SPECTRAL MULTIPLIERS AND WAVE PROPAGATION FOR
HAMILTONIANS WITH A SCALAR POTENTIAL

MARIUS BECEANU AND MICHAEL GOLDBERG

ABSTRACT. We extend several fundamental estimates regarding spectral multipliers for
the free Laplacian on R® to the case of perturbed Hamiltonians of the form —A + V,
where V' is a scalar real-valued potential.

In this paper, we prove resolvent estimates, a dispersive bound for the perturbed wave
propagator, Mihlin multiplier and fractional integration bounds, and the full range of
wave equation Strichartz estimates, under optimal or almost optimal scaling-invariant
conditions on the potential and on the spectral multipliers themselves.
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1. INTRODUCTION

In this paper we establish three properties of the spectral measure of three-dimensional
Schrodinger operators H = —A + V' with potentials belonging to a scaling-critical class.
The first set of results concerns pointwise behavior of the resolvents Ry (z) = (H —z)~! as
integral operators on R?, in particular controlling the limits as z approaches the positive
real axis. One of the key estimates is equivalent to a statement about the “sine” propagator
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of the linear wave equation, and it will be proved in that context. Some useful bounds on
the exponential decay of eigenfunctions are obtained as a consequence.

The second set of results concerns the LP-boundedness of spectral multipliers m(H). We
prove that if m satisfies the conditions of the classical Hormander-Mihlin theorem, then
m(H) is a bounded operator on LP(R?), 1 < p < oo. While the integral kernel of m(H)
strongly resembles that of a Calderén-Zygmund singular integral, we leave the analysis
of its L' and Hardy space behavior for a future paper. With a slightly stronger, but still
scale-invariant condition on the potential, we are able to show that m(H) is weak-type (1,1)
using a different argument. Sobolev inequalities for factional integration are recovered as
well.

Finally, we prove Strichartz estimates for the perturbed wave equation provided the
potential also belongs to the Lorentz space L2, following an argument due to Beals [Bea].

1.1. Setup. Consider Hamiltonians of the foorm H = —A 4+ V in R3, i.e. in three space
dimensions. Here the Laplacian —A is the free Hamiltonian, corresponding to free motion,
while V is a real-valued scalar potential.

Our basic assumption is that V belongs to the closure of C®°(R?) with respect to the
global Kato norm

V(x)|dx
Wi o= sup [ B0 )
yeR3 JR3 |z -y
and we denote this space by Kg. Then H = —A + V is self-adjoint and bounded from
below [Sim]. Multiplication by V' is a compact perturbation relative to the Laplacian,

thus the essential spectrum of H remains [0,00) and there can be at most finitely many
eigenvalues away from 0. If one assumes that V is in L¥>!(R3) ¢ Ky (a weaker condition
suffices) is real-valued, then there are no embedded eigenvalues or resonances in the con-
tinuous spectrum (A > 0), see [[oJe] and | ]. With our baseline assumption V € Ky,
there are no embedded resonances, see [Gol]. Where necessary, we assert the absence of
embedded eigenvalues as an independent assumption.

For some results in this paper we need to further assume that V e Ko n L3/2%(R3).
Note that both the global Kato norm and the Lorentz norm L32%(R3) scale similarly to
|z] 2, which is critical with respect to the Laplacian. One result (Theorem 5.1) requires a
modified Kato norm with ¢! summability across dyadic length scales. The relevant norm
definition will be introduced in the statement of that theorem.

Both our pointwise bounds for the wave equation and the Strichartz inequalities apply
to the absolutely continuous part of the propagation, that is we first apply an orthogonal
projection away from the space of bound states. Bound states at the threshold of the
continuous spectrum (i.e. at zero energy) can be present even for V € C'¥ and in general
destroy dispersive estimates, even after first projecting the bound states away. Throughout
this paper we make an a priori assumption that there are no obstructions at zero energy.

The free Hamiltonian is a positive operator, thus one common way to prevent bound
states is to require the potential to be nonnegative as well. When this is the case, one can
often also weaken the regularity and decay assumptions on V substantially, for example
letting V' = 0 belong to a reverse Holder class. Bound states can also be avoided if the
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negative part of the potential, V_ := max(—V,0), is present but sufficiently small. The
sharp smallness condition |V_||x < 47 arises naturally and has been exploited by | ].

Propagators for the perturbed wave equation and Mihlin multipliers are both examples
of spectral multipliers. One can use functional calculus to define a family of commuting
operators f(H), called spectral multipliers, at first for analytic functions f by a Cauchy
integral around the spectrum. Since H is self-adjoint here, f(H) can be defined in terms
of the spectral measure

s = [ F B 2)
o(H)
which exists as a bounded operator on L? whenever f is a bounded Borel measurable
function on o(H) (the spectrum of H).
Commonly studied classes of multipliers include the resolvent Ry ()\) = (H — \)7},
fractional integration operators H ™% s > 0, Mihlin multipliers m(H ), where m is a symbol
such that m(”)()\) < A", Bochner-Riesz sums, the Schrodinger evolution e | the wave

and half-wave propagators COS(t\/E ), Sins;%ﬁ), and e”‘/ﬁ, the heat flow e *| and others.

In the free case, where H = —A, each spectral multiplier f(—A) corresponds to the
Fourier multiplier f(]¢[?). The following properties are well-known:

1. Resolvent bounds: The free resolvent Rg(z) := (—A — 2)~ ! is analytic on C\[0, o)
(where o(—A) = [0,0)), having the explicit kernel

1 eV z —y|

Ro(2)(z,y) = I Je—y (3)

Here 4/z is the main branch of the square root.

Although Ry(z) does not exist as a bounded operator on L? for z € [0,00), it has a
continuous (in e.g. the strong B(LG/ 52 [52) topology, not in the norm topology) extension
to the positive real halfline, where it takes different boundary values on each side for A > 0:

+ 1 efivValz—yl
R (A = Ro(A 1140 =——
0( )(.’I},y) 0( T )(xay) A |.’13—y|
The existence of such extensions in a weaker topology than B(L?) is known as the limiting
absorption principle. It is clear from the formulas that the free resolvent obeys pointwise
bounds uniformly in A € C,
1

L —.

(4)
2. Fractional powers of the Laplacian: For 0 < a < 3, (—A)~%/2 has the explicit kernel
(=8) “(z,y) = Calz —y|*?,

and it is bounded as an operator from LP(R3) to L4(R3) for % - % =a,1 <p,q<oby
the Hardy-Littlewood-Sobolev inequality.
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3. Schrodinger and wave propagators: the free Schrédinger and wave propagators have
the kernels

A ( ] 1 Lzl sin(tyv/—A)

1

x,y) = ———re dait , ————(x,y) := —y(|lz —yl|).
Hence one can obtain several dispersive estimates, such as pointwise decay, Strichartz, and
reversed Strichartz estimates (see | | and [ ] for more details). The bound of
greatest interest in this paper is as follows:

© sin(ty/—A 1
[T

) 2|z — y|

= (5)
where we are being imprecise in notation with regard to the integration of delta-functions.
Delta functions are also present in the key integral estimates (10) and (11) below.

4. Mihlin spectral multipliers: In the free case, Mihlin multipliers m(H) are bounded
on LP, 1 < p < oo, and of weak (1, 1) type, i.e. bounded from L' to L1®.

There are several possible choices for the definition of Mihlin symbols m that lead to
substantially similar properties. The classical condition is that m(™(\) < A~ for n > 0.
One can weaken this condition to

sup [|¢(A)m(BA)|| 7. < 0 (6)
£>0

(&

for a given smooth function ¢ € CX((3,2)) and real number s > 3 and still obtain the

same results. ’

Imaginary powers of the Laplacian, given by m(—A) = (—A)%, o € R, are a particularly
useful family of Mihlin multipliers, with the norm in (6) growing at the rate |o|*. They are
often called upon to provide boundary values with complex interpolation, see for example
Sections 6 and 7 below.

All these spectral multipliers are L2-bounded, except for the fractional powers of the
Laplacian (—A)~*® and the boundary values of the resolvent along the real line.

1.2. Summary of Results. Our goal is to prove as many of the above estimates as
possible for the perturbed Laplacian H = —A + V. Because our assumptions permit H
to have a finite number of strictly negative eigenvalues —,ujz», the wave equation admits

solutions of the form Sin%ﬁ) fi= Sin};(%” ) fj for the associated eigenfunction f;. [The fact
J

that 2~ 1/2sin(ty/z) is analytic on R allows the multiplier to be well defined even though
H is not positive.] These solutions clearly violate (5). In order to prevent these special
solutions from dominating all other aspects of the wave propagator, we first apply the
projection P, onto the continuous spectrum of H. Our main result in this direction is as
follows:

Theorem (Theorem 2.1). Assume V € Ky, and H = —A + V has no eigenvalue or
resonance at zero, and no positive eigenvalues. Then

JOO ‘sin(t\/ﬁ) 1

———="Pe(z,y)|dt <

VA el "



SPECTRAL MULTIPLIERS AND WAVE PROPAGATION 5

The wave equation propagator is very closely tied to the Fourier transform of the
operator-valued function A — R{:(A?) := Ry ((A+i0)?), where Ry (z) = (—A+V —2)"is
the resolvent of H. Note that for negative values of A, R{;((—\)?) = Ry,(A\?) according to
this definition. Theorem 2.1 almost immediately implies a pointwise bound for resolvent
kernels continued to the positive real axis:

Theorem (Corollary 3.1). Under the same conditions as Theorem 2.1,

1
|R‘i;()\)(ac, y)| < uniformly in X = 0.

~z -y

We also show that the perturbed wave equation still has finite speed of propagation.
Thus the portion of %PC lying in the region {|z — y| > [t|}, i.e. exterior to the light
cone, is created entirely by the projection P, and is a linear combination of the hyperbolic
sine solutions. In combination with (7) this gives exponential bounds for the projection
onto each eigenspace of bound states.

The proof of Theorem 2.1 is the longest section of the paper. It relies on the operator-
valued Wiener inversion methods originating in | ], and specifically uses a version stated
in | ]. This argument is brought to bear on operators R{ ((-)?)V acting on weighted
spaces |$_1yO|LOO (R?). We need to show that not only does this application fit within the
established framework of operator-valued inversion lemmas (after some algebraic manipu-
lation), but there is also uniformity with respect to the choice of yo € R3.

Resolvent operators are an essential ingredient in the study of spectral multipliers, as
the Stone formula for the continuous spectral measure dEf(\) of a self-adjoint operator

(as in (2)) is precisely

dEg(N) = (2mi) '[(H — (A +i0)) ' — (H — (A —i0)) '],

or in our case with H = —A +V, dEy()\) = (2mi) [R{>(\) — R;(A\)]. The bound (7)
provides us with the entry point for proving a Hérmander-Mihlin theorem for Schrédinger
operators.

There are several such theorems currently in the literature, each one having different
assumptions about the operator H or the multiplier function m. If H > 0 (for example if
V' = 0) then it fits into the broad framework of spectral calculus articulated in | ], where
many LP bounds for radial Fourier multipliers can be transfered over to their perturbed
counterpart. If it is known that the wave operators of H are bounded on all LP(R?) (as
occurs with potentials of the type considered in [ ] or | ]), then LP bounds for
spectral multipliers m(H) are once again automatically inherited from the properties of
m(—A). This can hold even if H admits bound states with negative energy. Results in [Zh¢]
and | ] also hold for Schrédinger operators with bound states and rough potentials;
the former imposes auxiliary conditions on frequency-localized multipliers of H which are
difficult to check, and the latter requires stronger regularity s > 2 in (6).

We prove the following multiplier bounds.



6 MARIUS BECEANU AND MICHAEL GOLDBERG

Theorem (Theorem 4.1). Assume V € Ko n L**>%, and H = —A +V has no eigenvalue
or resonance at zero, and no positive eigenvalues. Let ¢ be a C® function supported on
[3.2] such that {$(2 *N)}rez forms a partition of unity for R*.

Suppose m : (0,00) — C satisfies supgez [¢(A\)m(25N)| s = My < 0 for some s > 3.
Then m(VH) := m(v/HP,) is a singular integral operator that is bounded on LP(R?) for
all 1 < p < oo, with operator norm less than Cs,M,.

IfV e Ky and the bound above holds for some s > 2, then m(~/H) has an integral kernel
K(x,y) that is bounded pointwise by |K(x,y)| < |$J‘_/[7;|3

Remark 1.1. The expression m(+/H) is chosen here to be comparable to the Fourier multi-
plier m(|¢]). The conclusions of Theorem 4.1 hold equally well for m(H), via the reduction
[oNm 2N s ~ (VMmN |11 = |o(VA) (oo HZINm(2%N))| e < M. The
first equivalence comes from a smooth change of variables A — 1/ on the support of ¢,
and the rest are due to partition of unity properties of ¢ and linear changes of variable.

Our proof of Theorem 4.1 roughly follows the plan of showing that m(+/H) is a Calderén-
Zygmund operator. However it is not clear whether its kernel has the standard cancellation
properties.

This has two consequences. The first is that homogenoeus pointwise bounds on the kernel
do not, by themselves, imply boundedness of the operator. As a result we eventually pursue
a weak-(p, p) bound on the difference m(v/H) — m(y/—A) for 1 < p < 2 based on more
direct LZLZI’OO estimates of its kernel. One technical step requires the potential V(x) to
belong to L3> (R?). The second consequence is that the argument does not extend to the
weak-(1, 1) endpoint. We establish the weak-(1,1) bound under a slightly more restrictive
set of hypotheses than what is required for the pointwise kernel bound.

Theorem (Theorem 5.1). Suppose V' € Ky and the conditions of Theorem /.1 are otherwise
satisfied for some s > 2. If the potential V (x) additionally satisfies

Vg == sup Y Ix(1z = x| ~ 29V (2)ic. < o,
z€R3 VEVA

then m(vH) maps L' (R3) to LY®(R3) and maps LP(R?) to itself for all 1 < p < oo.

Note that this condition, which is slightly stronger than the Kato class condition, is not
vacuous. In particular, any W' potential satisfies it, by Lemma 5.2.

This time the proof is more directly perturbative from the free case. We decompose
the difference m(vH) — m(v/—A) into two terms, one of which is a Calderén-Zygmund
operator and the other is dominated pointwise by the Hardy-Littlewood maximal function.

The techniques from Theorem 4.1 are also sufficient to prove pointwise and LP — L1
bounds for a class of spectral multipliers that includes the fractional powers H~%2P,,
0 < a < 3. More precisely we prove:

Theorem (Theorem 6.1). Let o € (0,3) and suppose the conditions of Theorem J.1 are
satisfied for some s > max(3 — o, 1 — 2a). Then H=*?m(v/H) maps LP(R3) to LI(R3)

for all pairs 1 < p,q < © with%—gza.
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If V e Ko and the conditions are otherwise satisfied for some s > 2— «, then the integral
kernel of H=*?m(v/H) is bounded pointwise by |z — y|*3.

The concluding discussion of Strichartz estimates proves the full range of Strichartz
estimates for the perturbed wave equation uy + Hu = F(t,x). The minimal regularity of
the potential V € Ko n L3/%%(R?) is enough to insure that Sobolev spaces H*(R?), |s| < 3
are equivalent whether they are defined relative to the the free or perturbed Laplacian,
and similarly for a range of spaces WP (R3) that arise in the course of the proof.

1.3. Comparison with previous results. Previous work on spectral multipliers for
—A + V was done by Zheng [Zhe], Hong [Hon], and Sikora—Yan—Yao | |, as well as
in [ ].

Zheng [Zhe] proved the LP and weak L' boundedness of Mihlin multipliers in every
dimension, for potentials of arbitrary sign, using a certain pair of conditions on the Hamil-
tonian —A + V itself. It is not clear to what condition on the potential V' this corresponds,
except in dimension one.

Sikora—Yan-Yao | ] used heat semigroups and Gaussian kernel estimates to prove
both LP estimates for Mihlin multipliers and resolvent estimates. Their results apply to
some extent in a much wider setting, including the bi-Laplacian and on compact manifolds.
However, they did not look for sharp conditions on the potential and, due to the method,
the results only apply when the Hamiltonian is positive semi-definite.

Hong [ | proved the LP boundedness of Mihlin multipliers in three dimensions, for
—A +V where V € Ky n L% and where the Mihlin multiplier m is locally in H®, s > 2.

Our current results also hold in three dimensions, though they have parallels in dimen-
sions one and two as well. We generalize the results of Hong | | in two ways: under the
same conditions, we replace the exponent s > 2 with s > 3/2, same as the optimal range
in the classical Hormander theorem for —A, and under a slightly stronger condition on V'
we also prove the weak-L' boundedness of Mihlin multipliers when s > 2.

We also include several results with no counterparts in the above-mentioned papers,
dealing with other classes of spectral multipliers, from a completely new estimate for the
resolvent to bounds for negative powers of the Hamiltonian (fractional integration) to
Strichartz estimates for the wave propagators.

1.4. Notations. We use the following standard notations for the Fourier transform and
its inverse:

A = | e s
and

F0e) = o | a(€)ei ™ e

sin(tv/H)

vVH
Here we prove the following estimate for the perturbed wave equation:

2. POINTWISE BOUND FOR THE WAVE PROPAGATOR
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Theorem 2.1. Assume V € Ky, and H = —A+V has no eigenvalue or resonance at zero,
and no positive eigenvalues. Then
[ [P g at < 1o = o 0
'Y -y -
o VH

Remark 2.2. There may be a shorter proof that combines the time-weighted bound for the
sine propagator in [ , Theorem 1] with support properties derived as Proposition 3.2
in the next section and subsequent analysis of eigenspace projections. The argument here
is longer but self-contained modulo proving the Wiener inversion theorem (Theorem 2.4),
and it develops the framework needed to prove assertions in Section 3.

Proof. First use the Stone formula for spectral measure to re-write
Q0
12 sin(tv/H) Py = (27) ! f A2 in(tVA) (RE(N) — Riy (M) dA
lf sin(t\) (R (M%) — Ry (A?)) dA
0

Q0
-1 f sin(tA\) Ry (\?) dA. (9)

o6}

Noting that sin(t\) = (2i)~!(e* — e=™), it suffices to prove that

JOO IF(RH((?) (¢, 2, y)] dt < |z —y|™ (10)

—0

where ¢ is taken to be the Fourier dual variable to A2, This is of course true for the free
resolvent Ry (A?)(x,y) = (47|z — y|)~1e**=¥l. The issue is to preserve inequality (10)
through the course of the resolvent identity

Ry(3) = (I + R (W)V)'Rg (\?).
The key estimate we will need is stated below.

Lemma 2.3. Assume V € Ky, and there is no eigenvalue or resonance at zero and no
positive eigenvalues. There exists C < o0 so that for every x,y € R3,

loe] —
fRs J F(+ RE()V) Y (t , 2) ||“; = z: dtdz < C (11)
—o0

The remaining steps are as follows. Taking the Fourier transform of the resolvent identity
yields

0
FR{(t,z,y) = J J F(I+ RyV)™Ht — s,2,2)FRS (s, 2,y) ds dz
R3 J—o0
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where we have suppressed the dependence on A2. The integral of this expression with
respect to t is then bounded by

1
|z — |

w —_
(J f U+ REVY 7t = 5,2, 2) 2 =Y dtdz)
R3 J—o0 |z =y

o0
(supl—ul | 17RI(s 20 ds).
z —o0

Thanks to the explicit formula for the free resolvent, the last expression in parentheses is
exactly ﬁ. The first expression is bounded by a constant in (11) which leads to an overall

bound of Am%' O
Yl

Proof of Lemma 2.3. Verification of the bound (11) proceeds in two steps. First we show
that the inequality is satisfied uniformly in 2 for each fixed y € R3, with an associated con-
stant C'(y). Then we demonstrate uniform boundedness of C(y). While the two arguments
employ a very similar mechanism, there does not appear to be a way to accomplish both
goals at the same time. The first step will dominate the exposition as relevant methods
and technical hypotheses are introduced.

Given a point y € R3, let M, denote pointwise multiplication by the function | - —y|.
The action of M, commutes with the Fourier transform in the ¢ and X variables. Then (11)
can be re-written as

o0
JRB f (4 MR (VM) (t 2, 2) di dz < C. (12)
—a0

Operator inverse estimates of this type can be approached by an appropriate general-
ization of the Wiener algebra F(L!'(R)). Let X be a Banach lattice (in this case over the
measure space (R3, dz)).

Definition 2.1. We say a family of operators T'(\) with integral kernel T(\, z, z), A € R,
belongs to the space Wy if its Fourier transform FT'(t,x, z) is a measure satisfying

e8]
H LD |}'T(t,x,z)|dtHB(X) < . (13)

The quantity in (13) will be taken as the norm |||y, , and it is straightforward to show
that Wx is an algebra using Fubini’s theorem and the lattice properties of X.

In this language, (12) asserts that (I + MyRo()\g)Vqul)*l belongs to Wp«, uniformly
in y e R3.

Observe that ]\@R(J{()\Q)‘/My_1 belongs to W= for each y € R®. To see this, note that

its Fourier transform has the kernel |x_ylv(z)6°(t_|x_z|)
mlz—z|[z—y|

. When integrated over t, the result
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has the property

i

47r|x — 2| |z — 9|

:J e =llvel .
rs Am|x — z| |z — ¥ (14)

) o — 9] Vel el ,
= JRg o e e (e R e K

< @2m) YV for every z and y.

The constant operator T'(\) = I is the identity element of Wy for any X, so it certainly
belongs to Wi» as well. The remaining questions are whether I + M, R{ ()\2)VMy_ lis an
invertible element of Wr» for each y, and whether there is a uniform bound on the size of
its inverse.

We borrow a result concerning existence of inverses in Wy from | ]. To state it
succinctly, define the “high-frequency cutoff” Si € B(Wx) for each R > 0 by the property
I(SRT)(t,.%',Z) = ]:T(tax7z)X\t|>R' (15)

Theorem 2.4 (] |, Proposition 10). Suppose T' € Wx is such that

(C1) J%Ego |SRT [lwy = 0.
(C2) For some N > 0, %in% (e — DTN (A)wy = 0.

If I + T(N\) is an invertible element of B(X) for every X\ € R, then I + T is invertible in
Wx.

Unfortunately, M, R} ()\Q)VMy_ 1 does not satisfy condition (C1) in our Inversion Theo-
rem. More specifically

HSR(MyR(JJrVMyil)HWL‘f lim inf v —ylV(z) dz = J M dz
R

|z[—00 |z—z|>R 47T|$ - Z| |Z - y| 3 47T|Z - y|

by Fatou’s lemma.
For this reason we expand the inverse using the identity

(I +MyR{VM, ") =1+ MyR§ M, (I + M,VRIM, ™)'V (16)
We will apply Theorem 2.4 to show that (I + M,V Ry M, D=1 € Wx. Meanwhile V clearly

maps from L® to K. Another calculation nearly identical to (14) shows that M, Rj (A?) M,
maps Wi to Wr» because

_ Tr —
F(My RS ()M, (¢, [z =y

yl‘fcf

€T
1 1
o=+ =)
ol\z—-| [ - —y[/lx=

|z — |

< (2m) L
(o= T+




SPECTRAL MULTIPLIERS AND WAVE PROPAGATION 11

The operator M,V R} ()\Q)My_ ! belongs to Wi for each y, with norm bounded by
(27) YV ]x. We will show that it meets all criteria of Theorem 2.4.

We present the main conditions of the Inversion Theorem on Wy that need to be checked
as a lemma to be proven later.

Lemma 2.5. If V € Ky, then for each y € R3,

[ P U an
and
Raoo Hmax _y|i/y| R) H (18)

Furthermore, if V' is bounded with compact support then there exists N < o0 such that
|My(Rg V)N 1M, ey S (1+[A) . (19)
Finally, if V € Kq is real valued and —A +V has no resonance at zero and no nonnegative

eigenvalues, then I + MyVRar(AZ)szl is invertible in B(K) for all y € R3 and X € R.

Assuming Lemma 2.5, let us verify that M,V Rg ()\Q)My_ ! satisfies Condition (C1). A
direct calculation shows that its Fourier transform has integral kernel

|z — y|[V(x)do(t — |z — 2])
Atz — 2|z — y| '

Ky(ta z, Z) =

Applying (17) and (18) in turn demonstrates that the norm of i |Ky|x>p dt as an
element of B(/C) converges to zero as R increases to infinity.
To verify that M,V R§ (AQ)My_ ! satisfies Condition (C2), we imitate an argument from

Section 4 of | ]. Choose a bounded compactly supported approximation V. with
|V = Vil < e and |V < ||[V|k. Then choose R large enough so that
|S(M, VRS ()M e < (M=),

It follows that for R > N R,
|S7(M, VRS ()M, )Y e

< JQLVRS (M) = (= SROLVERS (M) o)
< Ne.

The first inequality holds because the Fourier transform of both sides agree when [t| > R,
and the left side vanishes completely when [t| < R. The second inequality follows from
expanding out the difference of N powers and observing that

max (|[(1 = Sp)(MyVeRg My ), [MyVeRg M, ) < 7'Vl

while by construction |Sp(M, VR M, ™) |w, < e(m [V ]x)' .
Based on the definition of Sg, it is also clear that for any § < R and any T' € Wy,
1Sr(e* D) Iwy < |Sr=sTwy-
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In order to take full advantage of (19), note that
My (V.RE (W) M, = V[ My (R (\)VON M, M, RE (V) M,

The bracketed expression on the right side has an integral kernel Ky(A, z,w) with the
property that || {zs |Ky(X, 2, w)| dw|rz < (14 [A])7%. Multiplication by V.(z) allows us to
replace LY with the Kato norm in z, and for each A € R we can estimate the kernel of
M‘,JRS()\Z)My_1 as follows:

w — yleAv— -1

o ST

\
wup| |
w l4mlw — -] - =y|

This shows that not only is HMy(VgRJ(V))NMy_lHB(;C) < (14 |A))~3, but the same is
true if the integral kernel of this operator is replaced by its absolute value. Consequently

|F () = )M (VRS (DN M, ) ()] gy S JR e — (1 + A 3dA < 6

by the generalized triangle inequality. Furthermore, the same bound in B(K) holds if the
integral kernel of this operator is replaced by its absolute value. Applying the triangle
inequality once more shows that

(7 = S (e = )My (VeRG) M, ),

< OR.

If R> NR+1and§ < 1, then we may conclude from (20) that the individual expressions
IS (M (VeR$ )N M) e and S5 (e M, (VeRG )N M) |y are each less than Ne. It
follows that

limsup |(e* — 1) M, (VRS (A?)N M, < 2Ne.
0—0

Finally, the mapping from V € K to M,(VR} (\?)N M, 1 ¢ Wy is uniformly con-
tinuous as V' ranges over a bounded subset of K. Let n denote the modulus of conti-
nuity. Since multiplying by e is an isometry of Wy for fixed d, the map from V to
(e — l)My(VRg()\2))]\7My_1 is uniformly continuous for any fixed §, and has 27 as a

modulus of continuity. Allowing V; to approach a given potential V € Ky shows that
limsup | (e — 1) M, (V Ry (\*))N M, < 2Ne + 2n(e)
6—0

e

1HW;C

for all € > 0. The details of n depend on the size of |V|x, however in all cases one may
take the limit as ¢ —> 0 and conclude that (C2) is satisfied.

Now all of the conditions of Theorem 2.4 are satisfied, so (I + ]\41,1/]%3(>\2)My_1)_1
exists as an element of Wy for each y € R3. Identity (16) allows us to conclude that
(I + MyRJ()\Q)V]Wy_l)_1 € Wr» as well. It remains to show that these elements are
uniformly bounded with respect to y. This follows directly from the claim below, whose
proof is postponed to the end of this section.

Lemma 2.6. If V € Ky, then the mapping from y € R3 to MyRar(AQ)VMgl € Wre is
continuous in the operator norm. Furthermore this map is “continuous at infinity” with a
limiting value of RE (A\2)V € Wi as |y| — .
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It is shown in | ] that (I + Ry (\)V)~! € Wy« (more precisely, Theorem 2 asserts
that the dual operator on R? belongs to W;1). As a corollary, the mapping from y to
(I+ Z\/.I'ylif(Jﬂ/My_l)_1 is continuous on the one-point compactification of R?, so its range is
bounded. According to (12), this is precisely what is required to prove Lemma 2.3. O

Proof of Lemma 2.5. Fix R < c0. By straightforward algebra,

X{lz—z|>R}  _ X{|lz—z|>R} ( 1 N 1 >
[z —zllz =yl |z —zl+lz—yl[\z -z |z -y

1 1 1
< + .
max(|z —yl, R) (Iﬂc -z |z— yl>
Both functions |z — -|~! and | - —y|~! have unit size in the K* norm, so (17) follows from
the triangle inequality.

The subsequent bound (18) is nearly trivial if V has compact support. In that case, if we
define M = maxgesupp v | — ¥/, then the function in question is bounded pointwise by %V
for all R > M. Its norm is then less than 2|V |,c. The limit value as R — o0 is preserved
if one approximates a general potential V € Ky by compactly supported functions.

For the high-energy resolvent estimate, start by assuming V is bounded with compact
support. Then VMy_1 maps L®(R3) to L?(supp V), with norm bounded by (1 + |y|)~!. It
is well known | ] that (1+|z|) 7 R§ (A\?)(1 + |z|)~! belongs to B(L*(R?)) with norm less
than (14 |A|)7}, so in this case (VR (A?))? maps L?(supp V) to itself with norm controlled
by (1 + |A\|)~3. We are suppressing constants which depend on the size and support of V.

The integral kernel of M, R} (\?) has pointwise size 45;3!2'. By Cauchy-Schwartz, this
maps L%(supp V) to L®(R?®) with norm at most sup, qfi‘_ﬁ < 1+ |y|. Composing all of

these operators together yields the cumulative bound
| My (Rg AV My ey S (L+ A2

Showing that I+ M,V Rg ()\Q)My_1 is an invertible element of B(KC) for each A € R follows
a common collection of arguments.

Let V. be an approximation of V the belongs to C*(R3). Since My_1 maps K to L}(R3),
we have that VeRar()\2)My_1 belongs to B(X, W2 (supp V)), which is a compact operator
in B(K, L?(suppV))). Then M, is a bounded map from L?*(supp V) back to K. Taking
limits shows that ]\JyVRS()\Q)My_1 is compact in B(K) so long as V € Kp.

Now suppose that I+ M,V R} (/\Q)MJ ! fails to be invertible, which implies the existence

of a nontrivial ¢ € K in its nullspace by the Fredholm Alternative. Then ) = Ra” ()\2)My_ 1
satisfies the eigenvalue equation

(—A+V =X\ =0.
If A = 0, the fact that My_lqb € L'(R3) suffices to show that ¥ € (1 + |z|)*L?(R3) for

all s > %, which means that zero is a resonance and possibly an eigenvalue. This case is

explicitly ruled out by the spectral assumption in Lemma 2.3.
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If A £ 0, we follow arguments for the Limiting Absorption Principle to show the presence
of an eigenvalue. Once again let V. be a bounded compactly supported approximation of
V. Then VeRy'M, ¢ € K, and if |V — V| is small enough then

M, ¢ = —(I+(V—=VR$ (X)) 'VeRy (N)M, "¢

is also a well defined element of IC, with the operator inverse in B(K) existing via a con-
vergent Neumann series. Consequently ¢ € L®(R?).
That allows a natural pairing between 1 € L and Vi = —M, l¢ e L', with the result

0 = Re(Vh, ) = —Re (M, "6, Ry (A2) M, ' ¢).

Hence the Fourier transform of V¢ vanishes on the sphere |A\|S? = R?, and | , Corollary
13] shows that ¢ € L2(R?). Since this outcome is also forbidden by the spectral assumption
in Lemma 2.3, the only remaining possibility is that I + M,V Ry (A\*)M, ! is invertible in
B(K). O

Proof of Lemma 2.6. Once again it suffices to consider V' bounded with compact support,
as the uniform inequality HMngVMy_IHWLm < (2m)71|V |k permits approximation of V.

Given two points y1,72 € R?, we must bound the size of [(M,, — My, )RZVM,'| +
|M,, RV (M, — M, ')| in Wy The first term is equal to

sup dz < |ly2 — 1

T

J [l = yo| = |z — |V (2)]
re Amle —z[|z =y

where the implicit constant depends on the size and support of V. The second term is
equal to

StuRg | — s IV(Z)I( 1 1 |>dz.

x drle — 2] \lz—w| |2—w

Suppose V' is supported in the ball {|z| < M}. In one case, assume |y2| > 2M and
ly2 — y1| < 3M. Then one can make the estimate

— Vv 1 1 — —
Supj |z — ol | (2)|< 3 )dz < Y2 éU1| Supj | —y2| .
e Jrs Amlz—z[ Nz—wo|  [z—uy lyel? o Jisjen |z — 2|
Y2

In the other case, assume |y1| and |yz| are both less than 30 (all instances of y; converging
to yo fall into at least one of these cases). Then use Holder’s inequality somewhat crudely
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to obtain the bound

J I:U—y2||V(Z)|( 1 1 )
sup — dz
¢ Jrs  Arm|x — 2| |z —y2| |z — 1]
1 1 1
SRR N e
@ lx — - [l2Bo,mpl| - =y | - —y1|lL2(B0,M))
[z — y2 12
< PR Dt B _
~ 5P max([z], M) lv2 = w1l
< ly2 — | V2

The limit as |y| — o0 can be handled more directly. The relevant bound for RgV —
MyRSVRy_1 is
V - - Vv
o [ O (lz=ol bemilyy [ WO,
v Jes Ale — 2| Nz —y[ [~y rs 47|z — |
for all V € K. [

3. PERTURBED RESOLVENT KERNEL AND EIGENFUNCTION BOUNDS

While Theorem 2.1 is nominally a statement about the wave equation, we have observed
that the main inequality (10) in its proof is a statement about the resolvent R;,(\?)(z,y).
Applying Fourier inversion to (10) and undoing the change of variable A — \? leads to a
pointwise bound on resolvent kernels.

Corollary 3.1. Assume V € Ko, and H = —A + V' has no eigenvalue or resonance at
zero, and no positive eigenvalues. Then the resolvent of H along the real axis is an integral
operator whose kernel Ri5(\)(z,y) satisfies

1
RE(\ x, <

(21)
uniformly in A = 0.

Recall that RT,()@) has a meromorphic extension in the upper half-plane, with finitely
many poles at iu;, where —,ujz, j = 1,2,...,J are the eigenvalues of H = —A + V.
Furthermore it is uniformly bounded as an operator on L?(R?) if the imaginary part of
A is large. This suggests that the bulk of its Fourier transform should be supported on
the right half-line. In fact an even stronger statement is true, which is equivalent to finite
propagation speed of the associated wave equation.

Proposition 3.2. Suppose V € Ky and H = —A + V has no resonance at zero and has
etgenvalues only at —,u? <0,7=12,...,J. Let P; be the orthogonal projection onto the

eigenspace of H + u?. Then for all v € [0,00)\{p;} and t < |z —yl,

eltj—p)t

FRy((- +ip))(tz.y) = =7 ), — P (22)

wyop
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Remark 3.3. In conjunction with (9), this confirms that for all |¢| < |z —y|, the propagator

i . inh(p;
%Pc agrees with — > %Pj.

Proof. The formula for the free resolvent gives
Ro((A + i) (=, y) = et mle=vl j(am|z — y)).
Examination of its Fourier transform then shows

e—u\w—ylv(y)

dy = 0. 2
prr—— 0 (23)

lim |Ro((- +ip)*)V|w,. = lim supJ

K0 PO 2R3 JR3
The last limit converges at a rate 1/u? if V is bounded and compactly supported, and is
preserved under taking limits to V € Ky. Therefore, for sufficiently large pg < o0, one can
compute (I + Ro((- +i0)?)V)~! in Wr= via a convergent power series.

The Fourier transform of Ry((- +iup)?)V is a measure supported on the “forward light
cone” {t = |z —yl|}. The Fourier transform of each higher power of this object is an iterated
convolution of the measure, which is supported in {¢ > |x — y|} by the triangle inequality.
Hence its Wiener algebra inverse, [F((I + Ro(- + iug)?)V)] !, is supported here as well,
and so is the Fourier transform of Ry ((- +ipg)?) = (I +Ro( - +ip0)>)V) ' Ro((- +ipg)?).

Write out the Fourier transform of Ry ((+ + ipo)?)(z,y) as the contour integral

FRy((- +ino))(t,z,y) = f e eTM Ry () (2, y) dz (24)
R+ip0
and similarly,
FRUAC + i) ta) = | e MRy () o) d.
R+ip
According to the Stone formula for spectral measure, the residue of Ry (z) at each pole
z = —u? is the projection —P;. Then the residue of Ry (2?) at each pole z = i1 is precisely
(—2ip;) "1 P;. If we can shift the contour of integration from the horizontal line R + ipg to
the line R + ¢y, the result would be

pjt
FRy((- +ip))(t,2,y) = e P FRy (- +ipo))(to,y) -7 Y, S
K<pj<po Hj

To justify shifting the contour, we first claim that Ry ((A +ip)?) is bounded in a useful
way for large A. Note that if V is bounded with compact support, the statement and
proof of (19) in Lemma 2.5 remain valid for estimating the operator norm of M, (Rg (A +
z',u)QV)‘lMy_ 1 with constants that are independent of u. It follows by an approximation
argument that for V e Ky, the limit

. + s N2 \4ar—1 _
ALH?OO My (Rg (A +ip)°V )M, | gy = 0
is uniform in p.

As a consequence, for A sufficiently large the perturbation series of Ry ((A 4 iu)?) con-
verges absolutely and has a pointwise bound |Ry (A + iu)?)(z,y)| < Clz — y|~!. Now the
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contour in (24) can be moved by multiplying both sides of the equation by the analytic

function e “A+i? then taking the limit as e goes to zero. O

It is well known that the null space of H + ,u? consists entirely of functions with ex-
ponential decay at infinity. The following quantitative bound will be extremely useful for
computing pointwise behavior of spectral multipliers in the next section.

Lemma 3.4. For each eigenvalue —,u? < 0 of the operator H = —A + V', the projection
P; onto its eigenspace satisfies |Pj(x,y)| < Cpje Hs1#=l/|lz — y].

Furthermore, since each eigenfunction of H is a bounded function, it is also true that
|Pj(,y)| < Cpi~“emmil==vl/|lz —y|= for all 0 < a < 1.
Proof. Given a finite number of distinct positive numbers p;, j = 1,...,J, define a function
F:R’ > Rby

0 J
F(al,...,aj):f ‘Zaje“ft dt.

This is a nonnegative continuous function on R”, homogeneous of order 1, and it is not zero
except when all a; = 0. By compactness, the infimum min{F(a1,...,ay) : max; |a;| = 1}
is a number ¢ > 0.

The combination of Proposition 3.2 (with x = 0) and the bound (10) from Theorem 2.1
yields

xr— J
JI y‘ZPj(gg,y)eﬂ_t g < C
j:1 lu’J

—00 h |z —y .
The property of function F' discussed above implies that
Pi(z,y)|eralz=yl C
IRyl

i 14 Sz -yl

This proves the first claim. Boundedness of eigenfunctions implies that there is a constant
C so that |Pj(z,y)| < Cpj min(1, |z—y|~'e=##=¥) which is dominated in turn by Cys;|z—
y|*ae*“j“’”*y‘. By assumption, the values p; are a finite set of positive numbers. So one

may replace p; by ,ui_a at the cost of changing the constant once more.
O

4. LP AND POINTWISE KERNEL BOUNDS FOR MIHLIN MULTIPLIERS

Lemma 2.3 is a rather direct statement about how the spectral measure of H = —A+V
differs from that of the Laplacian on R3. As a result it provides information about a wide

range of elements in the functional calculus of H beyond the wave propagator % We

show that two of the most common criteria for LP? boundedness of radial Fourier multipliers
m(|V]) are also sufficient to ensure boundedness of the corresponding operator m(+/ H).
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Theorem 4.1. Assume V € Kon L¥?®, and H = —A+V has no eigenvalue or resonance
at zero, and no positive eigenvalues. Let ¢ be a C™ function supported on [%, 2] such that

{0(27%\) ez, forms a partition of unity for R .
Suppose m : (0,00) — C satisfies

sup | d(N)m(28\) | s = My < o for some s > % (25)
keZ

Then m(VH) := m(v/HP,) is a singular integral operator that is bounded on LP(R?) for
all 1 < p < 00, with operator norm less than Cs,M,.

If Ve Ko and (25) holds for some s > 2, then m(v/H) has an integral kernel K (x,y)
that is bounded pointwise by

M
K(x,y)| < . 26
K@yl =0 (26)

The proof of both claims in the theorem will use the following lemmas:

Lemma 4.2. Assume V € Ko, and H = —A +V has no eigenvalue or resonance at zero,
and no positive eigenvalues. Then the Fourier transform of R‘J;(/\Q) satisfies the bound

f | [F(RY(()2)(t,2,y) | de S t (27)
T—y|<t

uniformly in y e R3, t > 0.
Proof. Use resolvent identities to write
RE(N) = R (V) — Rj () VRE (V).

Recalling that Ry (A\?)(z,y) = %, there is an explicit formula
Ot — |z —yl)
F(Rg (W) (t,x,y) = “drr—y|

which satisfies (27).

It is a consequence of (10), or | , Theorem 1], that for each fixed y € R3, the
integral kernel F(VR{>(A\?))(t,z,y) is a measure in R'™ with finite total variation. It
follows that

f o FEROY) = RO 0, 9)] do

<f f f IF(RE(A2)(t — 5,2, w)| [ F(V R (A2)) (5,0, y)| dwdsdz
|lz—y|<t J—o0 JR3

s<t weR3
= sup sup (4 (t — s))_lArea({|az —wl=t—s}n{lz—y| < t})
s<t weR3

< sup (t —s) T min((t — 5)2,1%) < t.
s<t

< sup sup J |,7:(Rg()\2))(t —s,z,w)|dx
|lz—y|<t
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O
Lemma 4.3. Given a function g : R — C, the inequality
2_q
lo=ol [ gF@oe a1 0w, ©3)
t=|z—y LP(R3 +
holds uniformly for 1 <p < o0, ye R3, and B = 0.
Proof. Lemma 4.2 immediately implies the p = 1, 8 = 0 case. Theorem 1 of | | states
that JEP
sin(tv H)P,
supj |t |‘ (t,x,y)dt‘<oo
i
and it is proved via the bound
supf|t]—'R+ t:pydt|<oo

This is equivalent to the p = oo, § = 0 case, and the rest of the § = 0 cases follow by

complex interpolation. The 8 > 0 cases follow immediately as well, since 2 ty‘ 1 within
the domain of integration. O

Fix a smooth cutoff function y € CP(R) such that 3, ., x(27%t) = X(0,00)(t) and
supp x < [2/3,3].
Definition 4.1. The Littlewood-Paley square function for the perturbed Hamiltonian is

(sule) = ( ¥ Il Vinsa >|2)1/2.

keZ

By a standard argument, the square function is comparable to the original function.
Square functions corresponding to different choices of dyadic cutoffs are all comparable in
the LP norms, 1 < p < 0.

Theorem 4.4. Given H = —A+V and assuming that V € Ko n L¥>%® for each p € (1,0)
ISaflee <p I flr <p [SH ] Lr-

Proof. We use Kintchine’s inequality, see [ ]. Let (ex)rez be a sequence of independent
identically distributed random variables, with P(e;, = £1) = 1/2, and consider a sequence
of complex numbers (yi)rez. Then for each g € (0, )

aN 1/q
ol <o (B[ S ) <4 lale

keZ
We apply this bound to y, = [x(27*VH)f](x), pointwise for each z € R3. Then
[SH f](x) is bounded by the g-th moment of m.(v/H)(z), where m, is the random Mihlin
multiplier

me(A) = > ex(27FN).

kEZ
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These random multipliers uniformly fulfill the hypotheses of Theorem 4.1, hence
lme(VH) flee <1 f ],
uniformly over all choices of (e;). Setting e.g. ¢ = 1 above, we obtain that for p € (1, 0)
1St flee S I E|me(VH) o S E[mc(VH) o SE|f|ee = | flze-

The other inequality follows in a standard manner from the previous one, by duality. We
repeat the usual proof here. Consider a sequence of slightly larger cutoffs x € C(R), such
that ¥ = 1 on supp x and suppx < [1/2,4]. Fix p € (1,00). Then for any two functions
felLP, geLV

[l = D (fx @ VH) gy = Y (R@TVH) f,x(27"VH)g)

keZ keZ

< | S IEe VIDA@NE VDl ds

k€EZ
<(Suf,Sug) S |8uflreo|Sual e S 1F 1w Sagll L,

because the modified Littlewood-Paley square function Sy is comparable to the standard
one, hence to f itself, in the LP norm.
Choosing f such that | f]z» <1 and {(f,g) = ||g];», it follows that for p’ € (1,0)
lgll L = 11Sugl Ly
which is the desired conclusion. O
Proof of Theorem 4.1. By linearity, it suffices to prove the statements when M, = 1 with

a bound that does not depend on m in any other way. First use the Stone formula for the
spectral measure of H to write

m(VH) = (ri)~! J N AR(A) R (A2) d.
This time it will be convenient to use the re;givent identity
Ry (N?) = R§ (X)) = R (W)V RS (A?)
in the right-hand integral. The first term is just the spectral representation of m(y/—A),

which is a Calderén-Zygmund operator and therefore bounded on LP(R3), 1 < p < co. We
prepare the second term by breaking the spectral multipliers into compact intervals.

m(VH) —m(V=2) = Y 6@ "VH)m(VH)P. — $(27"(=A))m(vV=4)

k=—o0
0

> i) o AR RE ()Y R (02) i

k=—o0

0
> T,

k=—o0
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with the summation on the right side of the top line converging in the strong operator
topology of B(L?(R3)).

Let gx(X) = ¢(27%|A )M ()) so that Y, gr(A) = Mn()\). The two main estimates on the
Fourier transform of gy are

3
9k(t)] S 2% and  [gr(-)<2" 2wy < 22% (29)
The integral kernel of Ty can be written out as
0 eiA‘Z_m
T, y) = —(4r2i) ! J J G OVREO) (2, 2V (2) e dzd
—o0 JR3 |Z - y|

Compact support of g, and the resolvent kernel bound (21) show that the integral converges
absolutely when = £ y. After reversing the order of integration and applying the Parseval
identity, one obtains

o) =~ [ [ lerle = aDFREC P 00 O dra

|z =yl
= —(47%) ! T z— )2 T,z V(z) z
-~ | f' B D FEG ) ded
o) i
~ (4x2i)! JRg LO it + |2 — y) FRE(?) (2, 2) |ZV£ z)/l dtdz

= Tk,l(wv y) + Tk,Z(x7 y)

The ¢t integral in T}, ; is exactly the type considered in Lemma 4.3. In this way it is
controlled indirectly by the estimates for g in (29) and Holder’s inequality. More precisely,
for 1 <p<2,

V(z)
)z =yl

V(z)

2p .

L7 (Ry) |2 — ¥

2 1.
Tal )l S [ 1670000+ 2 = Dl e o 02

3 t2/p—1
SJ 25’“‘ -
re  NQF(E+ ]z —y))”

Direct inspection of the norm on R, shows that it is concentrated on the interval t < 2%
if 2|2 — y| < 1 and on the interval ¢ < |z — y| if 2¥|z — y| > 1. The tail is integrable since
s — % +1> ]lo — % The resulting bound is

2(37%)’“ Viz
1Tk (-5 )| rmsy S 33 ) 2,
s+ —
RS (k|2 —gy|)°" 27 [z~ vl

and since 3 — % and s — % are both positive, this can be summed over k as well.
V(z)
S Ta (o) e < J e (30)
keZ R3 |z — y| P
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Thus for p in the range 1 <p < 2,

V(z 1 !
‘J J %f(y) dydz‘ = ‘<V* T?,/’f> SV s T4 38
R3 JR3 |Z_y| D |x| P |$| P

Lzs—fg,m HfHLp,l(R3>’

as L3/2:%° 4 [3p/(4p=3).0 \, [P Tn conclusion, >, Tj1 describes a bounded operator from
keZ

LPYH(R3) to LP(R3).
The analysis of T}, o is more explicit. Observe that

+ (x’z) _ 1 e FLJ|t‘
GRS SRR
7=1
Then, since §; are odd functions,
lz—2|
| e s =D F R0 2) ] -
—o0
1 ‘J|$_Z| 5 J 6 — 5t
— gt +|z—y dt‘
AL, el Ype

J lee
syl et uhenta
a |z — 2|1 J_o

< x_z|2\(g’“ ) (o = 2l + 12 = D)

By integrating in spherical coordinates centered at z, the LP(R3) norm of the right-hand

side with respect to x is exactly > Htifl(f’“(u}]) (t+|z— y|)HLp(R+).

Observe that the function (A —iu;)~" is smooth and roughly constant on each interval
e £[2F1 26+ 1] with size min(u;1,2_k) < u;l.
Thus each function 5 _g;?M_ has the same H® control as g itself, so its Fourier transform
J

is subject to the bounds (29). Every estimate that is made for 7 and its Fourier transform

holds for ;’i (i);?j with a constant possibly max ,uj_l times as large. It follows that

B Dotz < [ 2 o
k2 Ye®e) = |20 R 2 — g))

and the argument that Y, Ty o maps LP1(R3) to LP(R?) for 1 < p < 2 now proceeds
keZ
identically to the discussion of T}, 1 above.

Recall once more that m(vVH) = m(v/—=A) + 3, Te1 + X Tro. We now know that
the right-hand side is bounded as an operator from LP!(R3) to LP(R?) for any 1 < p < 2
and the left side is bounded on L?(R3). Marcinkiewicz interpolation shows that m(+/H)

V(z)
2p
L2775 (Ry) |2 — Y|
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is also bounded on LP(R3) for all 1 < p < 2, and by duality the range is extended to all

1 <p<oo.
In order to prove the |z — y|~3 bound for the integral kernel of m(+v/H), we start from

m(VH) = (2mi) ! JOO m(VA)(RF(\) — Ry (N)) dA

0

o0
= (m)™ | AmO(REOR) = Ry (%) dA

0

o0

= (m')—lj Am(A) R (A?) d,

—00
where m is the even extension of m to the full line. Then by Parseval’s identity, the kernel
of m(~/H) can be re-written once more as

K(r,y) = (ni)™ fwum)V(t)fRM«v)(t,x,y> dt. (31)
We split this into two parts,
Ky (2,y) = <m‘>1j | QITOFRLC ) ) d (32)
tzlz—y
Ky(z,y) = <m’>1j  OITOFRL ) (33)
t<|z—y

Estimates for K (z,y) generally follow from Lemma 4.3.

We use Proposition 3.2 to write out FR{7((-)2)(t) as a sum of exponential functions.
Observe that

e(IMh) =yl
C2mi(\ — i)’
After undoing Parseval’s identity in (33), the quantity we need to bound is

F e oy} (V)

J i|lz— T
Z et y\Pj(a:,y) J A () N d)\‘
R

a 27 A — i
J ~
1 m()\) i\ x—
< U A2 Yeleil g 34
|m—y|j§1 R </\—Wj> (34)
J ~
1 ‘ m -
Ifc—ylg1 (A—Zuj) { )

If m satisfies (25) with the stronger assumption s > 2, then the standard dyadic proof
of the Mihlin-Hérmander theorem shows that [(A\m) (t)] < |t| 2 away from t = 0. The
same is true for the inverse Fourier transform of each Then |Ki(z,y)| < |z —y|™

My
A—ifuy

by applying Lemma 4.3 with p = o0, 8 = 3.
Meanwhile |Ka(z,y)| < |2 — y|™2 by direct inspection of (34). O
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5. WEAK-TYPE (1,1) BOUNDS FOR MIHLIN MULTIPLIERS

While Theorem 4.1 hints at Mihlin multipliers m(+/H) being Calderén-Zygmund oper-
ators thanks to the pointwise kernel bound |K(z,y)| < |v — y| 3, it is not clear that they
satisfy the requisite cancellation conditions. In this section we state a weak-type (1,1)
bound that holds for the same multipliers as in the second part of Theorem 4.1, with one
additional assumption on the potential V.

Theorem 5.1. Suppose H = —A +V, where V € Ky has the property

Vg = sup > [x(]z — 2| ~ 29V (2) k. < 0. (35)
‘TERSZEZ

Further suppose that H has no eigenvalue or resonance at zero, and no positive eigenvalues.

Let ¢ be a C* function supported on [%,2] such that {(27%\)}rez forms a partition of

unity for R*. Suppose m : (0,00) — C satisfies
sup |o(A\)m(2°\) | s = My < oo for some s > 2.
k

Then m(vH) € B(LY, L»*) and m(~/H) € B(LP), 1 < p < .

Before proving this theorem, note that not only whl IC, as shown in | |, but in
fact Wbl c K as well.

Lemma 5.2. Wil c K.

Proof. Consider a cutoff function x € C°(R) such that suppx < [3/4,3] and x(z) = 1
when x € [1,2]. In light of the fact that W1l < K, it suffices to show that

2 Ix(lz =2l ~ 29V (@) s S IV .

LeZ

We prove this separately for even and for odd ¢. With no loss of generality, consider the
even case. Since the even-numbered cutoffs have disjoint support, for this case the claim
reduces to

S llz —al ~ 29V (2)

Le2Z
By the Leibniz rule, the gradient of this expression is

Vo St~ ) + (X el ~2) TV

e27, e27,

< .
oo = Wi

The gradient of the sum of these cutoffs is of size ﬁ, due to scaling, so the first term is

integrable, as V € WLl < K. The second term is integrable as well, because VV € L' and
the sum of the cutoffs is bounded.

This proves the claim for the sum over the even indices and one proceeds similarly for
the odd indices. d
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Remark 5.3. Note that L32! ¢ K, despite the fact that L¥%! ¢ K. An example is given
by the indicator function of the union of countably many balls: XUp=0 Br where By is at

distance 2* from the origin and such that u(By) € 04, ju(By)%> ¢ (.

Proof of Theorem 5.1. Once again we use the Stone formula to write

m(VH) = (i)} f N AR(A) R (N?) d.

—Q0
This time it will be convenient to use the resolvent identity
Ry, (N?) = R (N?) = RE(W)VR{ (A?)

in the right-hand integral. The first term is just the spectral representation of m(y/—A),
which is a Calder6n-Zygmund operator and is of weak-type (1,1). We prepare the second
term by breaking the spectral multipliers into compact intervals.

m(VH) —m(v—=A)

Dnﬂ
&
5
5
=

27 (=A)m(v=4)

Il
:]
@
%
@\
_?T
Z
:U
<+
>
N
<<
=
(e}
>~
\_9
QU
>

I
[
=

with the summation on the right side of the top line converging in the strong operator
topology of B(L?(R3?)).

For each k, the kernel of T} is obtained by composing the operators R;,(A\?)V R (A\?)
inside the integral. Let gi(\) = ¢(27%|\|) A ()\), similar to its usage in the previous section.

elefm

|z — 9

T ( = 1 J JR3 gV R (N (2, 2)V (2) dzd\ (36)

For a fixed choice of k, the estimate |R;;(A\?)(z,2)| < |z — 2|~ ensures that the integral
over R? x R is absolutely convergent (and bounded by 22#|z — y|~!), hence the order can
be rearranged. Applying Parseval’s identity yields

[, RO AN = [ G e D FRGC 02
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Now the integral over z € R? is subdivided into two regions. Let n be a cutoff function on
[0,00) that is supported in [0, l) and identically 1 on the interval [0, i] We may write

T (CU y) 4;; (E:Z: |Z_y| t+ |Z—y|) ( ((.)2))(157:6?2) dtdz
-1 2 —y] )
A2 Rg(l ”(LI__M>)|Z__y|f it + |2 = y)F(RH(()?) (¢, z, 2) didz

= Ty1(z,y) + Tro(z,y).

For both T}, 1 and T}, 5 the next order of business is to obtain bounds on the integral over
t. Using the structure of F(Ry>) from (10) and Proposition 3.2, this integral splits neatly
into the intervals t < |z — z| and ¢ > |z — z|. On the right halfline, the pointwise bound
9% (t)] < C2%8(1 + 2F|t|)~* combines with the integral bound in (10) to yield

22k

co z — iy T,z .
\L_Z'gk@ﬂ WDFRGC ), 2) | S (g

On the left half-line we have
|z—z|
| = PO e de
—a0

P |z—2z]
_WZMJ Ge(t+ |2 — y|erst dt
—00

wo M

elo—=In; -
B [L‘ Z e gk()‘) i(|z—z|+]|z—y|)A
WZ J@A—wf dA.

As discussed previously, the H® norm of (A —ip;) g is controlled by ,uj_lH gk || e, so the
integral over A will be bounded by 2%%(1 4 2¥(|z — z| + |z —y|)) . Applying the projection
bound from Lemma 3.4 gives us

22k
(1+ 28z —z[ + [z —y])*
This is already sufficient to obtain the desired control of the operators T}, ;. Within the

support of 17(“2 y||) both |z — z| and |z — z| + |z — y| are comparable in size to |z — y|, so

z— 22k 1V (2
ZiTklwy|<Zf (=) V()| N

_ _ _ k|lp
W | yIIZ yllz —y|(1 + 2%z —y[)°

_ 1%
§J7&V M) V(2] _dz
rs Nz —y|/ |z =yl |z -y

1

< —lx(z =z ~ [z —y)V(2)|Ik.
|z -yl

lz—2|
| s - D F R w2 ] <
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The assumption s > 2 is used to gain convergence of the series for large k. It follows that
for any f e L'(R3),

Y Maf@ls 3 ol =2velk. [ L

v o v~ (37)
(2 Iz =2l ~ 29V () k. ) M (@),
{=—00

where M f(x) is the (centered) Hardy-Littlewood maximal function of f. The sum-total of
contributions of T} 1 f(x) to m(v/H) f(x) satisfies a weak-(1,1) bound, as well as L? bounds
for 1 < p < c0.

The contributions of T}, o are a standard Calderén-Zygmund operator. In the support of

1— n(;;:a ), the size of |z —y| is bounded below by %]z —y|. We have the pointwise bound

Tiate, )| < JR3 (1=n( - ) [z —ylfe — 2 L dz

|z =yl 1+ 28w — 2 + |2 —y])*

22|V
jr—y|> Loy [T = Yl |z = 2|(1 + 2%z —y])

22k

N :
|z —y|(1 + 2% |z — y|)*

[V

and consequently
= 1
Th2(,9)| < ——= V.
2 |z -yl

k=—w0

Additionally, since the support of g lies where |A| ~ 2%, the H® norms of Agi(\) are
controlled by 2% times the corresponding norm of g;. One can repeat the same arguments
as before to conclude that

23k

| f_wyw = D FRY O ] S e

Meanwhile, the gradient of (1 — n(;;:a)ﬂz —y| ! is supported where |z —y| = 1|z — y|
and is bounded above by a multiple of |z — y|~2. Applying the Leibniz rule to the integral

defining T}, 2(x, y) yields

24|V (2) .1
IVyTko(z,y)| < J (2 + 7) dz
Y \z—y\>%|x—y\ |$ - y| |x - Z|(1 + 2k|x - y|)s |.%' - y|

92k 1

< (2’“ +
|z =yl (1 + 2¥a —y[)* [z =yl

)IVi.
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Thus for two points y, yo with |y — yo| < %|x — y| we can conclude that
22V
—yl(1 + 2%z —y
where the second option in the minimum comes from the pointwise bound in (38). If

2 < s < 3 then

Tk2(x,y) — Tk 2(x, y0)| S z B min(2|y — yo|, 1) (39)

es]
D Tha(,y) = Tha(z, wo)| S
k=—o0
and if s > 3 then >, |V, Tk 2(7,y)| < |z —y| 4
Now that the kernel of >, T}, o meets the conditions for a Calderén-Zygmund operator,
we must go back and check that it also satisfies an a priori bound on L?(R?). In lieu of a
direct proof, we note that

2 Tro = m(VH) = m(v=A) - Z Ty

k=—0o0 k=—0

ly — yo|*™2

|:L‘ _ y|s+1

The first two operators on the right side are L?-bounded due to the boundedness of m, and
the final sum is L?-bounded because it is dominated by the Hardy-Littlewood maximal
function.

Therefore ), T} 2 is of weak-(1, 1) type and a bounded operator on LP, 1 <p < 0. [

6. NEGATIVE POWERS OF THE HAMILTONIAN

In this section we extend Theorem 4.1 to a class of multipliers that are roughly homo-
geneous of order —« € (—3,0). This result does not follow from Theorem 4.1, though the
proof uses similar techniques.

Theorem 6.1 (Generalized fractional integration). Assume V € Ko n L¥>%, and H =
—A 4+ V has no eigenvalue or resonance at zero, and no positive eigenvalues. Let ¢ be a

C® function supported on [%, 2] such that {p(27%\)}rez forms a partition of unity for RY.

Let a € (0,3) and suppose m : (0,00) — C satisfies
sup [6(N)m(2*N) s = M < o0 (40)

for some s > max(3 —a,1— 2a). Then H=Pm(vVH) := |H|=*?m(y/HF,) is an integral
operator that is bounded from LP(R3) to L4(R?) for all pairs with }D— =gandl <p< %,
with operator norm less than Coq s p M.

If V e Ko and (40) holds for some s > 2 — a, then H=*?>m(v/H) also has an integral
kernel K(x,y) that is bounded pointwise by

M
K S —. 41
K| S (= (a1)

1
q

Remark 6.2. Using the trivial choice m(\) = 1, this shows that the kernel of H—%/2P,
is bounded by |z — y/*3. Since each eigenfunction of H is bounded and exponentially
decreasing, and there are finitely many of them, the same is true for H=%2 0 < a < 3.
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Remark 6.3. The range of s is nearly sharp. There are counterexamples of Bochner-Riesz
type if s < 3 — . There are counterexamples of the form m(\) = N *¢(\)sin(N)) if

3<1—§a

Remark 6.4. When a > 2 the multiplier |A\[=%/?m(+/)) is not locally integrable at zero.
In these cases we define H=2m(+v/H) as the sum Y, , ¢(27*vH)|H|~*/?>m(v/H), which
converges in the weak operator topology to a limit independent of the choice of partition
of unity ¢.

Proof. The pointwise bound follows the same argument as in Theorem 4.1. For each
ke Z, let gr(\) = ¢(27F AN ~m(N). By assumption, ¢(A)A|A[~*m(2%)) is a compactly
supported function in H*. It is also the derivative of a function in H**! with support in
the interval [—252,2F+2] thanks to the fact that A is an odd function.

Thus the Fourier transform of ¢(A\)A|A|~*m(2F)) is bounded by |¢](1+]¢])~ ¢+ M, hence
the Fourier transform of gi()\) is bounded by 2B=®¥|¢|(1 + 2%|¢))~(+*DAf. Assuming that
a < 3 and s > 2 — a, it follows that

0

ST (e ENANm) ()] < Mt (42)

k=—00

From here the argument follows (31) and its discussion. The kernel of H*?m(v/H) is
given by

K(z,y) = (i) j (@ F NN~ () F R () (t 2, y) dt.
Sy —r

Applying Lemma 4.3 with p = o0 and § = 3 — « shows that the portion of the integral
where t > |z — y| is bounded by M|z — y|*~3. The integral over ¢t < |z — y| consists of a
finite sum of terms, each of which is bounded (as in (34)) by

M)\ iy M
Al Z””y‘d)\‘ 2
|z — |‘f A A —iu ) oz —y3e’

Hj
( )

with the last inequality taking advantage of (42) and the fact that satisfies (40) for
the same range of s as m.

The LP — L% estimates are established by complex interpolation of operators. The
dyadic structure of m(\) is a bit unwieldy here, so we define n(p) = m(2”) and set

2\ L(z
m) = (1= 55) " ntiog, .

where L(z) is a linear function with real coefficients. Note that for any given s, the H®
norm of n(p) on an interval [k, k + 1] is comparable to the H® norm of m(2k)\) on the
interval [1,2], thus the effect of a% on n(p) is to modulate the Sobolev space condition
n (40).

Interpolation will be performed on the family of operators H*/2m, (\/ﬁ ), with the linear
function L(z) chosen according to the available endpoint estimates. Note that the multiplier
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is modified in two ways by the imaginary part of z. Differentiation to imaginary order in
(1-— %)L(Z) preserves the H® norms of m.()). In the operator H*/2, the imaginary part

of z corresponds to multiplication of m.(\) by |A[S(*)), This acts boundedly on H*® with
an operator norm that grows like (3(2))*! as the imaginary part increases.
When the real part of z is zero and s > %, the operators H*/?m(+/H) fit within the
framework of Theorem 4.1. They are bounded on every LP(R3), 1 < p < .

When the real part of z is 3 —e and s > —1 + € = 2 — Re(z), we have just shown that
H~*?m(x/H) has integral kernel bounded by |z —y|~¢. By the Hardy-Littlewood-Sobolev
inequality it maps LP(R3) to LI(R?) for pairs 1 < p,q < oo with % - % =3—e

The third case where we can establish an a priori bound is the real part of z is % and
s > 0. This does not follow directly from previous estimates, however the basic tools are

the same. The kernel of H %*m(+/H) is given by

Koy =) [ 3 6 VAN Ha) (OFRG (1))

P k=—c0

We would like to show that for each y € R?, K(-,%) belongs to the Lorentz space L>(R3)
with a uniform bound on its norm. This is accomplished via the following claim which will
be proved afterwards.

Lemma 6.5. For every y € R and ko € Z, there is a decomposition K(x,y) = F(z,y) +
G(z,y) such that

—3k

IEC ) 2(oy)=2m0y SO and |G-, y)| Lo(zyj>2r0) < C272
The constant C < oo does not depend on y or kg.

Assuming this result for now, it follows that the set {z € R? : [K(z,y)| > 2C27%0/2} is
contained in the ball of radius 2% centered at y together with the set where |F(z,y)| >
C273k0/2 Their union has measure bounded by 230

The Minkowski inequality then shows that H%*m(yv/H) maps L'(R?) to L>®(R3).
The dual statement is true as well, and the intermediate L? — L% bounds follow by
Marcinkiewicz interpolation.

Interpolating between the three cases described above shows that H~%?m(+/H) has the
same LP — L9 mapping properties as the fractional integrals (—A)_a/ 2 whenever 0 < o < 3
and the pair (o, s) lies above the convex hull of the points (0, 3), (3, —1), and (3,0). O

Proof of Lemma 6.5. Once again we use Lemma 4.3 to obtain the desired bounds on F'(z,y)
and G(z,y). Let gr(\) = ¢(27FN)AIN|~2m(N). The two main estimates on Ji(t) are

G0 <2 and  [ge()2" ) e S L
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It will turn out that the desired decomposition is given by

Fla,y) = (i) f WOFRE(()(t 2, y) dt,
D f=1— kg
—ko
G, ) = (i) f S GOFRI ()t y) dt
Sl —C

If k > —ko, then the L?(R) estmate for g yields ‘|§kx‘t|>2k0 lz2®) S 2= (k+ko)s  Hence

H Z JkXi=2k0

k>— k:o

<1
L2 (R)

Lemma 4.3 then shows that the portion of F(x,y) derived from integrating over |z — y| <
t < o0 is bounded in L?(|x — y| > 2%0). The integral over ¢ < |z — y| once again consists of
a finite sum of terms, each of which is bounded by

|m_y|” AN _Z,)J) eMle=yl d)\‘.

We note that /\_”ZMJ_ satisfies the bounds in (40) that m(\) does. It follows that this part
of F(z,y) has L? norm controlled by

o=y Y () (- y))
A — i

k‘>—k‘o

L2(Jz—y|>2%0) A — i L2(t>2k0)

5, (250

<1

~

The calculations for G(x,y) follow the same pattern, except that the L* bound is used
for § instead. For k < —ko, |ge(t)] < 2¥/2, which makes | Dk ko IkllLom) S 2 ko/2
Applying Lemma 4.3 with p = o0, § = 1 shows that the portion of G(x,y) derived from
integrating over |z —y| < t < o0 is bounded pointwise by |z —y|~127%0/2, The same bounds
on the (inverse) Fourier transform of ffw lead to an identical bound on the remaining

part of G(z,y).
It follows that for all |x — y| > ko |G(x,y)] < 9—3ko/2, (]

7. PROOF OF STRICHARTZ ESTIMATES

7.1. Auxiliary results. Our proof of Strichartz estimates follows the one given by Beals
in [Bea] and uses complex interpolation instead of the more usual Paley-Littlewood dyadic
decomposition. It depends on the following two ingredients:

1. An L' to L® decay estimate for the perturbed wave evolution

2. LP bounds for (—A)¥ and H”, 1 < p < 0.

Notably, it does not use the square function or localization in frequency for H.

Lemma 7.1. For s;,s920,0<s=s51+ 52 <1,

[(=8)"* cos(tVH)P(=A) "2 f] 2 S IH°If] 2. - (43)



32 MARIUS BECEANU AND MICHAEL GOLDBERG

The endpoint s = 1 estimates also hold, after replacing L' by H' and L® by BMO.
Proof. Start from the fact, proved in | ], that
| cos(tVH)Pef 1= < [t IAf |1,
which we rewrite as
| cos(tVH)P(=A) " fll < [t ]l 1 (44)
By taking the adjoint, we also see that
[(=2)~" cos(tV H) Pef [ < [t ]l 1

Since (—A)¥ is bounded on the Hardy space %! and on BMO with norms of appropriate
growth, we can use complex interpolation between

[(=A) cos(tvVH) Pe(=A) 2 flgvio <[] flla,

[(=2) 4 cos(tv/ H) Pe(=A) flparo S 16" fllaar
and ' ,
[(=2)"" cos(tv/ H)Po(=A)2 12 < || f] 2
to prove that (43) holds. O

The next step is replacing (—A)~* by H °P. in this inequality. We can do it if
2
(—=A)*P.H~* is a bounded operator on LT+s (R3). This property was established in [IHon].

Lemma 7.2 ([Hon, Lemma 1.4]). Suppose V € Ko n L¥>®(R3) and H = —A +V has no
etgenvalue or resonance at zero, and no positive eigenvalues. For every 0 < s < 1,

(1) Operators P.H*(—A) "%, (=A)*H 5P, belong to B(LP) over the range 1 < p < .

(2) Operators (—A) *H°P,, P.H *(—A)*® belong to B(LP) in the range 3_325 <p< .
Moreover, P.H(—A)"', AH"'P.e B(L') and (-A)"*HP., P.H™'A € B(L®).

The proof of this lemma is based on Mihlin multiplier bounds, both for —A and for H,
and complex interpolation.

Remark 7.3. The assumption V € L32% is essential for establishing the s = 1 cases of
Lemma 7.2. For general V e Ky, we conjecture that the optimal range of LP bounds for
(-AYH P, is 1 < p < % with equality sometimes permitted. This still includes the

2 1

relevant exponent p = 175. The case s = 3, p = 2 is proved in [Gol].

In particular, for s < 3/4 all these intertwining operators are L? bounded. Thus, one can
use powers of H in order to characterize the Sobolev spaces P.H®, —3/2 < s < 3/2 (and the
negative energy component is trivial under our assumptions, since P. € B(L') n B(L®)):

Lemma 7.4. Suppose V € Ko n L¥*>®(R3) and H = —A + V has no eigenvalue or
resonance at zero, and no positive eigenvalues. For —3/2 < s < 3/2,
H*={fe8 :(-A)Pfel’y={feS Hfel’ (45)

More generally, the same is true for W ifl<p<3/sand0<s<2 orif % <p<®
and —2 < s £ 0 — hence also for Besov spaces in this range.
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7.2. Strichartz estimates. Finally, we are in a position to prove the full range of Strichartz
estimates for the wave equation in three dimensions.
For the free wave equation in R4*!

Ut — Au = F7 U(O) = uo, ut(o) = uy,
as proved by | ], the following Strichartz estimates hold:
Il e g prrs + luel e et = luol e + lunll groms +1E] g g (46)

where by scaling and translation invariance

1 d d 1 d
7+*:7_8:7+7_272<p7q7ﬁ7q~<w7 (47)
P oq 2 p

and the exponents must be wave-admissible:

2 d-1 d—1 2 d-1 d-—1
< z <S5 (48)

p a2 7p g
The endpoint cases (p,q) = (2,00) in R3*! and (p,q) = (4,0) in R?**! are not true (and
same for the inhomogeneous term, i.e. (p,§) = (2,0) in R3).
In three dimensions, for wave-admissible exponents (p,q), the pairs (%, %) cover the
triangle with vertices (0,0), (0, 3), and (3, 0).
Thus, in R3*!, the homogeneous Strichartz estimates (i.e. F' = 0)

lullzrrs < Tuoll s + lurll grams (49)
follow by interpolation between the segment (oo, 3%25), 0 < s < 3/2 — trivial by H* norm
conservation — and the sharp admissible segment 2 4+ <1 = <1 e,

P q 2
1 1 1
- =-. (50)
p q 2

Likewise, all the inhomogeneous estimates follow from H* norm conservation — along
the line (p/,¢) = (1,?628), 0 < s < 3/2 —, plus the dual sharp admissible Strichartz
inequalities

1 1 1
HUHLZHg S HF”Lf'Lg'a 5 + i (51)
In turn, the latter are obtained by duality from the homogeneous sharp admissible Strichartz
estimates (49-50).

Theorem 7.5 (Strichartz estimates). Provided that V € Ko L¥*>®(R3) and H = —A+V
has no threshold bound states or embedded eigenvalues, the Strichartz estimates (46-48) hold
in R3YL for the continuous spectrum projection P. of the solution u of the equation

ugg — Au+ Vu = F, u(0) = ug, u(0) = ug. (52)
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Proof. Using the fact that

cos(tvH)P, _ (cos(t\/ﬁ)Pc((_A)sch_s)

Hs (—A)—s
and Lemma 7.2, since 1—+5 < 2, we immediately obtain from (43) that for 0 < s < 1
cos t\/
[ s b
The endpoint s = 1 case is also true, having been proved in [ |; however, using it in

the interpolation would require a discussion of Hardy spaces for H, which we avoid here.
Therefore, by Young’s inequality,

cos(tv/ H)P.

2 2
N e BT LT L L),

where q% = q% +s—1, with modifications at the endpoints: namely, when ¢; = 1 or g2 = 0,

then L9 becomes L' and L9" becomes L2
In particular one can set the spaces to be dual to each other:

cos(tvH)P, 22 1 2o L
TCeB(Lf Lyt L Ly *).

By a T'T* argument, then, for 0 < s < 1

sin(tvH)P. cos(tv/H)P.
Hs/2 ’ Hs/2

e B(L2 L%’ZLﬁ) (53)
x>’ t x .

This is the full range of sharply admissible homogeneous Strichartz estimates (50). Due to
Lemma 7.2, powers of H can be traded for powers of —A in this range.

Since for —3/2 < s < 3/2 the usual Sobolev norms are equivalent to those defined in
terms of H, see (45), it follows that the positive energy part of equation (52) conserves the
H* norms, —1/2 < s < 3/2:

| Peull g < lwoll e+l omr-

This implies the homogeneous Strichartz estimates along the line segment (p, ¢) = (0, 3%28),
0 < s < 3/2, by Sobolev embedding.

By interpolation with the sharp admissible estimates (53), we obtain the full range of
homogeneous Strichartz estimates (49).

Finally, the sharp admissible dual estimates (53) imply by duality the sharp dual es-
timates (51). The other extreme case (p/,q") = (1, 3+23) 0 < s < 3/2, follows from the
Sobolev norm conservation, as above. Interpolating between these two cases, we obtain all
the inhomogeneous Strichartz estimates. O
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