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ABSTRACT. We investigate L' — L dispersive estimates for the massless two dimen-
sional Dirac equation with a potential. In particular, we show that the Dirac evolution
satisfies the natural ¢~ 2 decay rate, which may be improved to t=2=7 for any 0 <~ < %
at the cost of spatial weights. We classify the structure of threshold obstructions as being
composed of a two dimensional space of p-wave resonances and a finite dimensional space
of eigenfunctions at zero energy. We show that, in the presence of a threshold resonance,
the Dirac evolution satisfies the natural decay rate except for a finite-rank piece. While
in the case of a threshold eigenvalue only, the natural decay rate is preserved. In both

cases we show that the decay rate may be improved at the cost of spatial weights.

1. INTRODUCTION

We consider the linear Dirac equation with a potential:

(1) 0 (x,t) = (D + V(2))0(2,t),  (x,0) = o(x).

Here the spatial variable x € R?, and 1 (z,t) € C?. The free Dirac operator D,, is defined
by

2
(2) Dm:—ia~V+mﬁ:—z’Zakﬁk+mﬁ
k=1
where m > 0 is a constant, and the 2 x 2 Hermitian matrices o := 8 and «; satisfy
(3) (67187 + a0y = 25]'16]1((:27 j, ke {O, 1, 2}

We consider the massless case, when m = 0. For concreteness, we use

1 0 0 1 0 —2
(4) B = , ) = : a =
0 —1 1 0 7 0
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There is much interest in the massless case due to its connection to graphene, see [26] for
example. The Dirac equation was derived by Dirac as an attempt to connect the theories
of quantum mechanics and special relativity. Dirac’s derivation allowed for a model that
is first order in time, as required for quantum mechanical interpretations while having a
finite speed of propagation and allowing for external fields in a relativistically invariant
manner. For a broader introduction to the Dirac equation, we refer the reader to the
excellent text of Thaller, [33].
The following identity," which follows from (3),

(5) (Dpy— A1) (D, + A1) = (—ia- V+mpB — A1) (—ia- V+mB+ A1) = (=A+m? —\?)

allows us to formally define the free Dirac resolvent operator Ro(A\) = (D,, — A\)~! in
terms of the free resolvent Ry(\) = (—A — A\)~! of the Schrodinger operator for A in the

resolvent set:
(6) Ro(A) = (D + A)Ro(A? —m?).
For the massless equation, when m = 0, we have
Ro(A) = (—ia - V + A)Bo(A2) = (Dp + A Ro(A?).

Much of the analysis in this paper will be based on properties of Rg(\) as A — 0. It
should be emphasized that while the Dirac and Schrodinger resolvents are closely related
by (6), the massless Dirac operator has very different behavior from the massive Dirac
or Schrédinger operators in the low energy regime. For example, Ry(0) exists as a well-
defined operator while Ry(A?) has a logarithmic singularity at the origin and the resolvent
of a massive Dirac operator has a logarithmic singularity at the threshold A = +m. These
differences carry over into the low-energy asymptotic structure of resolvents of Do+ V (),
which is again distinct from the threshold expansions for either Schrodinger or massive
Dirac operators, [19, 21].

Detailed asymptotic expansions for the resolvents of both Dy and its perturbations are
computed in Section 3. For certain choices of potential, the operator Dy + V() has an
eigenvalue at zero. It is also possible for zero to be a non-regular point of the spectrum
without an eigenvalue present, a phenomenon known as a resonance. We classify zero
2

Here and throughout the paper, scalar operators such as —A + m? — A

m? — A\?)1¢e. Similarly, we denote LP(R?) x LP(R?) as LP(R?).

are understood as (—A +
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energy resonances and eigenvalues in terms of distributional solutions to Hy = 0 in
Section 7. We say that zero energy is regular if there are no distributional solutions to
H1 = 0 with ¢» € L>(R?), which may also be characterized by the uniform boundedness
of the perturbed resolvent (Dy +V — A)™! as A — 0. We show that the classification
of resonances for the massless Dirac equation and their dynamical consequences do not
follow the same patterns as the Schrodinger equation.

Before stating the dynamical results, we introduce some notation that will be used
throughout the paper. The function x(A) will denote a smooth, even cut-off around the
origin in R. That is, x(A) = 1 if |A\| < Ay and x(A) = 0 if |A| > 2\, for a sufficiently
small, fixed constant A\; > 0. The complementary cut-off is ¥ = 1 — x. We use the
notation (y) := (1 + |y|)2, and write H := Dy + V for the perturbed Dirac operator.
We also write |V (z)] < (x)7” to indicate that the entries of the potential all satisfy
Vii(2)] < {x)7P, 1 <i,j <2, where A < B denotes that there is an absolute constant
C so that A < CB. We define the weighted spaces L' = {f : (:)7f € L*(R?)}, and
L7 ={f : (:)77f € L>°(R?)}. Our main results are the following small energy bounds:

Theorem 1.1. Assume that V is self-adjoint and |V (z)| < (z)77.

i) Assume that zero is regular. If 5 > 2, then
—i _1
le™ X (H) || s S (1) 72

Further, for 0 <y < %, if B> 24 27y, then

—i _1_
XE) Lo S 0727

~Y

le
ii) If zero is not reqular, then for fired 0 < v < %,

lle™ ™ Poox(H) — Fy|| 1oy poer S {)7277,

~Y

provided that 5 > 3+ 2~. Here F} is a finite-rank operator, which satisfies the bounds
sup, || Fillpiore S 1 and if [t| > 2 one has || Fy||pop~ < (log [t]) 7.

iii) If there is only an eigenvalue at zero, then Fy = 0.

We emphasize that our main results are the low energy bounds presented above. We
also provide an explicit construction of the operator Fj, see (70) below. For the sake of
completeness, we include the high energy result stated below. Throughout the paper we

use the notation a— to mean a — € for an arbitrarily small, but fixed € > 0.
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Theorem 1.2. Assuming V is self-adjoint, has continuous entries satisfying |V (z)| <

~Y

(x)~% and there are no embedded eigenvalues in the real line. If 3 > 2, then
e RCH)CH) > s S (872
Further, if 0 <~ < % and B > min(2 + 27, 3), we have

_itH ~ _9_ _1_
He tHX(H)<H> 2 HLL'Y—)LOQ—’Y < <t> 277,

Y

We note that the assumption of a lack of embedded eigenvalues is not needed for our
low energy results in Theorem 1.1, as the spectral properties in a neighborhood of zero are
dictated by the threshold behavior. The lack of embedded eigenvalues has been established
in the massive case, [10], and in the massless case for a sufficiently small potential, [13].

We establish the dispersive bounds by employing the functional calculus for the Dirac
operator. For the class of potentials we consider, H is self-adjoint and the spectrum of H
coincides with the real line. Under these circumstances, see [31], the Stone’s formula for
spectral measures yields:

(7) PN = 5 [ PRI = Ry ()]
Here the perturbed resolvents are Ry (\) = lim, o+ (Do + V — (A £ d€))™!, and their
difference provides the spectral measure. The operator P,.(H) is needed in the event that
there is an eigenvalue at zero energy. We take advantage of the identity (6) to develop
the spectral measure from Schrodinger resolvents. The Schrodinger free resolvent
RF(M\?) = lim (—=A — (\* +ie)) !
e—0+
and the perturbed Schrodinger resolvent operators
RE(A\?) = lim (A +V — (A 44e)) !
e—0+
are well-defined as operators between weighted L?*(IR?) spaces, see [2].

To the authors’ knowledge, this is the first study of dispersive estimates for the two
dimensional massless Dirac equation. A recent paper of Cacciafesta and Seré, [12] in-
vestigated local smoothing estimates for the massless Dirac equation in dimensions two
and three. The massive Dirac has been studied by the first and third author, [21], with
Toprak [22]. The three-dimensional massive Dirac equation is more studied going back

to the work of Boussaid [9], and D’Ancona and Fanelli, [15]. The evolution kernel for
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the free Dirac operator in three dimensions was developed in [4] through the Feynman
path integral. Levinson’s Theorem for a massless three dimensional Dirac equation with
spherical potential was studied in [8] through a careful study of the Jost functions. Here
it was noted that the low energy behaves quite differently in the massive and massless
cases. The characterization of threshold obstructions and their effect on the dispersive
bounds have recently been studied by the first and third author and Toprak, [23]. Much
of the work has roots in the study of other dispersive equations, notably the Schrodinger
(30, 32, 24, 19, 20, 16, 34] and wave [15, 28, 5| equations.

Our low energy results in Theorem 1.1 establish the natural time decay <t>_% for the
Dirac evolution while assuming less decay of the potential than has been required in the
massive case. The improvement comes from using a more delicate argument based on
Lipschitz continuity of the spectral measure, rather than direct integration by parts in
the Stone’s formula. A similar argument was used in [20].

In addition, this is the first result in which all the slow time decay caused by a p-
wave resonance is controlled in a finite rank term. Previous works on the Schrodinger
or wave equation, [30, 19, 28|, did not observe this asymptotic structure. Even in the
weighted L? setting, [30], finite rank leading order terms had an error whose decay was
only logarithmically better. The method we develop for computing spectral measures
here can recover an analogous result (finite rank leading order, with polynomial decay of
the remainder) for the Schrédinger evolution as well.

There is also much interest in the study of non-linear Dirac equations. See [25, 6, 14, 11]
for example. There is a longer history in the study of spectral properties of Dirac op-
erators. Limiting absorption principles for the Dirac operators have been studied in
[35, 27, 17, 13]. In particular, the recent work [17] of the authors applies in all dimen-
sions n > 2 for both massive and massless equations, while the recent work of Carey,
et. al. [13] applies to massless equations. The lack of embedded eigenvalues, singular
continuous spectrum and other spectral properties is well established, [7, 27, 3, 13, 10].
In particular, for the class of potentials we consider, the Weyl criterion implies that
04c(H) = 0(Dy) = (—00,00). There are no embedded eigenvalues provided the potential
is small, see Theorem 3.15 in [13].

The paper is organized as follows. We begin by proving the natural dispersive estimates

for the free massless Dirac operation in Section 2. In Section 3 we develop a variety of
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expansions for the free resolvent that will be needed to study the spectral measure in (7).
In Section 4 we prove Theorem 1.1 when zero energy is regular. In Section 5 we establish
more delicate expansions of the perturbed resolvent around the threshold in the presence
of resonances and/or eigenvalues so that we may prove Theorem 1.1 when the threshold
is not regular in Section 6. In Section 7 we provide a characterization of the threshold
obstructions that relates them naturally to the various subspaces of L? that arise in the
resolvent expansions. Section 8 provides the high energy estimates to prove Theorem 1.2.

Finally, Section 9 contains the various integral estimates needed throughout the paper.

2. FREE DIRAC DISPERSIVE ESTIMATES

Due to the relationship between the massless free Dirac evolution and the free wave
equation, D3f = —Af, we can expect a natural time decay rate of size |t]’% as one
has in the wave equation (when m = 0) provided the initial data has more than 2 weak
derivatives in L'(R?). In the case of Dirac equation, as in Schrodinger equation, the time

decay can be improved at the cost of spatial weights.

Theorem 2.1. We have the estimate
le™ 20 (D)2 |11 opee S 72

Further, one has

(@) 70 (Do) "2 () || 1 e S (1) 7277,

nojwe

for any 0 <~ <

The proof of this theorem is based on asymptotic expansions of the spectral measure
of the free Dirac operator, both at low energies and high energies. To best utilize these

expansions, we employ the notation

to denote
&’ d’
—f = — 1 =0,1.2.3, ...
d)\jf O(dAJ )7 j O? ) 737

The notation primarily refers to derivatives with respect to the spectral variable A in the
expansions for the integral kernel of the free resolvent operator. In the context of (6), due

to the gradient, we use the O(g) to refer to |z — y| as well. If the derivative bounds hold
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only for the first & derivatives we write f = Og(g). In addition, if we write f = Oy(1),
we mean that differentiation up to order k is comparable to division by A and/or |z — y|.
This notation applies to operators as well as scalar functions; the meaning should be clear

from the context.

Proof of Theorem 2.1. First note that in the free case the Stone’s formula, (7), is
(8) e Do — / e MMRE — Ry (A) dA.
R

We consider the low energy first. Using (26), the formula [R{ — Ry |(A\?)(z,y) = tJo(A|z—
y|), and the asymptotics for the Bessel functions, see [1, 32], we can write the integral
kernel of the difference of the resolvent operators as

9) [R§ = RyIN)(@,y) = (—ia- V+ N)[RF — Ry |(A*)(z,y)

[ 2 -Fa @y + 0Nl —yP), Az —yl < 1
NG, (Ao — yl) + e UG Az —g), Mz -yl 21

where w (\|x — y|) satisfies
- ~ 1
BNz —yl) = O(JAA + Az —y])72).

Let (A (z,y) := x(MN)[R¢ — Ro](A\)(x,y). The formula (9) implies that

(10) oV (2, )| S AL+ Az — y)) 72,
(11) Orio(N) (@, )] S (L + M|z — y])2,
(12) 020 (N) (2, )] < |2 — yl(L+ [\[Je —y))2.

Thus, using (10) and (11) we have

(13) o) (@, y) — po(Na) (2, 9)] S 1A — Aal2 [ Ao 2,

for [A1| < |A2] £ 1. To obtain this consider the cases |A\; — Aa| & |Ao| and [A; — Ao < |\
separately. In the former case the bound follows from (10). In the latter case, the mean
value theorem and (11) give the bound [A; — Ao|(1 4+ |Xe||z —y|)2. Interpolating this with
(10) and noting that || & |As|, we obtain (13).
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We also state two other bounds for pg which will be useful in later sections. The

interpolation argument above also implies that

(14) o) (@, ) — o) (@, 1) A — AaZF A2 (w — )Y, 0< A <

Similarly, using (11) and (12) we obtain the bound
(15) [9apo (M) (2, 9) = Dxpto (M) (2, 9)| S [\ = Mol =y (1L + Palle — y])2, 0<y <1,

Using the support of x(A) in the definition of 1y, it is easy to see that

’/ AN (z,y)d\| < 1.

For |t| 2 1, again using the support of x(A) and (13), we have

(16) | / gV ) dA| = ] / 0N ,) — oA — 1)z )N

1
st [1avs

1

For the weighted bounds, after two integration by parts, we have

(17) ‘/ (z,y d)\’

Interpolating these bounds we conclude for any v € [0, 2] that

‘/R@‘itWU(A)@,y)dA‘ < <t)‘§<%)7.

For large energies, to prove the first claim it suffices to bound

e "2 1o(N) (, y) dA‘ <
R

(18) sup

L>1

| et RO DIRS - Ry ) dA\.

—00

Noting that R — Ry = [Do + A|Jo(Alx — y|) is comparable to AJy(A|z — y|), see (9) and
[1]. Using Lemmas 3.2 and 5.3 in [28], we have the bounds

(18)] S

t> 2.

However these estimates rely on oscillation that may not be present when ¢ is small. To

obtain a uniform bound for small times, the integrand must be absolutely convergent.
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Given the growth of |wi(Alx — y|)| < ||, we need a multiplier that decays like |A\|72~ to
conclude

sup
L>1

/_OO ATXIXMV DRy = Rel(M) (@) dA| $1

o0

uniformly in x and y for small ¢. The additional powers of A correspond to extra mollifi-

cation in the x variable, using (Dy) ™2~ instead of (DO)‘%‘. O

3. FREE RESOLVENT EXPANSIONS AROUND ZERO ENERGY

In this section we study the behavior of the free Dirac resolvent more carefully by using
the properties of free Schrodinger resolvent Ry(\) = (—A—\)~"!. Following [32, 19, 20, 22],
we have the following expansion for the Schrodinger resolvent. These results have their

roots in work of Jensen and Nenciu, [29].
Lemma 3.1. Let 0 < A < 1. For Mz —y| < 1, we have the expansions
(19) RE(M)(z,y) = g=(A) + Go + O2(N|z — y[* log(Alz — y))
= g5 (N) + Go + g1 (NG + X°G + Os(X'|z — y|* log(A|z — y)),

where (with vy denoting Euler’s constant)

(20) g5(0) = 5 (log(M/2) +7) = |
1) o) = g ) - o
(22) Gof @) = =3~ [ 1ogle =yl dv
(23) Gifa) = [ o= yPrt) v
1 2
(21) Gafa) = g= [ o= yPlog o~ lF(a) dv.

For Nz —y| 2 1, we have

(25) Rg(W)(w) = Moy ), @ (0)] S 0+ )75, =012,
Using (6) we have

(26) Ry (N(z,y) = [~ia - V + M| Ry (X) (2, y)

We write (for [A| |z —y| < 1)
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(27) REN) = Goo + AgT(N)Gi1 + AGro + g (\)Gaq + A2Gayp
+ 02Nz — y|* log( Nz — y]))

where

29 Goa(z.9) = Ral0)(z.9) = ~ia - Vo) = 1)
(29) () = 1

(30) Gro(y) = Gol,y) = —5-log |z — 4] = (~8)(z,)
(31) Gon(z,y) = —ia- VGi(2,y) = —2ia - (x — y)

(32) Gaolz,y) = —ia - VGy(x,y) = S LA Zgl: S

The subscripts indicate the powers of A and log A multiplying each operator in (27).

Lemma 3.2. We have

33 REO0) = Goole) + O+ (W =) = O3+ =),
(34) O\RE (M) (@, 9) < (Al — y)° + (Al — y])2,
(35) 3REN) (2, 9)| S AL (A — y))° + A2z — yl=.

Proof. The expansions follow from (27) when |\| |z —y| < 1. Recall that when |\| |z—y| 2

1, we have the representation
Ro (M(z,y) = VDL (M —y]),
where Wy (A|x — y|) satisfies
(36) B (Mo =) = O(AI(1 + Al = y) %),
Also using (28), the error in (33) is bounded by
XAz = gD (M2 =y 7= + o =y ™) S AL

The bounds (34) and (35) for |[A||z — y| 2 1 follow similarly using the high energy

representation of Rg above. O]
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As a corollary we have the following Lipschitz bounds. The %—Lipschitz bound cannot
be improved without growth in |x — y|, which leads to weights in the dispersive bounds,

due to the large Az — y| term.
Corollary 3.3. For |\| < || S 1, we have
(37) RGO 9) = RE Q)@ )] S A= dof*al#= (1 |2 =y,

and more generally

(33) |Ry (M)(z,y) — R (M) (2, 9)| S
1
A= el a2 (= gy =yl *), 0<y <5

Moreover for each 0 <~ <1, we have
A= o AT (J =y + Jr —y2), 0<y <L,

Proof. Note that (37) follows from (38) with v = 0. When |A; — As| 2 |A2], the bound
(38) follows from (33) since the leading term Gy cancels out. When |A; — Ao| < [N,

using the mean value theorem, (34), and noting that |\| & |\2|, we obtain
[REM) (@, y) — Ry (M) (@ 9)] S I = Xl (el = 9" + (Pellz — y])?).
Also note that when ||z —y| 2 1,
RGO, 9) = RE Qo) (,9)] S Pl — 17,
and when |||z —y| < 1 by (33)
Ry (A)(@,y) = Ry () (2, )| < el (1 + (ol —y[)*7).

Interpolating these bounds, we obtain (38). The proof of (39) is similar using (34) and
(35). O

In the case when zero is not regular, see Definition 4.1 below, we will need a further

expansion of Ri:
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Lemma 3.4. We have the expansion for the kernel of the free resolvent
(40) RN (@.y) = Goo(w.y) + Ag=(NG1a(z.y) + AGro(z.y) + By (V) (2. y).
Further, when |\| < 1, the error term satisfies
B3 (M@, )| S MMz —y)*, 0<k<1.
Moreover, for 0 <~ < 3 and |\i| < |Xo| S 1, we have

|EE (M) (2,y) — EX O (@, 9)] S A — Aoz P o274 (@ —g)f, 1<k < 1.

1
2

Proof. The first bound for the error term follows from (27) when |\||z — y| < 1. When
IAl|z — y| = 1, it follows by writing

N p—

N r+ o —y[7 + [N log(A]]z — yl) < MA@ — y))",
(14 [Alfz = y])2

provided that & > 0. Similarly, note that when |A||z — y| < 1 we have
O\Ey (AN)(@,9)| < (IMle —yl)*, 0<k <1,
and for |||z —y| = 1 we have
OAEF (V) (@, 9)] S (Ml = y1)? + [log(IM[z — y]) S (N —y))", k> 1.

Using these bounds with % < k < 1, we obtain the Lipschitz bound by interpolating

the trivial bound,
[E (A1) = By (M2)(2,9)] S Aol (Xal(z — y))F,
with the bound we obtain using the mean value theorem:

1By (M) = Ey Q)] 9)] S 1A = Aol (el (2 — ).
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4. SMALL ENERGY DISPERSIVE ESTIMATES WHEN ZERO IS REGULAR

As usual, see for example [32, 19, 21, 23, 22], we use the symmetric resolvent identity
to understand the low energy evolution. In the Dirac context the potentials are matrix-
valued, and we have the assumption that the matrix V : R? — C?*2 is self-adjoint. Hence,

we may use the spectral theorem to write

sz*<§1 O)B
0 ¢

with ¢; € R. To employ the symmetric identity, with n; = ](j|%, we write

0 0
sz*<"1 )U(m >B:v*Uv,
0 no 0 no
where

(41) U:<Sign(<1> 0 ), and v:<ab>::<m 0>B.
0 sign((y) c d 0 n

Note that the entries of v are < (x)~5/2, provided that the entries of V are < (x)~7.

Define the operators

(42) M*(\) = U +vRE(M\)vr,
and let
(43) T:=U+ Ugoyo'U* = Mi(O)

Definition 4.1. We make the following definitions that characterize zero energy obstruc-

tions.

i) We define zero energy to be reqular if T = M*(0) is invertible on L*(R?).
i) We say there is a resonance of the first kind at zero if T is not invertible on L?, but
S1vG1,1v* 5 is invertible on S1L? where Sy is the Riesz projection onto the kernel of
T.
ii) We say there is a resonance of the second kind at zero if S1vGy 10* Sy is not invertible.
iv) Let Sy be the Riesz projection onto the kernel of SivGy 1v*S1, then Sy — Sy has rank
at most two and S; — Ss # 0 corresponds to the existence of ‘p-wave’ resonances at

zero. Sy # 0 corresponds to the existence of an eigenvalue at zero. In contrast to
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the massive case, see [21], there are no ‘s-wave’ resonances in the massless case. See
Section 7 below for a complete characterization.

v) Noting that vGyov* is compact and self-adjoint, T = U + vGyogv* is a compact per-
turbation of U. Since the spectrum of U is in {£1}, zero is an isolated point of the
spectrum of T" and the kernel is finite dimensional. It then follows that Sy is a finite

rank projection, and since Sy < Sy, s0 is Ss.
We employ the following terminology from [32, 19, 20]:

Definition 4.2. We say an operator T : L*(R?) — L*(R?) with kernel T(-,-) is absolutely
bounded if the operator with kernel |T(-,-)| is bounded from L*(R?) to L?(R?).

We note that Hilbert-Schmidt and finite-rank operators are absolutely bounded opera-
tors. Recall that the Hilbert-Schmidt norm of an integral operator T" with integral kernel
T(z,y) is defined by

ITlfss = [ [T (o0) o .

We now concentrate on the case when zero is regular. The following expansions for

M*()) around zero energy suffice in this case.

Lemma 4.3. Assume that |V (z)| < (x)7°.
i) If 6> 2, then

(44) M=(\) =T +O0(\").
it) If B > 2+ 2v for some 0 <y < 1, then for 0 < |\| < [Xo| <1, we have
(45) M=) = M=) = O(|As = 277 2777).
iir) If B > 3, then
(46) NME(N) = O(\7).
) If B> 342y for some 0 <y <1, then for 0 < || < || <1, we have
(47) INM= (M) — MT(A2) = O(|A1 = X[ M| 777).
In all statements above the error terms are understood in the Hilbert-Schmidt norm.

We note that the uniform L' — L* bound requires only the bounds (44) and (45) with

v = 0, hence only requiring that the entries of V satisfy |V (z)| < (z)72".
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Proof. Using (42), (43), and (33), we have

1+ |:v—y|0‘>

+ — T =z * — Goo)(x,y)v* = 1-
(M) = 7] () = o(@)(RE ) = Goo) (e2)0* () = O ('™ = 5

This yields (44). To obtain (45), we use (38):

[M*=(M) = M*(A2)](2,y) = v(2) (R (M) = Ry (A2)) (w, y)v* (y)
—y e - yl°>

= O(1A = Ao i

<x>1+’y+ <y>1+’y+
Ly (hoye LA e —yl0
— _ 2t oy I
O =Rl )
This yields (45). Similarly, writing
AME(N)(2,y) = v(@)ARG (V) (2, y)v* (y),
we note that (46) follows from (34), and (47) from (39). O

The following lemma establishes analogous bounds for (M*()\))~! when zero is regular.

Lemma 4.4. Assume that |V (z)| < (x)77 and that zero is a reqular point of the spectrum.
If B > 2, then ME()) is invertible with a uniformly bounded inverse provided that 0 <
A < 1.

i) If B> 2+ 2y for some 0 <~ < i, then for 0 < |\| < |As] < 1, we have

(48) (M=) = (M*(02)) 7 = O(|ds = Xl 7 Aol 277).
ii) If B > 3, then
(49) OA(M=(N)) ™ = O(A™").
iii) If B> 3+ 27y for some 0 <~y <1, then for 0 < |\| < || € 1, we have
(50) OA(ME(M)) ™ = O(MF(X2)) ™! = O(JA = X [N 777).
In all statements above the error terms are understood as absolutely bounded operators.

Proof. When zero is regular, the operator 7T is invertible with an absolutely bounded
inverse. The absolute boundedness of this operator is shown in the massive case in
Lemma 7.1 in [21]. When m = 0 the proof is simpler and can be proven as in the
Schrodinger case, see Lemma 2.7 in [16]. Therefore, by Lemma 4.3, M*()) is invertible
with a uniformly bounded inverse provided that 0 < |A\| < 1 and |V (z)| < (z) 72",
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Using resolvent identity, the boundedness of (M*)~1 and (45) we obtain (48):
(MF(A) ™" = (MF(A2)) ™" = (MF ()7 [MF(A2) = MF(M)](MF(Ar)) ™
= O(I\ = Xe[2¥7 o577,
To obtain (49), we use (46) and the identity
OA(ME(N) ™ = —(MF(N)TH(OAMF(N)) (M*(N) 7

Finally, (50) follows from (48), (46) and (49) after writing

OAM=(M)) ™ = O (MF(N2)) ™ = [(MF(N2)) ™" = (MF(M)) T (OWMF(X2)) (MF(Na))
+ (ME0) N (MF(N2)) — (OM=(M) [ (MF(X2)) ™
+ (ME))THOME(M)) [(MF(X2)) ™ = (MF=(M)) 7]
0

We are now ready to prove the small energy assertions of Theorem 1.1 when zero is

regular by studying the small energy portion of the Stone’s formula, (7),

| IIRE - R ) dn

In particular, we will prove the following family of bounds, which includes the uniform

bound when v = 0.

Proposition 4.5. Fiz 0 <y < 2 and assume that |V (x)| S (x) 272", If zero is regular,

then we have the bound

1) [ IOIRE = RN ) | S )

,7.

N|=

In [21], the authors studied the solution operator as an operator H! — BMO because
the operator Gy is not bounded from L' — L? or from L? — L*. Simple use of iterated
resolvent identity was not enough to deal with this problem in the massive case since one
relies on the orthogonality properties of the most singular terms in the expansion of the
operator M*(\)™t = (U + ?JR(“)—L(/\)U*)f1 to get uniform estimates in x,y. In [22], this
problem was overcome by selectively using the iterated resolvent identity for M=(\)~*

only for certain terms arising in the expansion.
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Since we do not rely on orthogonality arguments here, we need only use the iterated
symmetric resolvent identity:
(52) RE=RE —REVRE + REVRIVRE — REVRFv* M 'WRFVRE.

We consider the contribution of the first three summands in (52) to the Stone’s formula.

Lemma 4.6. Let Tt = RF — REVRE + REVREVRE. Then provided that |V (z)| <
(x)72727~ for some 0 <y < 2, then we have the bound
— _ _1_
| [ Ir =TI )] ) ) )4
R
Proof. The contribution of the first term is the free evolution which was dealt with above

in Theorem 2.1. We note the following useful algebraic identity

(53) lﬁoA;_ﬁA—zi(:]:[:A,;)(AZ—AZ)(kliAZ),

It suffices to consider the contribution of the following to the integral
U= puoVRE + moVRIVRE + Ry Vo VRE,

where 119(A) = x(A\)(Rg(A) — Ry (V). The remaining terms have similar structure with
differences po on the right instead of the left.

Using the bounds (10) and (33), and noting Lemma 9.2, we see that the kernel of T is
bounded in A, z,y and it is supported in |A| < 1. Therefore, we restrict our attention to
the case |t| > 1.

We start with the case 0 < v < i. Using the Lipschitz bounds (14), (38), and the
pointwise bounds (10), (33), Lemmas 9.2 and 9.3 we see that for |\;| S1, j = 1,2,

T @ y) = T @ p)] < A = del =7 () ().
Therefore, as in (16), we have
Lot na =g [ e Foyw s ~To =Dyl
= O([t =) (=) (v)™.
The case % <v< % is similar after an integration by parts. That is, we need to bound

/R TN (2, y)dA = — /R TN (2, y)dA

it
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To do this, we need Lipschitz bounds on EN Writing
AL = 0\ (1oVRY) + 0 (oVREVRY) + 06 (Ry VioVRG) == Ty + Ty + Iy,

we seek to bound I';(A1) —I'j(A) for j = 1,2,3. We consider I'y, the others are similar.
Note that

(54) T1(A1) —T1(A2) = [Oapo(A1) — Oapo(A2) VR (M) 4 Oapo(A2) VRS (A1) — Ry (As)]
+ [o(M) = o(A)]VOIRG (A1) + po(A2) VIOARG (A1) — OWRy (A2)]-

Let 7o € [0,1) be such that v = v + 5 and using (15) and (39), (for consistency, we
take |)\1| S |/\2|)

[Ontto () (@, y) = Onpio(A2) (2, 9)] SPh = Aal ™l =y (1 + Dol = y)2
S A=A (2) " (y)7,
|0ZRs (A1) (2, 9) — IRy (M) (2, )| SIA = Ao X707 (|2 — y]* + |z — ?J’%MO)
S 1A= P @) () (L + | — ™).
In addition using (14) with v = § we have
oA (,9) = o (A2) (2, 1) S 1M = Aol = 9)% < A = del™ ()3 ().

Where the last bound follows since |\ — Ag| < 1 and 7y < 1. Similarly, using (38) with

v = %— we obtain
Ry (M) (@,9) = REQ) (@, 9)] S A = X (@) 2 )2 (1 + |z — y[*),
Finally by (10) and (33), we have
oW (z,9) S 1, IREN (@ )| S (L+ e —y| ™).

Putting this all together and using Lemma 9.2, we see that
[T1(A) = Ta(A)] (@, 9)| S [A = )\2|W0|>\1|_1+<$>7<y>y/ (1) (L + |y — [ THdw
R?
S A= Ao () ()

Similarly, using Lemmas 9.3 and 9.4, we see that I'y and I's satisfy the same estimate.

Thus
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/R e\ (3, y)dA = 1 / e 0T () (2, y)dA

it Jg
_ 2% P [T @) = T = D)) A
= O(Jt[™ ) (@) (y)” = Ot ™2 ~") () ()"
O
The lemma below takes care of the contribution of M~! term for 0 < v < % In

contrast to the massive case [21, 22] or Schrodinger [20], for the massless Dirac bound,
the argument employed here does not require any cancellation between the ‘+’ and °-’

terms in the Stone’s formula, (7).

Lemma 4.7. Fiz 0 <y < 3. Assume that |V (z)| < (x)"*7277. Let T()\) be an absolutely
bounded operator satisfying (for |A|, ||, [A2| S 1 with || < |As])

T 2oy e S AT,

7)) = T2 |73 Ar — Ao 2.

12 5 |)‘1
Then

| / )[RV RSO ToREVRE] () w)ad| < ()73 () ()

Note that the hypothesis is satisfied by the mean value theorem if T(A) = O (A
as an absolutely bounded operator. That is to say, [T(A\)| < A"2F and [0\ T(A)] < A~

")

14
2
34
5T

Also note that when zero is regular M~ satisfies the hypothesis provided that |V (z)| <

(x)72727~, see Lemma 4.4.

Proof. Dropping = signs, let R := vRoVR,. Using the support of X(\) as well as the
bounds (33) and (38) for the free resolvent and the integral estimates in Lemmas 9.4 and

9.3 we have (provided that |V (z)| < (z)227,0 <y < 1)

(55) IR (w1, )] S L+ =y ) )™

(56) IR (W1, y) — RO 1, 9)] S I — el 257 ol 277 () () 72

Note that (55) and Lemma 9.2 imply that L? norm of R(\)(y1,y) is bounded uniformly
in i and A, while (56) implies that the L? norm of RO (y1,y) — R(O2)(y1,y) is bounded
by (y)7[A — Ao 247,
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Using these bounds and the hypothesis for 7', using (53) we see that (with I' :=
REVREVTUVREVRY)
D) (2, 9) = D) (@, 9)] S (@) () = A 2507, [Nl < 1,5 =1,2.

We use (33) and (38) for the free resolvent terms. Therefore, by applying the Lipschitz

argument as in (16) and the proof of Lemma 4.6, we bound the integral by

1

O [ (minIAL = 50) NS @07 )

1

O

For % << %, we have the following lemma which we state only for M ~!. We dropped

=+ signs since we will not rely on any cancellation between + terms.
Lemma 4.8. Fiz } <~ < 3. Assume that |V (z)| S (x)"27%7~. Then
| / e [RoV Rov” M~ 0RoV R (), y)dA| S (877 (y)".
R
Proof. We only need consider the case |t| > 1. Let 79 = v — % After an integration by
parts, and ignoring the case when the derivative hits the cutoff y, it suffices to prove that
| [0 ROV Row MRV Re] (W), )d| £ [ 700) )
R
Let R := vRoV Ry as in the proof of Lemma 4.7. Since |V ()] < (z)"272~, the bound
(55) is valid. Using (56) with v =5 — 3 for 7o € (3, 1) and with v = 0 for 7o € (0, 3], we
have
> I~ 1 1
[RO) (w1, y) — ROw) (1, )| S 1A= o™ (14 ()0 72) {yn) ™
Using (33), (34), and integral estimate Lemma 9.3 (with v = 1), we have
> N
(57) [OZRN) (yr, )| S A ()2 ()™

Finally we need a Lipschitz bound for EAR First note that using (38) with v = 7 — %
for 79 € (3,1) and with v = 0 for y € (0, 3], we have

RGO (@, y) = RE (o) (2,9)] S [\ = Ao (1+ (2 — )72 + o — y[*7).
Moreover, recalling (39), and taking |A;| < |As| as usual, we have

(58)  |OARG (M) (@, y) = ARG () (@, )| < A = A7 (Jo = y*” + [ — yl").
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Using these, (33), and (34), we obtain

VRO (y1,5) — WRA) (v, 9)| < (A — Ao N[0
X /2<y1>”(|y1 — o7 = ) (w2) T (lye =yl T+ 2 — y|7) dye
R
S A= XN T () (1 A+ fyn — g0 ) ()T

Where the spatial integral is bounded by noting that |z — y|” < (z)7(y)” and using

Lemma 9.3. Using these pointwise bounds we have
IR 1,9z, S 1 OB (1,9) 12z, S A ()7,

IROW) (w1, 9) = RO2) (W, 9[22, S [ = A ()7,
1OAR(A) (y1,) — aAé()\z)(?Jhy)HLgl S AL = XA T (y).
Finally note that by Lemma 4.4, M~ satisfies similar bounds (without x,y dependence)
as an absolutely bounded operator. Therefore, letting I' = 0, [ROVROU*M _IUR()VR()],
we see that
T (@, y) = TA2)(@,y)| < [Adr = Ao A7

This finishes the proof using the Lipschitz argument as in (16) and the proof of Lemmas 4.6
and 4.7. 0

We now prove Proposition 4.5.

Proof of Proposition 4.5. Using the expansion (52), we see that the first terms are con-
trolled by Lemma 4.6. Then it remains only to control the tail of the Born series, with the
operators M*(\)~!. By the expansion for M*(\)~! in Lemma 4.4, we see that Lemma 4.7
suffices to establish the desired bound for 0 < v < % The case % << % is established
in Lemma 4.8. O

5. SMALL ENERGY RESOLVENT EXPANSION WHEN ZERO IS NOT REGULAR

We now consider the case when zero is not a regular point of the spectrum. We first
provide the necessary expansions to develop the spectral measure when there are eigen-
values and/or resonances at zero energy, then establish the dispersive estimates. We
re-emphasize here that this is the first result, to our knowledge, in which the contribu-

tion of a ‘p-wave’ resonance is controlled in a finite-rank term. Previous results in the
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Schrédinger (or wave equation) context, [30, 19, 28], have not achieved this. Even in the
weighted L? setting, [30], any finite rank pieces had an error whose decay was only loga-
rithmically better. This argument can be modified to apply to the Schrodinger evolution
as well.

With S; being the Riesz projection onto the kernel of T', define (T'+ S;)~! := T;. One
can see that S;T7 = T1.S; = S;. Then, we have the following variations of Lemma 4.3 and

Lemma 4.4.

Lemma 5.1. Assume that |V (z)| < (x)7P. If B > 2+ 2k for some 0 < k < 1, then
M=) =T + Ag=(MNvGiv* + MG gv* + EF(N),
where
IEEN s < A
Moreover, for fizred 0 <~ < 3 and 3§ <k <1, if B> 2+ 2k, then (for |\| < [As] S 1)
|EE () = Ef (o)llas < A= el 272774,
Proof. The lemma immediately follows from the bounds in Lemma 3.4 noting that

EE(\) = vEF (\)v*. O

Lemma 5.2. Assume that |V (z)| < (x)™" and that zero is not a regular point of the

spectrum.

i) If B > 2+ 2k for some 0 < k < 1, then M~(\) + S, is invertible with a uniformly
bounded inverse provided that 0 < |\ < 1, and we have

(59) (MF(N) 4+ S1) 7' =T = Ag" (N TGy 1v* Ty — NGy 0v* Ty + Ex (N,
where
Ey () = O(IAI').
ii) If B> 2+ 2y for some 0 <~ < L, then for 0 < |A1| < |Ao| < 1, we have
(60) (ME(N) + 1) = (ME () +51) 7™ = O(JAr — A 777N 7777).
Moreover, for fized 0 < v < 5 and 5 <k <1, if B > 242k, then (for || < [Ao| < 1)
(61) Ef(\) — Ex (M) = O(|A — A 27| Ao 277HH).

All bounds above are understood in the sense of absolutely bounded operators.
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Proof. The first assertion follows from the invertibility of 7"+ S, (44) and a Neumann
Series computation. Recalling that Ty = (T + S;)!, the expansion (59) follows from
Lemma 5.1 noting that

(ME(A) +51) ™" = [T+ S + AgE(\wGr1v* + MGy gv* + Ef (V)] ™
— [I —f— )\gi ()\)TlnglU* + )\UTlgLo’U* + TlEit()\)} 71T1

= Tl — )\gi()\)TIUngU*Tl — )\'UTlgl’OU*Tl — TlEli(A)Tl —+ Z(_l)ijTl’
j=2
where I' = A\g=(\) 110G 10" + WT1 Gy ov* + TV EE(N) = O(|A|'). Therefore (since k < 1),
Ey(\) = —TiEF(NTy + ) _(—1YTIT; = O(|A]"™).
j=2

The proof of (60) is identical to the proof of (48). Finally (61) follows from the Lipschitz
bound for Ef in Lemma 5.1, the bound I' = O(]A|'~), and by noting that the first two
terms in the definition of I' satisfies the Lipschitz bound

AL — Aol EF7| 277
]

To invert M*(\) = U +vRE(A?)v, for small )\, we use the following lemma (see Lemma

2.1 in [29]) repeatedly.

Lemma 5.3. Let M be a closed operator on a Hilbert space H and S a projection. Suppose
M + S has a bounded inverse. Then M has a bounded inverse if and only if

B:=S—-S(M+S8)'S
has a bounded inverse in SH, and in this case
M?t'=M+9)"+(M+S8)'SB'S(M+S5)".

We apply this lemma with M = M*(\) and S = S;. The fact that M*(\) + S; has a

bounded inverse in L?(R?) follows from Lemma 5.2. We also need to prove that

(62) By =8 — Si(M*(\) +S))7'9,
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has a bounded inverse in S;L?*(R?). We have, using (59) and the fact that ST} = S,
BE(\) = 51 — Si(M*(\) + S1)7'S,
== Sl — Sl T1 — )\gi(/\)TIUngU*Tl — /\Tﬂ)gl’()’U*Tl + Eg:(/\) Sl

= )\gi(A)Slnglv*Sl + )\Slngo’U*Sl — SlEQi(A)Sl

We write:
(63) BE()\) = MAE(\) — S EF(M\)S,
(64) Ai()\) = SW(gi()\)gm + g1,0)v*51

The remainder of this section is devoted to inverting A*(\) in a neighborhood of zero

under different spectral assumptions.

Proposition 5.4. Assume that |V (z)| < (z)™%". For sufficiently small )\, the operators
A%(X) are invertible on Sy L?. Further,

AEN) ! = [Sa0Gr,00"Se] Tt + O1((log ) 7).
as an operator on Sy L*. Morever
AT = AT ()7 = Ou((log \) 7).
Furthermore, if Sy = S,, we have
AF(N) 7" = [S2vG1ov*So) 7,
which 1s independent of A and the choice of sign.

We note that these operators are finite rank on L? since S;L? is a finite-dimensional

subspace.

Proof. We begin by writing the projection S; = ) & S; where () is orthogonal to Ss.
We note that by Lemmas 7.2 and 7.5, () corresponds to a projection onto the p-wave
resonance space. By Corollary 7.3, ) has rank at most two. We first note that when
@ = 0, the statement follows (64) and the orthogonality property that SyvG;; = 0. The
invertibility of the resulting operator is guaranteed by Lemma 7.6. The following lemma

implies the proposition when Sy = 0.
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Lemma 5.5. When Q # 0, the operator QAT (\)Q is invertible for sufficiently small .
Further,
(QA*(NQ) ™ = Oi((log A) ™),

as an operator on QL?. Morever
(QAT(NQ)™ = (QA(NQ) ! = Or((log \) ).

Proof. We begin by showing that QA*()\)Q is invertible on QL% In the case that @ has

rank one, then using (64) we can see that QA (A\)Q is a scalar of the form

(195 (\) + )@, c1 € R\ {0}.

Which, by (20), suffices to show our desired results.

We now consider the case when @) has rank two. We may select an orthonormal basis
for QL?, {¢1, d2}. We claim that G ;v*¢; and Gy ;v* ¢y are linearly independent. Assume
they are not, and let ¢; = —Go ov*¢;, j = 1,2. Then for some c,

Y — Py = Go V™ (cpa — 1) = (go,o — %91;)0*(0% —¢1) € L?

by the proof of Lemma 7.1. By Lemma 7.2, ¢(z) = 2‘;&; G11v*¢ + Ty with Ty € L2

Hence {¢1, ¢} can only span a one-dimensional subspace of QL?. This proves our claim.

We now write with respect to the basis {¢1, ¢2}:

[RUNE (G11v* 01, G110* o) 2
(G110* 1, Grav*da)cz  |G11v* dal?

where A; is a 2 x 2 matrix of constants given by the contributions of ¢,vG; yv*¢;. Since

QA*(NQ =g (\) + Ai,

G1,10"¢1 and Gy 10" ¢y are linearly independent, the first matrix above is invertible, and
hence, for sufficiently small A, QA*(\)Q is invertible. Moreover the entries of its inverse
are rational functions in log()\), and the degree of the denominator is at least one more
than the degree of the numerator. In particular, they are of the form 51(@)
The final claim follows from the resolvent identity and (20), since (AT — A7)(\) is
independent of .
O

We now consider the case when both @), Sy # 0. We employ the Feshbach formula, see

a1 a2

for example Lemma 2.3 in [29]. If A(\) = ] , the invertibility of A(X) follows

a21 A2
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if both ags is invertible and a := (a1, — a12a55 a1 )" exists. Then, we have

. -1
(65) Ant=|" (122

—1 -1 -1 —1
—0g5 A21Q  Ggy (210012099 + Qg9

In our case ag = S2vG; v*Se which is invertible by Lemma 7.6. Moreover,
a = (QAi()\)Q - Qvgl,OU*SQ(Szvgl,OU*SZ)_1S2Ug1,OU*Q)71

exists for sufficiently small \ since QA*(\)Q is invertible by Lemma 5.5, while the second

summand is a A\ independent 2 x 2 matrix.
O

Lemma 5.6. Assume that |V (x)| < (x)~" and that zero is not a regular point of the
spectrum. If > 2+ 2k for some 0 < k < 1, then for 0 < |\| < 1, we have

Ba() ! = 1AS) 4 BEO),

where Ex (\) = O(JA|7'**) as an absolutely bounded operator.
Moreover, for fited 0 <~ < 3 and 3 <k <1, if > 2+ 2k, then (for || < |Xo| < 1)

(66) Ef (M) — B3 (h) = O(|A — Ao H7 A [72777H),
Proof. Using (63), Proposition 5.4, and Lemma 5.2, we have
1 _
BN = 5[ - 345N S EF(N)S)] T AT ()

— LA Z NS (NS AR (A

>/I>—‘

The series converges since A*(\)™! = O(1) and EQi()\) O(JA\|***) by Proposition 5.4

and Lemma 5.2 respectively. Moreover, we have
1l o _ : - _
EF(N) =1 D GATN) ISES (NS AT = O(IATH.
j=1
This also implies the Lipschitz bound when |A; — Ag| 2 |A2|. The Lipschitz bound when
A1 — 2| < |A2] & |A\1| follows by noting that in this case
(67) AT = AF() T = O(h = dallha[ ) = O(Ih = #7727,
A% = AT S A= dal R,
and by using the bounds in Lemma 5.2 for F3()). O
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We are now ready to obtain a suitable expansion for M*(\)~! when zero is not reg-
ular. Note that Proposition 5.4 and its proof gives detailed expansions for A(\)~!, in
particular, the projection () corresponds to the contribution of p-wave resonances and the

operator [SovG; gv*Ss] ™! to the threshold eigenspace, see Lemma 7.7 below.

Lemma 5.7. Under the hypothesis of Lemma 5.6, for 0 < |A\| < 1, we have

1
MEN)! = XslAﬂE(A)—ls1 + EEf(N),

where E; (\) satisfies the same bounds as E (\) in Lemma 5.6.

Proof. Using Lemma 5.3 with M = M*()\) and S = S}, and recalling that 7} S; = S;T} =
Sy, writing (ME(X) + 81)7t = [(ME(\) + S1)~! = Th] + T1, we have

MEN) Y = (MEN) + 81) 7+ (ME(N) 4+ 5) 718, B (ME(\) + Sp)
= Sy BLMS + (MF (V) + S1) 7+ [(MF(A) + S1) 7' = TS By Si(MF () + 81) 7
+ S1BIIS [(ME(N) + S) ™ = T1).

Using Lemma 5.6, we have

MEO) = SAT ) S + BV,

where
Ef(N) = S1E5 (A)S1+ (M (A +51) '+ [(MF(A)+51) ' =T1]Si BL' Si(M*(A) 4+ S1) !
+ S, BIISI[(MEN) 4+ S) 7 =T,

Since by Lemma 5.2 the operator (M*()\) + S;)~! satisfies better Lipschitz bounds than

EF(\), and since the last two terms are similar, we concentrate on the term
[(M*(N) 4+ S1)™" = TA]Si BZ Sy (M*(A) + 51) 7

By Lemma 5.2, specifically(59), we have (M*(\) + S;)~! = O(1), Combining this with
(20) we see that (M*()\) +5;)~!' — 71 = O(|A|'7). Also noting that Bi' = O(|]A|™!) by

Lemma 5.6, we have

[(MEO) + S1)7F = TS BELSH (ME(N) + 51) 7 = O(A°) = O(IA[72F), 0 < k < 1.
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The Lipschitz bound follows by using the bounds above and in addition the bounds in
Lemma 5.2 for (M*()\) + S;)~!, and by noting that

1 1
Be(M)™h = Be(Xo) ! = )\—IAi(Al)_l - )\—QAi(/\ﬁ_l + By () — By ().

The contribution of Ef is controlled by the bound in Lemma 5.6, specifically (66). For
the contribution of the remaining terms, we note

1 1 1 1 1

— AT T AT ) T = (- AT ) T - = (AT T = AT () ).

AT = A0 = (5 5 ) A0 - (A5 - At
Then (67) suffices to control the second term, while the first term is controlled by using

(A%(X))~! = O(1) by Proposition 5.4 and the simple bound

P BV WE A P i

6. SMALL ENERGY DISPERSIVE ESTIMATES WHEN ZERO IS NOT REGULAR

In this section we study the small energy portion of the Stone’s formula, (7), when zero

is not regular:

/ T eIV WRE — RyIA) (@) A

[e.e]

In particular, we prove the following result.

Proposition 6.1. Fiz 0 < v < 1. Assume that |V (z)| < (x)~P~. If zero is not regular
and 8 > 3 + 2, there is a finite-rank operator F, with

(68) sup

z,y

/Oo e NV[RY — Ry](N) (2, y) dh — Fy(z,y)| < (t>_%_7<$>w<y>77

where sup, , , |Fy(x,y)| $ 1, and if [t| > 2, sup,, |Fy(z,y)| < (log|t|)~". Furthermore, if

there is an eigenvalue only at zero, the bound (68) remains valid with F, = 0.

In fact, when zero is not regular we explicitly construct the finite rank operator F}, see

(70) below.

Proof of Proposition 6.1. Recall (52). As in the regular case, Lemma 4.6 suffices to control
the first few terms arising in (52), hence we turn our attention to the tail. Recall that by

Lemma 5.7 we have
1
ME(N)! = Xsl,aﬁﬂ(A)—lsl + EF(N).
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The contribution of the second term in the Stone’s formula is taken care of by Lemma 4.7
by taking k = % + v+ in the error bounds for Ef()). This requires that 8 > 3 + 2.

It remains to consider the contribution of

1
XRWRW&N(A)*lslmgtvngt.

If we replace at least one of the free resolvents with Rgﬁ — Go,0, we obtain further A
smallness which allows us to obtain the desired (t)~2 bound with minor modifications of

the proof of Lemma 4.7. In particular, we note that

1
XRa‘LVRa‘Lv*SlAi(A)‘lslngALVRgt
1 1
= XRgEvgo,ov*SlAi(A)—lsluRgEVRgt - X’RS—LV(RB—L — Goo)U*S1AE(N) LS WREVRE.
Further,
1
XROiVQQov*SlAi(A)_lSlvRa—LVRS—L
1 1
= XR(TVQQOU*SlAi()\)’lslvgo,OVROi + XROiVQO,Ov*SlAi(A)*lSlv(Rﬁ — Goo)VRy.

[terating this process, we may write

1

69) 5

REVREV S AT\ ISwREVRE
1
= Xgo,ovgmov*SlAi(A)_lslvgo,ovgo,o + Ery(N).

We first consider the contribution of the first term to the Stone’s formula. When there
is a p-wave resonance at zero, when S; — Sy # 0, using Proposition 5.4, the £ difference

easily yields a finite rank term with logarithmic decay in time since

, ~ 1
—itA
AN)O1 (————=)dA
/Re x() 1(/\log2)\)
satisfies the desired bound by Lemma 9.1.

So when there is a ‘p-wave’ resonance at zero, we can explicitly construct the operator

Ft by

A=A
A

(70) Fi 3:/ €_itAX(/\)go,ovgo,0U*S1(

[e.o]

1
)Slvgo,ovgo,o dA.
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In the eigenvalue only case, when S; = S5 # 0, by Proposition 5.4 the leading term in
(69) disappears by 4 cancellation since A*(\)~! is independent of the choice of sign in
this case. Therefore F, = 0.

For the terms in &, ,()), we have the following variant of Lemma 4.7 (we drop the £

signs since we do not rely on cancellation):

Lemma 6.2. Fiz 0 <~ < 5. Assume that |V (z)| < (x)"2727~. Let T()\) be an absolutely
bounded operator satisfying (for |A|, | M|, [A2] S 1 with || < |Aa])

T oy S AT

17(\) — 727 A — A2,

|HL2—>L2 ~ |)\
Then
| [N RV R TRV R )| £ ()74 ) 0

where Rj; = Ry, Goo, or Ro — Gopo, 7 =1,2,3,4, and at least one of them is Ry — Go .

Note that the hypothesis is satisfied by the mean value theorem if T(\) = O;(A~1) as
an absolutely bounded operator, in particular when T'(A) =  A=(A)~!

Proof. Let R := vR3VR,. Since each Ro, Goo, and Ry — Gy satisfies the bounds (33)
and (38), the operator R satisfies the bounds (55) and (56) in the proof of Lemma 4.7.
In particular, the L7 norm of R(\)(y1,y) is bounded in y and X, and the L2 mnorm of
R(M)(y1,9) — R(X2)(y1,) is bounded by (y)7| A1 — Ao 27| Mgz~

If R3 or Ry is equal to Ry — Goo. Then, by (33),

Ro(@,y) — Goo(z,y) = O(AI"™ (1 + |z —y[*7).

Therefore R satisfies the following improved pointwise bound

(71) [ ROy, )| S I (1 + g =yl ) ) ™

In particular, the L? norm of R(\)(y1,y) is bounded by |[A*~.
Using these bounds and the hypothesis for T, we see that (with T' :=
R1VR2U*TUR3VR4)

T (@)l S A
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This implies the uniform bound when ¢ is small. Also using this in the case |A\; —Aa| 2 | A2

we obtain
IT(A) = TO)] S A = Ao 27N 7277
When |[A; — Xo| < |A2| & |\1], we estimate [['(A1) — T'(A2)](x,y) by
I A2 A = Xa2 T A = Ao 2PN () () |
< A= Aol 7H N (@) ().

The first summand above corresponds to the case when the difference is on T and the
second summand corresponds to the remaining cases. Combining these bounds for 0 <

v < % we have
D) = T, 9)] S @) @) A = X707, 0] < 1,5 =1,2.

Therefore, by applying the Lipschitz argument as in (16), we bound the integral by
()27 (@) (y)". O

This finishes the proof of Proposition 6.1. U

7. THRESHOLD CHARACTERIZATION

The characterization of the threshold is similar to the characterization for the massive
case in [21]. See [23] for the three dimensional threshold characterization. These results

have roots in the characterizations for Schrodinger operators may be found in [24, 19, 16].

Lemma 7.1. Assume that |V (x)| < (x)~7 for some 8> 2. If ¢ € ker(T), then ¢ = Uvi
with v a distributional solution to Hy = 0 and v € LP(R?) for all p > 2.

Proof. Take ¢ € ker(T), ¢ € L?. Then
0=Tp=Up+vGoov"p=0 = ¢=-UvGyov*o.
Define 9 := =Gy ov*¢, then ¢ = Uvy. Now, with H = Dy +V = —ia-V+V,
HyY = (—ia-V+ V) = —ia- Vi + 0" Uv = ia - V(Goov*p) + v*¢
Here, recalling (28) and (3), we have

i - V(Goov*p) = ia - V(—ia - VGov* ) = A(=A) 1v*p = —v*¢
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distributionally. So,
Hip =io-V(Goov™p) + v = —v"¢p+0v"¢p =0.

That is, if ¢ € ker(T") we have Hi = 0. Now, to show that ¢ € LP, we have ) = —Gy ov*¢
with ¢ € L?. We can bound |Gy o(z,y)| < |z —y| ™! to employ a fractional integral operator

argument. So that,

(v)~~
/]1@2 HW@)\ dy

for 2 < ¢ < oo. Furthermore, since ¢ = Uvty) we have ¢» = =G V9, and

_9_
41 <1600V 01 5 | )

r2 [ — |

1l = 1Goov"éll < '

S ol
q

W)l dy < l1Wllsllle =17 ()7 )l S 1.

Thus, ¢ € LP for all p > 2.

Lemma 7.2. Assume that |V (z)| < (z)~F for some B> 2. If ¢ = Uvip € S1L? then

Y(z) = ﬁgm@% + 1

where Ty € L> N L.

Proof. By the last lemma, we have ¢ € L. We recall that ¢ = —G yv*¢ and the kernel

of G11is 1, so

v =5 [ 2B o) ay

o e r—yl? "

i a-(r—y) a-x], i x .
T T or - v dy — ——5G1,1v" .

The first term is in L? (see Lemma 7.3 in [21]). Combining this with ¢) € L> finishes the

proof. We note that the assumption that § > 2 suffices here, the logarithmic terms in
the massive case considered in [21] required further decay of the potential. These terms
do not occur in the massless case, specifically we need only (68) in [21] for which g > 2
is sufficient.

O

Corollary 7.3. The rank of Sy is at most two plus the dimension of the eigenspace at

ZET0.
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We note that the at most two dimensional space of resonances correspond to the p-wave
resonances in the massive Dirac, [21], and Schrédinger [19] operators. We again note that

there are no ‘s-wave’ resonances in the massless case.

Lemma 7.4. Assume that |V (z)] < (x)7? for some B > 2. If HYp = 0 with ¢ €
L? + Npe(2,00] LY, then ¢ = Uvy € SiL?, i.e. Top = 0.

Proof. Using Hiy = 0, we have ia - Vi = V) = v*¢p. We first show that ¢ = =G gv*¢.
Since ¢ = Uvyp € L?, we have that v*¢ € L'. Recalling (28), Goo = —ia- VGy, so
—ia - V[w + govov*gzﬂ = —ia- VY + AGov*p = v*p —v* ¢ = 0.
Thus,
—io- V[ 4+ Goov*d] =0 = ¢+ Goov*o = (c1, )T
Since 1 € L? + Mye(2,00 [P and Gogv*¢ € LP for all p > 2 by the proof of Lemma 7.1, we
have (c1, )" € L? + Nye(a,00 LP. Therefore, ¢; = ¢o =0, and ¢ = =Gy gv*¢ as desired.

Next, to show T'¢p = 0, we note that U¢p = U?vy) = vip. Also recalling that T =
U 4+ vGopv* and ¢ = =Gy gv* ¢, we have

Top=U¢p+vGyov ¢ =vy) —vih =0.
O

Recall that Sy is the projection onto the kernel of S1vG; 10*S;. We have the following

classification for SyL?:

Lemma 7.5. Assume that |V (z)| < (x)=? for some 8 > 2. Fix ¢ = Uvp € S;L?. Then
¢ € SoL? if and only if 1 € L?.

Proof. By Lemma 7.2, ¢ € L? if and only if G; ;v*¢ = 0, which is equivalent to ¢ being
in the kernel of S;vG; 1v*S5;.
O

We now prove that S;vG; ov*Ss is always invertible on SoL?.

Lemma 7.6. Assume that |V (z)| < (z)77 for some 3 > 2. For ¢ € S;L?, we have the
identity

(72) (Go,00" 9, Go,0v"9) = (V"9, G100"9).
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Furthermore, the kernel of SovGy gv* Sy is trivial.

Proof. First note that by Lemma 7.5, we have ¢ = —Gg ov*¢ € L% On the Fourier side,

0 E\— [0 &\ —
oo [ 5 (13)75 (¢ 1)),

- /R 2 ﬁﬁﬁ 0 B) s de.

Using the expansion Ry(—\?) = g(\)G11+ Go+O(A\ |z —y|°T) and Gy 1v*¢ = 0, we have

("6, Grov"0) = (v°6, Gov”¢) = lim ("¢, Ro(=A)v"0)

1
w2 €2
by monotone convergence theorem. This implies the identity (72).

Take ¢ in the kernel of SyvG; gv*Ss, then by the identity (72),

1 /\/\ S
= lim /R2 W<U*¢’U*¢>Cz d¢ = (U*gb, v*¢><c2 d€

A—0

||¢||%2 = (Go,0v"®, Goov"¢) = 0.
Thus, ¢ =0 and ¢ = Uvy = 0. O
Lemma 7.7. The projection onto the zero energy eigenspace is
Py = GoovS9[S20G, gv* Ss] 1S90 G .

The proof follows along the lines of Lemma 7.10 in [21]. For the sake of brevity, we

omit the proof.

8. HicH ENERGY DISPERSIVE ESTIMATES

We now provide a proof of Theorem 1.2, the high energy dispersive estimate. The

theorem follows from

Proposition 8.1. Under the hypotheses of Theorem 1.2, we have the bound

(73) sup| [N ROVR — RY N .0) dx\ <,

x7y

provided |V (z)| < (x)~2~. Furthermore, for 0 <~y < 2 we have

N

[ RRS - RO dA] < (@) () ),

provided |V ()| < ()P for some 8 > min(2 + 27, 3).
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We employ the resolvent identity twice to write
(74) Ry(N) = R5(N) = Ry (WVRF(N) + Ry (WVRE (VR (A).
By virtue of Theorem 2.1, we need only bound the second and third summands.

Lemma 8.2. The contribution of the second term in (74) to (73) satisfies the decay

bounds in Proposition 8.1.

Proof. We write the free resolvents as R (\)(7,y) = R (Mz —y|) + R5(M|z — y|), where
Rz —yl) = x(Alz = y)R§ (M2 — y]) and Ry (A|z — y]) = X(Alz — y)R5 (Alz — ).

We consider the contributions of terms with at least one instance of R, such as

1) [ [N ERNRE N = a1 + Rl = IV ()R e = ) dov,

and the two terms with only the low-energy part of the resolvents,
[ [N VR W= )R (Ao ) =Ry (o1 1R (M~ IV (1) dard
R

That is, we need only use the ‘+/-" on the ‘low-low’ term. We consider the ‘low-low’ term

first. By symmetry, we need only consider
(76) / /R2 TINTEXYN[RENw — 21]) — R (Mo — 21 )]V(z1)R (Mg — y|) dad).
From (9) and the support condition A|z — z;| < 1, we see that
XRE(Na = 21]) = R (Aw =2 D) SATF, k=0,1,2.
While from Lemma 3.2 and the support condition, we see that

1 1
RiMzr =yl S ———  |0RENa1 — )| S ~——ror
RENar =9I S —pr 1WREQe = yD| S o
1

PRENxy — <
‘ A L( |.Z'1 y‘)|~ )\(}\‘xl_y|>0+>

015 [ [ 2w dan

We can see that the integral is bounded uniformly in z and y by Lemma 9.2. For |¢| > 1,

which implies that

by a single integration by parts, one has

1 1 A 1
76 5—//A255A V(z ( + )ddiN
NS5 Jo Jeo ™ XV G = * e = o ) 1P S
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There are no boundary terms due to the cut-off. While integrating by parts twice yields

1 1 1
<= [ A2 ——drd)\ < —.
(015 35 [ VROV @) g dndd 5

We now turn to the contribution of (75), which necessitates spatial weights for faster time

decay. We have to control two terms. We first look at the ‘low-high’ interaction:
(77) / / e”MENDINT2= RN RT (M — 21| )V (1) @2 (21 — yl) dzrdA.
RQ

Using (36), we see that

@is [ o,

|z = x|y —yl2

The spatial integral is bounded by Lemma 9.2 with £k =1 and ¢ = %

For t > 1, without loss of generality we work with the ‘+’ case. We consider two
subcases based on the size of t — |z — y|. In the case that |t — |21 —y[| < £, we have that
|z1 — y| > t. Using (36) we have |&.(A|z; — y|)| < Azt~2. Then,

(77)| < 3 // N e LGRS
R2 ’«’L’ — 2]
Here the spatial integrals are controlled by Lemma 9.2. At the cost of spatial weights,
one may attain faster time decay. Furthermore, since |z, — y| 2 ¢, for v > 0 we have

1< 21 —y|? < (1) (y)"
~ t,y ~ t,y :

Thus,

77|5t—%// AT2TY W)l 4, L\
R2 ]a; — x4
1 v 1
t 27 ’7 // —5— |V(l‘1)|< > dx 1d)\ § t*§*’y<y>7'
R2

|$ il
Provided V decays sufficiently, Lemma 9.2 controls the spatial integrals.
t

On the other hand, if |t — |z; — y[| > § we integrate by parts twice. There are no

boundary terms due to the support of the cut-off, and we see

) / R XONRE N — a1V (@)@ (M — y))]| darnd)

1
< —2// )\_g_%()\) [V (z1)] —drid)\ < -
t* Jr Jre2 lzy — x|y — 1|2 t
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The final term to consider is the ‘high-high’ interaction in (75).

(78) / / e_it)‘ii)‘”x_“|+|x1_y|)/\_2_§()\)c~ui(/\|m — 1)V (x1)wr( Nz — y|) dzidA
R JR?

We consider the ‘+’ case. The integral is bounded in t as before. For t > 1, first we
consider when |t —|z—x|— |z —y|| < £. In this case we have that max{|z—x1], |t1—y[} 2
t. The analysis then proceeds as in the bounds for (77) in the analogous case.

Finally, if [t — |# — 21| — |21 — y|| > § we may integrate by parts twice to obtain

1
(t =z = 21| = |21 — |

1(78)] < 2 /R/R? | XA @x (Mz—21 )V (21)ws (A2 —y|)] | daydA

1
5‘2// A V(1) _ daqd) <2
t R RZ |

r— 2|3y — y|2

This finishes the proof.
O

Lemma 8.3. The contribution of the third term in (74) to (73) satisfies the decay bounds

in Proposition 8.1.

Proof. We drop the =+ signs since one can not use the £ cancellation in this case, and we
consider only the ‘+’ case.

Under the hypotheses of Theorem 1.2, we have the limiting absorption principle

1
sup ||OSRE (M) || 2otk sk S 1, o> -, k=012,
A>0 2

see [17]. The main obstacle at the moment is that Ro(\)(x,-) is not locally in L? due to
the ﬁ singularity in Ry. We write

RoVRyVRy = RLVRyVRL +RuVRvVRL +RLVRyVRy + RuVRvVRy.

Now, using the resolvent identity on Ry for terms involving R, we have

(79) RoVRyV R,
= RLV[Ry — RoVRo + ReVRy VR VR + RiV[Ro — RyVR VR
+RLVIRy — RoVRY]VRE + RuVRyVRy.

The summands that do not contain Ry follow roughly the same argument as in the

previous lemma. Cancellation between terms (as in (76)) is not needed even at low
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V(z1)V (z2)
z1l|z1—z2||T2—Y|

energy because the iterated integral [ g, P dxidx, is bounded uniformly in
x and y.

We consider first the contribution of the final term in (79):

(80) / %RHVRVVRH(/\)(L?;) d

e—z’A(t—ly—mI—\w2—$|)>z()\)
- / A2+ wr(A|lz — 21 )[VRvV](21, 22)ws (A2 — y|) drydaadA.
R5

The boundedness of this integral follows from the bound in (36):

X(A)
|(80)] §/R var e Ale =DV Ol g e lIRV I g oyl L =g DV g 4 dA
< / XN <1

R AL+

To show the time decay, we do an analysis as in the proof of the ‘high-high’ term in
Lemma 8.2. Let 11,15 be a partition of unity such that ¢1(z) + 1a(z) = 1 with s
supported on |z| 2 1 and ¥ on |z| < 1. Using (36) we see that

[o(|z — 1] f)wr Nz — 21 )V (@) oy, S A2

[wi (Al — y|)v($2)\|L2,%+ < Az

z2
Also using the limiting absorption principle, we estimate (80) in this case by

t—i/X(’\>dA<t—%.
R

A S

To obtain the faster decay, note that for any v > 0,

[$2(lz — 21| /t)wr (A — 21 )V (z1) ]| 23+

L)

| — | L S AR (z)Ttr

suw0x—mvw( )wAMx—xmvmou

Li’ﬁ
The case Y1 (|x — x1|/t)2(|xe — y|/t) is treated similarly. It remains to consider the
contribution of ¢y (|x — z1|/t)¥1 (|z2 — y|/t), which implies that t — |z — 2| — |z2 —y| > £.
Therefore, we can integrate by parts twice to obtain (with wy (A, t, |z — x1]) := ¥y (Jx —

1| /Hwy (Alz — 21]))
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d\

1 X (A
1(80)| < t_2/ / 8§(X( )wl()\,t, |z — 21| ) [VRyV(z1, 22)wi (N, £, |22 — y|))dz1dzs
R | JRre

2
1 e~
5;2 /\IX()\)Z

R =0

V(@) (z,) "2 H0F

\x—xllé

2 ||8§RV||L2,%+Z+_>L27—%—[—
Tl

X H V(2g)(mg) 2 HEF

|2 —y|% L2,

d/\<l.

We turn now to a ‘low-low’ interaction term in (79):
(81) / eTNTTXWRLVROVRYVRVRL(N) dA
R

For the inner resolvents we use the following bounds for A 2 1, which are not sharp but

suffice for our purposes

RN )| S 4 (e o) k=0

|z —y]
The boundedness and time decay follows from the limiting absorption principle and the

observation that

1
HLQ’%* S Az

|SRLV RV (z, )

The remaining terms in (79) can be treated similarly. O

9. INTEGRAL ESTIMATES

Finally, we provide proof of the integral estimates that are used throughout the paper.

We first provide the time decay estimate.

Lemma 9.1. We have the bound

1 1 i,
/emx()\)Ol (—2) d)\' < for a
R Alog™ A (log |t~ ¢ > 2.

Proof. The boundedness of the integral follows from the integrability of (Alog®A)~* on

the support of x. The large [t| decay follows by dividing the integral into [A| < [¢|~! and
integrating by parts when |\| > |t|™!, see Lemma 3.2 in [16]. O

Now, we catalog the spatial integral estimates we use. The first bound is a special case
of Lemma 6.3 in [18].
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Lemma 9.2. For0<k, (<2, 3>0sothatk+/{+53>2andk+{+#2,

—B— 1 max{0,k+¢—2}
/ <3U1Z ' dry < (_) .
R ] |z =y

We also state the following corollaries:

Lemma 9.3. For any v > 0, we have
/Rz(lﬂj =y (= y) ) ) T (= gl =yl Ty S () ()
Lemma 9.4. The following integral bound holds
/RQ (T4 lyn =l ™) o) > (L4 Jyz =y ) dy S (1 + [ —91™).

Proof. The proof follows using Lemma 9.2 provided we show

2
/ (We) dys S1+ Jyr —y|".
r2 |1 — y2||y2 - y|

We note that
1 1 1
S 7+ =
[y —vallye =yl ™ [y — vallye — [y — vally2 —

and Lemma 9.2 finishes the proof.
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