z — z[) min({y), [w —y|)
To account for the effect of the operator vQ) DyQu, we note that () Dy() is absolutely bounded,

see Lemma 4.3 of [7]. Using Lemma 2.3 we have
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()70(2)QDy @ wv(w) ()]
(15) / (el & a2 min({z), |z — 2]) min((g), ly — =)~
< Jonllel £ ) {2402
STl (), 2]

(w)*v(w) ‘

min((y), lw —y|) 113
(log({|=| = |y])))
(2] £ [y)*(z)(y)

L ME@Do@I| 2 12
z

N

The claim on LP boundedness follows by Corollary 2.2.
O

We may now adapt this argument to the error term from Proposition 3.2 to control (9).

Lemma 3.8. Under the hypotheses of Theorem 1.1, we have the bound

S R — (og(({] % 91
[ emr oty - i | S TR

which extends to a bounded operator on LP for 1 < p < oo.

Proof. We don’t rely on any cancellation between the ‘+ and ‘-’ resolvents and instead write

the integral as

/ el \ =1 ()

0
. — e(=1=i)Alz—2] _ o(F1F)Aw—y]
Mozl [al(yl-ly—w)) [ L= € oMo\ [ 1=C 0\
8mA|x — 2| A |w — y|

Using (14) and the A smallness of My(\) and its derivatives, since |||0F Ma (N[22 S A7,
suffice to apply Lemma 3.4. When derivatives hit the phase e?([#===lzl£(vl=ly=wD) the effect
is comparable to multiplication by (z) 4+ (w), which is absorbed by the decay of v(z) and
v(w) respectively. An analysis as in (15) using Lemma 2.3 suffices to establish the pointwise
bounds. Corollary 2.2 then proves the claim on the range of L” boundedness.

O
We are now ready to prove the low energy portion of the main theorem.

Proof of Theorem 3.1. Starting from the stationary representation (3), using the symmetric
resolvent identity in Proposition 3.2 we need to bound the contribution of three integrals.
Lemma 3.3 bounds (8), Lemma 3.7 bounds (7) bound while Lemma 3.8 bounds (9).

O
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4. HiGH ENERGY

In this section we control the high energy portion of the wave operators. We show that,
if the spectral parameter is bounded away from zero, that the wave operators are bounded
on the full range of 1 < p < oco. To state our results, we define the complementary cut-off

function Y(A) = 1 — x(A), so that x(\) is supported on A > Ay = 1.

Proposition 4.1. Under the hypotheses of Theorem 1.1, the high energy portion of the wave

operator

2 [ 4.
Wiu=—-="[ XNYNR;\)V[R" — R7](A)ud\
i Jo
extends to a bounded operator on LP(R3) for any 1 < p < oo provided there are no eigenvalues

embedded in the spectrum of H and |V (2)| < (2)7°.

The high energy follows by using the resolvent identity
Ry (\) = R*(X') = R*(A)VR{(N)

in the stationary representation, (3), of the wave operator to bound

(16) /UOO MXNRFOHV(RT — R\ d) = /OOO MYNRTAHV(RT — RT)(\Y) dA

- / MNYANRTOHVREWHV(RT — R7)(AY) dA.
0
For the first integral, using (5), we need to show that
an AF /oo X(A)x(A/L) (ei)\(|xz|:|:zy|) _ e)\|zz|<€:ti)\|zy)) A\

0

Mz — z||z — w|

converges in an appropriate sense. Then

/ h MYNRTAHV(RT = R)(A\Yd\ = Jim (Af — A7),

Lemma 4.2. The operators AjLE are bounded uniformly on L> and converge uniformly to

operators AT that are bounded on L.

By duality arguments we only consider p = oco. The same argument applies to the oper-
ators W_ and W}, which implies that this operator is bounded on the full range of p. Due
to the similarity of the purely oscillatory portion of R* to the free resolvent for the one-
dimensional Schrodinger free resolvents, the high energy argument in [4] has been adapted

to control part of the fourth order operator in Lemma 4.2.
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Proof. Define 1,(\) = M and let Sy = |x — z| £ |y — z| The most concerning term is

when we have only oscillations. We need to understand (and bound in L>)

Brg = / Pr(N)ers= V= g(y) dz dy d,
RS [z —zllz —y”

where g € L*°. By Fubini, we may interchange the order of integration and seek to control

—~ V(z)
Brg= [ r(Se) 7 ——9(y) dzdy.
RS |z — zl[z =y
We show that Brg is a Cauchy sequence of operators on L*°, to that end we note some

properties of z/ﬂz, namely that

s (k)| < min((log k1), [k]~*).

The first estimate, good for L=' < |k| < 1, is obtained by breaking the interal into two
pieces. The integral over A < |k|~! is bounded by (log |k|). Then the integral over |k|™! < A
can be integrated by parts once to see that it is bounded by 1. The second estimate follows

from integrating by parts repeatedly. Similar analysis shows that
(VL (k) = dar (k)| € min({log([K[L)), (JFIL)™)  for all M > L.

This can be seen by a change of variables s = AL and the previous analysis, noting that
1<SsS % For any fixed choice of z and 2, we can write y in polar coordinates centered at
z and estimate

— . :i: o o0 —
/ el — A2 B2l o | s = £ 0] S gl = 2y
R3 |Z_y| 0

The most delicate piece is in the ‘-’ case when r ~ |z — z|, one considers cases based on the

size of ||z — z| — r| and 1. That leads to the bound

/ a2 2 =DV E e < s,
R6

|z = z[[z =y

That is bounded uniformly in both z and L, which shows that B are bounded operators
on L°°(R3) uniformly in L. Repeating the calculation with a difference between By, and By,
leads to the estimate

/]R [ (S) — ¢M(5)|dy _ /Oo,n oz — 2| £ 7) — duljz — 2| £ )| S L7 — 2)F!
3 0

|z — |

Since the integral over z is the same as before, except with an additional factor of L™, the

family of operators By converges in norm as L — co.
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The remaining term with exp(—A|z — z|)e**7¥ has an argument that is less delicate.
Utilizing the support of X(\), repeated integration by parts shows that

0o —Nz—z| —|z—z|/2 _ 3
[ e N ) e
0 A |z = 2|(|z = y])

One is then left to evalue the integral
—|z—z|/2 o 3 —|z—z|/2 _ 3
[ S W, ¢ [,
ro [ — 2%z —yl(lz —yl) RS |z — 2|

uniformly in L. The bounds are independent of L, hence we may conclude that as L — oo

the bound ||Ag|| < ||g]|s holds by the dominated convergence theorem. O

We use the limiting absorption principle for the second term in (16).

Theorem 4.3. [9, Theorem 2.23] Let |V (z)| < (z) %71, Then for any o > k + 1/2,

~

Of Ry (2) € B(L*°(RY), L>7°(RY)) is continuous for = ¢ 0 UX. Further,

Ha]chV<z> H L2 (R4)— L2~ (Rd) S 27(3+3k)/4'

The major consequence of the limiting absorption principle that we use in our argument

are the operator bounds:
1
10% Ry (A || 220 p2—e S AT for each k>0, provided o > k + 7
Lemma 4.4. Under the hypotheses of Theorem 1.1, the operator defined by

/ h MXNRTOHVREAYV(RT — R7)(AY) dA

has an admissible kernel and hence extends to a bounded operator on LP(R3) for 1 < p < co.

Proof. We first consider the bound taken by taking the absolute value of the integrand. For

this we use (5) to make the crude bound

+ /14 <

Then, we may use the limiting absorption principle to see
’ / MYV RTOHVREOHV(RT — RT)(AY) d)\’
0
S / MRV oy 1By O 2ge 23 - IVREOD] g0 dX

~ 1
o0
5/ A
1

V()=
|z = 2|

[V (w)[(w) >

1
) <
lw — y|

L2
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Here we used the first claim in Lemma 2.3 to push forward the decay in x and y.
When |z| &+ |y| 2 1, there is much to be gained from integration by parts. After three
integrations by parts the kernel will be bounded by

m Oooai (A—lg(A)S;Ey(A)) d/\',

where

(18) 5;%3/()\) — Mlz—z[=lz[E(yl-ly—wl))

1 — e(—1+i)>\\x—z|
X
( |z — 2|

_ 6(—l:I:i))\|z—w|
|2 — w]

VRNV w) -

Let k; € NU {0} with ki + ko + ks + k4 = 3, then the integral is controlled by

[m\ v Jorro

o N lz=2I-le) <

1 — 6(71+i))\\xfz\
|z — 2| )

1 1
2,kg+ =+ 2, —kog—%—
Lw 2739 sz 27793

)\ 1=ka g\

e in(4 1 — 6 —1+i) A z—w| k
ol N (|y|yw|))v<w)< > 21+
)3 1

Ep—
<f > @

Provided |V (2)] < (2)7°", the second bound in Lemma 2.3 may be used at the end. Com-

+

[V (w )|< )2t
lw —y|

(2)1(2)

|z = 2|

L2

bining this with the previous bound shows that the kernel of the operator is dominated

by
1

(o] £ |y (x)(y)”

and hence is admissible by Lemma 2.1.

0

Proof of Proposition 4.1. Using the representation (16), the claim follows from Lemmas 4.2
and 4.4.
O

Now we can assemble all of the pieces of the main Theorem.
Proof of Theorem 1.1. Using the stationary representation, (3), and noting that y(\) +
X(A) =1 on [0,00), we have
Wiu=u-+ qu~|— qu
The identity operator is bounded on L”, Theorem 3.1 and Proposition 4.1 establish bound-

edness of the low and energy contributions respectively.
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5. PROOF OF PROPOSITION 3.2

We include the proof of Proposition 3.2 here for completeness. Similar expansions, using
the Jensen-Nenciu method [19], are obtained by Erdogan, Toprak and the second author in
[7] and the authors in [14]. Neither of these is quite sufficient for our needs. We begin by

collecting useful results.

Lemma 5.1. For 0 < A < 1 define M*(\) = U + vRT(\)v. Let P = v{-,v)||V||;* denote

the orthogonal projection onto the span of v. We have

(19) MT(N) = AT\ 4+ AM; + My (N,

(20> A+()\) _ Hlea+

P+T,

where T .= U 4+ vGyv, and

3
> NIHAM ()] |zesze S A%,
j=1

W[

provided that v(z) < (x)

Proof. This is essentially a subcase of the results in Lemma 4.1 in [7]. For completeness, we
verify that the third derivative of the error term is bounded as claimed.

Nothing that when |z — y| < 1, using the series expansion of (5) one obtains
at
MY\ (x,y) = U + vGov + Vv + af WwGv + OV —y), Nz —y| <1,

lz—y]
8m 7

Gi = |z —y|* and a™, af are non-zero constants whose exact values

where Go(z,y) = —
are unimportant for our purposes.
When Az — y| > 1, we instead note that

A =0

|8§;R+()\4)(:1c,y)| < { lo—yli—1 - 02()‘2’"T - y|3)
e g 21

Since M|z — y| > 1 we may freely multiply this bound by powers of A|z — y| as needed. So

that
at

My (\) = vRT(A\Y)o — (UGOU + VY + af/\lev) = Oy(Nx — y|*).

The decay rate on v is required to show ensure that v(z)|z — y[>v(y) is a Hilbert-Schmidt

kernel.
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An application of the Feshbach formula, see Lemma 4.5 of [7], shows that

(21) (AT(N) " = QDoQ + g*(N)S,

where gt (\) = (ﬁL)}/”l + ¢)~! for some ¢ € R, and S is an absolutely bounded operator.

Noting that

A cA\?
at VI (at]|V]1)

9" (N) = 5 +0s(\%),

we may write

1]

2]

AT(N) 7= QDoQ + AAT + O03(\?).

The Proposition follows via a Neumann series expansion.

(MF()™! = (AT(\) + AM + M (3))™
= AT\ NI+ AMFAT (N 4 M (AT
= QDoQ + AM; + My(N).
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