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ABSTRACT. We consider the fourth order Schrédinger operator H = A% 4+ V and show that

if there are no eigenvalues or resonances in the absolutely continuous spectrum of H that the

solution operator e~ *H gsatisfies a large time integrable \t|_% decay rate between weighted

spaces. This bound improves what is possible for the free case in two directions; both better
time decay and smaller spatial weights. In the case of a mild resonance at zero energy, we
derive the operator-valued expansion e *# P, .(H) = t’%AO ++ 1A, where Ay : L' — L™

is an operator of rank at most four and A; maps between polynomially weighted spaces.

1. INTRODUCTION

In this paper we study the dynamics of the solution operator to the fourth order

Schrodinger equation
(1) W= (A + V)Y, (0,2) = f(x), zeR

Here V' is a real-valued decaying potential. For convenience, we denote the fourth order
Schrodinger operator H := A? +V, and P,.(H) is projection onto the absolutely continuous
subspace of L?(IR3) associated to the self-adjoint operator H.

In the free case, when V' = 0, it is well known (c.f. [2]) that the solution operator satsfies

the dispersive estimate
_itA2 _3
le™™2 fllzeo @y S [E73 0 fllor @s)-

The notation A < B means there exists an absolute constant C' so that |A| < C|B|. In
9], it was shown that the solution operator e~ P, .(H) for (1) satisfies the same dispersive
bound as above for a generic class of short range perturbations. In this paper we show that

a generic perturbation can lead to faster time decay.
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Theorem 1.1. If zero is a reqular point of the spectrum of H, and there are no embedded

eigenvalues in the spectrum of H, then we have the following
e Pac(H) fll o1y S 175 1 llnasy, 16 =1
provided |V (x)| < (x)~" for some B> 1.
Here (z) := (14 |z/|?)2. The polynomially weighted L? spaces are defined by
LPo(R = {f : ()°f € LP(R®)}, 1<p<oo, ccR.

This result shows that that one can obtain faster, time-integrable decay if the perturbation V'
removes the natural zero energy resonance, at the cost of spatial weights. One can interpolate

between the result in Theorem 1.1 and the result in [9] to show the bound
— _3_g
(2) le™ Poc(H) fllzmomoquay S 11752 | fllro@sy, /=1, 0<o<1

The condition that zero energy is regular prohibits the existence of solutions to HyY = 0
with ¢ € L>°(R3). If there is a non-trivial solution with 1 € L>*(R3) we say there is a zero
energy resonance (or eigenvalue if ¢ € L?(IR?)), see [9] for a detailed study of these threshold
phenomena. We say 1 is a resonance of the first kind if ¢» € L>°(R?) but + ¢ LP(R?) for any
p < 0.

The free operator Hy = A? is excluded from Theorem 1.1 due to the existence of the zero
energy resonance of the first kind, namely the constant function ¥ (x) = 1. Consequently, it

does not obtain the same decay rate. There is an explicit solution formula in the free case
—itA2 _3 _1
S pa) =t [ K( o= ) F) dy
R

with the kernel K(z) being the inverse Fourier transform of e~I". Since K(x) is bounded,
smooth, and radially symmetric, it satisfies |[K(z) — K(0)] < |#[?, which in turn makes
Kt Y4z —y)) — KO)] < t7 2]z —y|2 < t72(2)%(y)2. If we define P, to be the rank-one

projection onto the constant function v, it follows that
— _3 _5
le™ 2% f = t7XK(0) P f[| o2y S [H7 4] fll 2o

Remark 2.4 below provides an alternate derivation of this bound for the free evolution. In
Theorem 1.2 we show that this behavior is representative of what occurs when there is a
resonance of the first kind. Comparing the two statements, we see that when a perturbation

removes the resonance at zero, the result of Theorem 1.1 improves upon the free case in two
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ways: both the overall time decay and the required spatial weights in the |t|’% part of the

solution.

Theorem 1.2. If there is a resonance of the first kind at zero, and there are no embedded

eigenvalues in the spectrum of H, then we have the following

- _5
[ PuclH) = Bl imsqay S [ F oy ]2 1

with F; a time-dependent operator of rank at most four that satisfies |Fi|l1500 S [t]7%.
Provided |V (z)| < (z)77 for some > 11.

Effectively, the resonant perturbed evolution has two pieces. The time-decay of F; matches
the natural decay rate of the free equation, and it has rank at most four, the maximum
dimension of the zero energy resonance space if there is only a resonance of the first kind.
We explicitly construct this operator in (41) below. The remaining piece enjoys the same

rate of time-decay as when zero energy is regular. In all cases the small time estimates are
i _3
le™ Poc(H) fll oo ey S 72 fllresy, [t < 1,

due to the high energy portion of the evolution. Hence the dispersive bounds we prove are
integrable in time over the entire real line. If integrability in time is the main concern, our

proof of Theorem 1.2 is easily modified to show the bound
(e Puc(H) = Bl 2wy S 17 Wy, It > 1,

which necessitates only |V (z)| < (z)~? for some 8 > 9, see Remark 4.4 below.

The fourth order operators H = A?—eA+V with € € {0, +1} were formulated to study the
propagation of laser beams in a bulk medium with Kerr non-linearity, [26, 27]. Dispersive
estimates were considered in [3, 2]. Much of the analysis of the dispersive estimates has
been done for the case of € = 0, with recent work spurred on by the the weighted L?
based analysis of Feng, Soffer and Yao in dimensions n > 5, [12]. The effect of zero energy
resonances was then investigated by Toprak and the second author, [20] in four dimensions
and Erdogan, Toprak and the second author in three dimensions in the L! — L™ setting,
[9]. Weighted L? estimates are considered in [14] in higher dimensions. The case of ¢ = 1 is
considered in [11], the case of e = —1 is open. Higher order Schrédinger operators (—A)™+V
are studied in [15]. In contrast to the second order Schriodinger operator, for higher order
operators there can be embedded eigenvalues even for perturbations by compactly supported,

smooth potentials. Examples can be constructed using the fact that the analogous Helmholtz
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equation (A% — A\*)y = 0 admits exponentially decaying solutions in R3. Theorem 1.11 and
Remark 1.12 in [15] establish a criteria to rule out embedded eigenvalues. Of particular
relevance to the class of potentials we consider is the criterion that a repulsive potential, one
satisfying V (yz) < V(x) for all v > 1, does not have any embedded eigenvalues.

The recent study of the dispersive bounds for fourth order equations builds heavily on
results for the (second order) Schrédinger operator, see [23, 25, 33, 19, 36, 10, 16, 7, 6, 17, 18]
for study of the effect of threshold obstructions on the dispersive estimates. Generically a
threshold obstruction leads to a slower large time-decay in the dispersive estimate. The
result of Theorem 1.1 mirrors the result of Erdogan and the second author in [8] for the
two dimensional Schrodinger operator, where one can obtain an integrable time-decay at the
cost of spatial weights. The result of Theorem 1.2 mirrors the result of Toprak, [37], which
connected results in [7, 8] to quantify the effect of a ‘mild’ resonance on the evolution of the
two dimensional Schrédinger operator. Such estimates are of use in the study of asymptotic
stablity of special solutions to nonlinear equations. Nonlinear fourth order equations have
been studied, see for example [28, 29, 30, 21, 34, 35, 22, 31, 32, 4, 5, 13].

As is the standard set-up for proving dispersive estimates, we utilize the spectral theory
of H to reduce to bounding oscillatory integrals in the spectral parameter. First, we relate
the resolvent of the free fourth order operator to the free second order Schrodinger operator

(c.f. [12] or apply the second resolvent identity) to see that

N 2\1/2 ((_A —Vz) = (-A- J—_z)*1>, 2 €C\ [0, 00).

For convenience, we denote Ry(z) = (—A —2)~! for the usual Schrodinger resolvent. For the

(3) R(Hp;z):=(A*—2)7*

potentials considered we have a Weyl criterion and hence o,.(H) = 0,.(A?) = [0,00). Let

A € RT, we define the limiting resolvent operators by

(4) R*(Hy; \) := R(Hy; A £i0) = 1ir(1)a+(A2 — (M £ie)) 7,
(5) RE(N) == Ry (A £i0) = lir&(H — (A Eie)) L.

Note that using the representation (3) for R(Hy; 2) in definition (4) with z = w* for w in
the first quandrant of the complex plane, and taking limits as w approaches the real (w — \)
and imaginary axes (w — i) from the first quadrant, we obtain

1
T 22
Note that Ro(—\?) is a bounded operator on L? when A > 0. Further, by Agmon’s limit-

(6) R (Hy M) (RO = Ro(=X3)), A>0,

ing absorption principle, [1], RF(\?) is well-defined between weighted L? spaces. Therefore,
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R*(Hy; \Y) is also well-defined between these weighted spaces. This property extends to
RE()\) provided there are no eigenvalues in the spectrum, [12]. While the absence of em-
bedded eigenvalues is a standard assumption in the analysis of dispersive estimates, we note
that [15] establishes classes of potentials for which embedded eigenvalues cannot exist but
we choose to keep the absence of embedded eigenvalues as an overarching assumption. Using
the functional calculus and Stone’s formula we write
) 1 e )
™) P (@) = 5 [ PR - Ry @)dr
i Jo

Here the difference of the perturbed resolvents provides the spectral measure. We make the
change of variables A — A* to bound

2 [~ _

= [ eTNIRENY = Rp(X)]f (x)dA

0
For the convenience of the reader, we have gathered the notation and terminology we

use throughout the paper. Similar notation is used in previous study of the fourth order
Schrddinger operator in [20, 9]. For an operator £(X), we write £(A) = Or(A~?) if its kernel
E(N)(z,y) has the property
(8) sup  [AYEN) (2, 9)] + ATHAEN) (2, y)] + - + ATFOREN) (2, y)|] < oc.

z,y€R3,A>0

Similarly, we use the notation £(\) = Ox(A"%g(z,y)) if £(N)(z,y) satisfies
(9) [EN) (@, 9)] + AMAEN) (@, y)| + -+ AIREN) (2, y)| S A g(2, ).

For operators on L%(R?) we also recall the following terminology from [36, 7]: An operator
T : L*(R?) — L?*(R3) with kernel T'(-,-) is absolutely bounded if the operator with kernel
|T(-,-)| is bounded from L?(R3) to L?(R?) as well. Finite rank and Hilbert-Schmidt operators
are immediately absolutely bounded. The symbol I'y denotes a A dependent absolutely

bounded operator satisfying

<N A>0.

12 ~

(10) ITslll 2, o + Al[1OTl[] 2, 2 + A*[|IORT ol .

In other words it is similar to Oy(\’) except in the family of bounded operators on L2
instead of as maps from L! to L®. The operator represented by I'y may be different in each
occurrence.

We use the smooth, even low energy cut-off x defined by x(A) = 1if |A\| < A\g < 1 and
X(A) = 0 when |A| > 2\ for some sufficiently small constant 0 < Ay < 1. In analyzing the
high energy we utilize the complementary cut-off Y(\) = 1—x(A). Throughout the paper, an
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exponent a— denotes a — € for an arbitrarily small, but fixed € > 0. Similarly, a+ indicates
a—+ €.

The paper is organized as follows. We begin in Section 2 by showing that the unperturbed
solution operator satisfies the low energy bounds in Theorem 1.2. In Section 3 we prove the
low energy portion of the evolution satisfies Theorem 1.1 and show that perturbing the free
operator by a potential that removes the natural zero energy resonance leads to faster time
decay at the cost of spatial weights. In Section 4 we establish the low energy portion of
Theorem 1.2 and construct the operator F;. Finally, in Section 5 we control the high energy

portion of the evolution completing the proofs of Theorems 1.1 and 1.2.

2. THE FREE EvOLUTION

In this section we obtain expansions for the free fourth order Schrédinger resolvent op-
erators R*(Hy; \*), using the identity (3) and the Bessel function representation of the
Schrodinger free resolvents Ri(\?). We use these expansions to establish dispersive esti-
mates for the free fourth order Schrodinger evolution, and throughout the remainder of the
paper to study the spectral measure for the perturbed operator. Our expansions are similar
to those obtained in [9], but our analysis requires control on further derivatives in all cases.

Recall the expression of the free Schrédinger resolvents in dimension three, (see [19] for

example)
e:ti)\ |lz—y|

Ry (X)(z,y) = yp—k

Therefore, by (6),

1 etirlz—yl e~ Alz—yl
(11) Ri(H07)‘4)(x7y) = _< )

oN \ drlz —y| 4|z —y|

We have the following representation for the R(Hy, A*).
+

(12) R*(Ho, \)(z,y) = “7 + E(N), Eo(\) =G+ &N, E1(N) = afAG1 + E(N).
Here
1+4 1Fi |z —y
+ . £ _ _ — 2
(13) a— = S ) a; {7 - (3')7 G()(flf,y) 87 ) GI(J;?y) |ZE y| .

Notice that Gy = (A?)~'. When Az — y| < 1, we have & () = Ox(A 1z — y|7), E(N) =
Ox(N|z — y|'*7), 0 < v < 1 and &(N) = Ox(A |z — y|*™), for 0 < v < 2. The larger
range of v for £ () follows since the A? terms in the series expansion of (11) cancel. When

Az —y| 2 1, the expansion remains valid for the first derivative.
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For control of the second derivative, we note that if Az —y| = 1,

x p—
R (o A ) £ P e —yl), forany 20

Hence, 93€;()), j = 0, 1 satisfies the same bounds when Az — y| > 1. Thus, we may write

(14) E(N) =01z —yl"), &) =0a(lz—yl), 0<y<1,
(15) E1(N) = 0Nz —y|'"7), 0<y <1,
(16) Ey(N\) = O,(MN T —y*™), 0<~y <2

The following lemma is used repeatedly to obtain low energy dispersive estimates.

Lemma 2.1. Fiz 0 < a < 4. Assume that E(X) = O2(A*) for 0 < A < 1, then we have the

bound
(17) ‘ /O h e Y (MAEN) dA' < (1),

Proof. By the support condition and since 0 < «, the integral is bounded. Now, for |t| > 1

we rewrite the integral in (17) as

e

[e.e]

t
/ e A3V (NE(N) dA +/ 1 e NYNEN) dN =T+ 11
; -

t 4

We see that

t
1] g/ Mgy <t it
0

=

For the second term, we use 8/\6*“/\4/(_4@15) — o—itAt)3

67“}‘45()\) e—itA4€/()\)

—4it |1 (44)2M3

to integrate by parts twice,

L e (€0
e e aA( o)™

1 '(t1 1 [ o
t

ti t2 Ji-d

Il =

Then, we have

Another useful bound is

Lemma 2.2. [9, Lemma 3.1] Fiz 0 < o < 4. Assume that E(A\) = O1(A™®) for 0 < A <1,

then we have the bound
(18) ’ / e N NNEN) dA| < (1)
0

These can be combined to give a characterization of the free evolution.
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Lemma 2.3. For any —1 < o <1 We have the expansion
N NNR (A = R (. X

=(at —a") /000 e_it’\4x()\))\2 AN+ O((t) ™5 (z) o (y) ).

Proof. Using (12) we have

(R (Ho, A — (B M) = T

Using (14), &5 — & = O1(A"1|z — y|7). Inserting this into the Stone’s formula along with

+[& — &)

Lemma 2.2, noting |z —y| < (z)(y), yields the claim. suffices to prove the desired bound for
—14+7=0<0. If 6 >0, we use (15) and (12) to write & — & = & — & in Lemma 2.1.
The remaining case of 0 = 0 follows by interpolating between the two proven cases of 0 = 0+
and o = 0— respectively.

0

Remark 2.4. [t was shown in [2, 9] that the free operator satisfies the bound

W

. 2 _
€2 [y St
A consequence of the bound above is the operator-valued expansion
itA2 -3 -1-Z
e = |t| 4A0+|t| 4A1

where Ag : L' — L™ is rank one and A; : LYo — L7179 for any —1 < o < 1.

Theorem 1.2 matches this expansion when o = 1, except possibly for the rank of Ap.
Comparing this expansion to the result in Theorem 1.1, we see that if zero energy is reqular
one obtains better time decay since Ay = 0 in this case. Further, the spatial weights required

in Theorem 1.1 are one power smaller for the ]t\’% term than for the free evolution.

3. WEIGHTED BOUNDS WHEN ZERO IS REGULAR

The main goal of this section is to establish the following

Proposition 3.1. If zero is a regular point and |V (x)| < (x)=F for some 8 > 7, then we

have the following expansion for the perturbed resolvent in a sufficiently small neighborhood

of \=0:

(19) Ry (M) (@,y) = Co + Oa(M)(y))-
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In particular,
(20) Ry — Ry = O2(Ma)(y))-

The low energy portion of Theorem 1.1 follows from this bound and the oscillatory integral
estimate in Lemma 2.1.
To understand (7) for small energies, i.e. 0 < A < 1, we use the symmetric resolvent

identity. We define U(z) =sign(V (z)), v(z) = |V (z)|2, and write
(21) Ry (') = R*(Ho, A*) — R (Ho, X Yu(M* (X)) "'vR*(Hy, \*),

where M*()\) = U+vR*(Hy, \*)v. As a result, we need to obtain expansions for (M=()))~1.
The behavior of these operators as A — 0 depends on the type of resonances at zero energy,
see Section 4 of [9]. We first develop an approriate expansion when zero is regular to construct
the low energy spectral measure in Stone’s formula, (7).

Let T := U + vGgv, and recall (10), we have the following expansions.

Lemma 3.2. For 0 < A < 1 define M*()\) = U + vR*(Hy, \*)v. Let P = v{-,0)||V|{*

denote the orthogonal projection onto the span of v. We have

(22) MF=(X) = A(\) + My"(N),

_ IVlhat

(23) AE(N) P+T,

where T := U + vGov and M (\) = v&,(N)v = T, for any 0 < v < 1, provided that
v(z) < (x)"377~. Where E(N) is the operator from (14). Moreover,

(24) MF(A) = af wGiv+ T, 0<y<2

provided that v(z) < (x)"577~. Here the operators and the error term are Hilbert-Schmidt,

and hence absolutely bounded operators.

Proof. Using the expansion (12) and the bounds on & (\) and &(A) in (15) and (16) respec-
tively in the definition of M*(\) and M ()) suffices to establish the bounds.
U

The definition below classifies the type of resonances considered in this paper at the
threshold energy. A more detailed study of the remaining types of resonances may be found

in Definition 4.2 and Section 7 of [9].
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Definition 3.3. i) Let Q := I — P. Zero is a reqular point of the spectrum of A* +V
provided QT'Q is invertible on QL?. In that case we define Dy := (QTQ)™' as an
absolutely bounded operator on QL? provided |V (z)| < (x)™° by Lemma 4.3 in [9)].

ii) Assume that zero is not regular point of the spectrum. Let Sy be the Riesz projection
onto the kernel of QT'Q. Then QT'Q + S, is invertible on QL*. Accordingly, we define
Dy = (QTQ + S1)7Y, as an operator on QL?. (This agrees with the previous definition
since S1 = 0 when zero is reqular.) We say there is a resonance of the first kind at zero

if the operator Ty := ST PTS; — "g")lg S,vG1vSy is invertible on Sy L>.

Note that T" is a compact perturbation of U. Hence, the Fredholm alternative guarantees
that S; is a finite-rank projection. Also, S7 < @ and Qv = 0, hence S;v = 0. Second,
since T is a self-adjoint operator and S; is the Riesz projection onto its kernel, we have
S1Dy = DyS1 = Si.

Recall from (22) that M*(\) = A*(X\) + MF(\). If zero is regular then we have the

following expansion for (A%(\))~1.

Lemma 3.4. [9, Lemma 4.5] Let 0 < A < 1. If zero is reqular point of the spectrum of H.

Then, we have

(25) (AF(N) ™ = QDoQ + g (NS,
where g=(\) = (5 Wy c)~! for some ¢ € R, and
P —PTQD
. o QDyQ
—QDyQTP QDyQTPTQDyQ
is a self-adjoint, finite rank operator. Moreover, the same formula holds for (A*(\) + S;)~*

with Do = (Q(T + S1)Q) ! if zero is not regular.

This lemma and the definition preceeding it are of use in Section 4 when we consider a
resonance of the first kind. For the rest of this section, we only consider the case when zero
is regular and S; = 0. With the assumption that v(z) < ()72, we are able to conclude
from Lemma 3.2 that MF()\) =T.

By Lemma 3.4, AT(\)™* =T, and then

MEA)TH=ATN)T = AT ) TIME (N A+ AT T M) AT ()
(27) = AT() T = ATO) I AT
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Another application of Lemma 3.4 leads

(28) R (\") = RT(Ho, \') — R*(Ho, \YYvAT(N\)"wR" (Hp, \*)
+ R (Ho, Ao AT (N T AT (N R (Hy, M)

There is significant cancellation in that the leading part of R™(Hy, \*)v is orthogonal to the
range of Q).

Lemma 3.5. If v(z) < (2)75~, then R*(Hy, A)vQ is O5(1) as an operator from L*(R3) to
L~ 1(R?).

Proof. For all ¥ € QL?, [v(y)¢(y) dy = 0, hence R*(Hy, \)vQ = (R*(Ho, \*) — 2)0Q. It
follows from (12) and (14) that (RT(Hy, \*) — %) = Os(|z — yl), which is also Oz({x)(y)).
The result follows as long as (y)v € L*(R?). O

We first consider the final term in (28).

Lemma 3.6. The kernel of g"(A\)RT(Hy, A\?) is Oo({x){y)). As a consequence, if v(z) <

~

(x5~ then R (Ho, X YvAT(N) ! = O5(1) as an operator from L2(R3) to LY (R?), and
RY(Ho, AY)vAT(N)T'T1AY(A) 'R T (Ho, M) = Oa(A(z)(y)).

Proof. The scalar function g™ (X) = Aa™||[V||; + cA)™" is both O5(A) and Oy(1). Recalling
(14), we see that RT(Hy, \*) = % + Oz(]z — y|). Then the products @ = 0y(1) and
Ox(|x — y|)gT(A) = Oz(|x — y|), and both of these are O((z)(y)).

Recall that RT(Hy, A ) vAT(A\)™! = R (Ho, \Y)v(QDoQ + g(\)S). The first part of the
product is Oy(1) as a map from L*(R?) to L>>~1(R3) by Lemma 3.5. The second part of
the product, using (14), satisfies the same bounds since g™ (A\)R*(Hy, A*) = Oz({(z)(y)) and
(y)v € L*(R?).

Finally, the operator A*(\)"'vR*(Hy, A*) is Oq(1) as a map from L“(R3) to L*(R3). So
the composition of these pieces together with T'; is an Og(\) map from L' (R?) to L1 (R?),
or in other words it is Oy(A(x)(y)). O

Before proceeding further, we recall from (12) that the expansion of the free resolvent
R*(Hp, \*) is % + Go + Oz(A|z — y|?). Its remainder term is worse than the Oy (A (z)(y))
required for Proposition 3.1. Controlling the first two terms of (28) requires finding additional
cancellation within & = Oy(A|x — y|?). Using (6) and (12), the kernel of & ()\) has the form

KMz —vy|) e —e* z
2 = 2T I Ky=%9—¢ _ +1%
( 9) Sl<)‘7x7y) A ) (’2) 812 a’ + ST
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The functions K;(z) = zK'(z) and Ky(z) = zK(z) are useful in a moment. By the Leibniz

rule,
d _ KAz —y]) + Ki(Az —y))
d)\gl()‘aajay) - )\2 ,
d? 2K Nz —y|) — 3K (A|z — y|) + KoMz —

All three functions have the property |K;(2)| < 2% and |K}(2)| < z for all positive z. We
note that the bound |K(z)| < z is also true. By the Mean Value Theorem,

(30) KNz —yl) = K;(Ma))| S N (y) max(|z — yl, |2]) S \*(y) max((z), ().
We may insert K;(\|y|) into this estimate as below without changing the upper bound,
| K (Ao —y]) = K;(Az]) = K;(Aly])| S A*(y) max((z), (y))-

However the left side is symmetric in x and y. thus it is also bounded by A(z) max((z), (y)).
We may conclude that

(31) KAz —yl) = K;(AJz]) = K;(Aly])| S A?min((2), (y)) max((z), (y)) = \*(2)(y).
Lemma 3.7. If v(z) < (z)727, then &vQ is Os(\) as an operator from L*(R3) to
L1 (RY),

Proof. For all ¢ € QL?, [v(y)y(y) dy = 0, hence using (29),

vt =| [ A (KO = =) = KOla)o(:)0(e) b
< A

/Rg<z> max((z), (z))v(2)|(2)| dz < (),

provided (z)?v € L*(R?). Similar estimates can made for the derivatives of £ ()\) using the

bounds on K; and K. O

For clarity in the calculations to follow, we denote 1 to be the operator with integral kernel
1(z,y) = 1. That way R*(Hy, \*) is %1 +& = %1 + Go+&;. The crucial step in the proof

of Proposition 3.1 is in the estimate below for the first two terms of (28).
Lemma 3.8. Ifv(z) < ()72, then

R*(Hy, \*) — RT(Ho, X" YvAT(\) o R (Hy, \*)
c GovSvl 4+ 1vSvGq
IVl IVl

= G() — [GQUQDOQUGO + + Og()\<l’> <y>)
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This ultimately explains why the statement of Theorem 1.1 has a lower order of polynomial

weights than Theorem 1.2 or the evolution of the unperturbed solution operator.

Proof. By (25), we may write
(32) RT(Ho, \*) — R (Ho, NYYvAT(N) "R (Hy, \*)
= RT(Hp, \*) — g" (N R (Ho, \YvSvR™ (Ho, \*) — R* (Hy, \Y)YvQDoQuR ™ (Hy, \*)

The last term can be further expanded as

(Go + E1(A)vQDoQu(Go + E1(N))
= G()UQDOQUGO + 51<)\)UQD0QUG0 + GoUQDongl()\> + gl(A)UQDongl()\)

Here we used the orthogonality of ) to the span of v. Using Lemma 3.7 as needed, we

conclude that
R*(Hy, XYvQDoQuR" (Hy, \') = GovQDoQuGo + Oa2(A(x) (y)).
The function g™ (\) has the power series expansion

2
(33) GO = A V]l + en) = A

— _ Oy( N3
VI~ @ T

which allows us to write

(34) R (Hy, \*) — gt (N R (Ho, \YYvSvR ' (Hy, \*)
A
a*t[|Vl

C)\2 + 4 + 4 T
+ WR (Ho, A" )uSvR™ (Ho, A*) + O2(X(x)(y)).

The error term follows since Lemma 3.6 implies that ART(Hy, \*) = Oq({x){y)) and AS =T;.

Now we take inventory of the order A\=', A° and remainder terms in the rest of

= RT(Hy, \*) RY(Hy, XY YuSvR" (Hy, \*)

(34). Recalling (12) and Lemma 3.4 we see that the only term of order \° arising from
N RT(Hy, \Y ) vSvRT(Hy, A*) comes from the projection P in the upper-left corner of (26).
All other parts of S introduce expressions R (Hy, A)vQ or QuR™(Hy, A*) which neu-
tralizes the leading order part of R*(Hy, A*) by Lemma 3.5. More specifically, writing
ART(Hg, A\*) = a™ + A& (N), we have

(35) AR (Ho, N)uSuR* (Hy, A
= (a")?10Sv1 + a" A(E(N)vSvl + 1vSvE(N)) + AN2E(A)vSvEn(N)
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= (@) [VIh1 + O2(AMz)(y)).
We have used (26) and the fact that Qul = 1vQ = 0 to see lvSvl = 1vPvl, the identity
1lvPvl = ||V|11, as well as Lemma 3.5.
The next term requires carrying out the expansion a little farther than in (35) by writing
Eo(A) = Go + &1(N) in the expansion of the resolvent.
ARY(Hy, \)vSvR* (Hy, \*)
= A" a")*10Svl + at (E(N\)vSvl + 1vSvEH(N)) + AE(N)vSvE(N)
= A" (a")?|V]11 + at (GovSvl + 1vSvGy)
+atE(N)vSvl + at1vSvE (N) + A (A)vSv€n(N).

Using (26), Qul =0, (14), (15) and Lemmas 3.5 and 3.7 as needed, we conclude that

A atl  GyvSvl + 1vSvG,
36 RY(Hy, NYvSvRT(Hy, \*) = + =
36) gt (o XJuseRE(Ho, ) = =3 VT
E1(NvPvl 4+ 1vPvEL (M

We note that by (15) the & (A) terms are order Oy(A(x)?(y)?), which is too large to be
included in the remainder.

The free resolvent has the expansion RT(Hy, A1) = “+1 + Go + &E1(N). The leading-order
term cancels immediately with its counterpart in (36) in their contribution to (32). The
lemma, and Proposition 3.1, concludes with one last estimate,

(37) £10V) — E(AN)vPul + 1vPv&i () — 0, )).

V1l
Using the facts that Pvl = v1, and [v*(z)dz = ||V|)1, along with (29), the operator on the
left side of (37) has kernel

(38) ‘( O =)~ [ KO D e [ o - ||v(|\idz)

K(Ola =y = KOlel) = KO _ [ Ko =2) = KOle) s 2(2)
= X / T,
/K A|y— )= KOy v*(2)
v

From the inequalities (30), (31) for K we can see that

v? v?

&) = &)1~ LB S M) + A [ () + ) g a: <)
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provided |v(z)] < (z)~2~. Bounds for the first two derivatives can be computed from (38)

d2
axz

K1 and KQ. O

by using the Leibniz rule formulas for & (\) and 45€1(\) and the analogous properties of

Finally, we prove the main Proposition.

of Proposition 3.1. Inserting the results of Lemma 3.6, 3.8 into (21), specifically the expan-
sion (28) suffices to prove the desired result.
O

We collect a couple of notes for future reference when handling the resonant case in
the next section. First, the cancellation of order A~ terms between R (Hy, A*) and
RY(Ho, \)vgt(N\)SvRT(Hy, \*) takes place in the same manner because the projection in
the upper left corner of S in (26) is the same in either case.

The fact that the constant, order \° terms, are the same for R{;(A*) and R;(\?) in the
resonant case is much more difficult to check by hand. However, note that the original
definition of R3;(\*) = Ry (A*£i0) implies that Ry, (\*) = Ry ((iA\)*). As a consequence, the
power series coefficients for R{5(A\*) should coincide for each term of order A\* and for the

constant term in particular.

4. WEIGHTED BOUNDS WHEN THERE IS A RESONANCE OF THE FIRST KIND

The main goal of this section is to establish the following

Proposition 4.1. If there is a resonance of the first kind at zero and |V (x)| < (x)=F for
some 3 > 11, then we have the following expansion for the perturbed resolvent in a sufficiently
small neighborhood of A = 0:

(39) BEO () = TNz 40y 1 00,

Where CE| is an operator of rank at most four given by
CF = (Gov + a* 1w FF) Dy (vGy + a* Fifvl)
where F;f = ms + afvG1vQDyQ, and Ff = ms + afQDyQuGv. In particular,

ct —-C

(40) Rf = Ry = ==

+02(Mx)*(1)°).
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From this theorem we can write an explicit formulation of the time dependent operator

F; in the statement of Theorem 1.2,

2 [ s ct —CZ
41 F== TN (N L d\
(41) == [ e =g
Since D; = 51D,1.51, we can see that C’fl is an operator of rank at most the rank of S;. By
Remark 7.9 in [9], in the case of a resonance of the first kind the rank of S; is at most four.
As in the case when zero is regular, we need to understand the resolvent as A — 0, hence we

study the operators M*(\)~1.

Lemma 4.2. If there is a resonance of the first kind at zero and if v(z) < (x)~2 ~, then

_ a[[V][.Dy

T + My + AM + N2Mg" +T's.

[MEWN)]™H = (MF(X) + 1)~
Furthermore, Dy, MSE, Mli and Mgi are finite-rank operators.

Our expansions vary from those presented in [9] as we need further information on the

second derivative for our goals. We begin with the following lemma from [24].

Lemma 4.3. [24, Lemma 2.1] Let M be a closed operator on a Hilbert space H and S a
projection. Suppose M + S has a bounded inverse. Then M has a bounded inverse if and

only if
B:=8—-SWM+5)'S

has a bounded inverse in SH, and in this case
(42) M'=(M+8)"'+(M+8)'SB'S(M+9)"".

We use this lemma with M = M*(\) and S = S; to prove Lemma 4.2. Then, we have
BE(\) = 81— S1(M*(X)+51)71S; on S;L2. We note that since S is a finite rank projection,
both B£(\) and B*(\)~! are finite rank operators. In the case of a resonance of the first

kind, S7 has rank at most four.

of Lemma 4.2. Using (24) and (25), via a longer Neumann series expansion than in (27)

when S7 = 0, we obtain

(43) (M=) + S1)™" = QDo@Q + g7 (NS — af AQDoQuG1vQ Do @
— aiAg* (V) [@DoQuG1vS + SvG1vQDoQ] + (af)*N?QDoQ(vG1vQDyQ)* + T3,
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provided that v(z) < ()2 . Here we note that all the operators are A independent, and

we carefully note any + dependence.

(44) Si(M=(\) + S1) 7S = S + (VT — af Ag= (V) S1vG S,
— aiAg=(A)S1 [vG1vS + SvGv] St + (a] )N S10G1vQDyQuG1vS; + T3

Therefore

BE(\) = S, — Si(M*(\) + 8)) 7S, = —g= (N Ty
+ aFAgF(N) S, (vG v + SvGiv + vG1wS)S) — (aF)* A2 S1vG1vQDyQuG VS, + SiT3S5).

Recalling (33), a careful Neumann series computation yield the expansion

_af [V
A

Here the operators BO and 3071 are independent of both A and the choice of . Substituting

(45) and (43) into (42) finishes the proof.

(45) Bi<)\)_1 == Dl — CDl - aitaiDléoDl —+ ((Iitai)2Dléo7lD1 + D1F1D1.

O
We are now ready to prove Proposition 4.1.
of Proposition 4.1. By the symmetric resolvent identity, we need to understand the behavior
of
Ry (') = R (Ho, \*) — R*(Ho, A*)(M™(X) + S1)""R*(Ho, \")
— RE(Ho, \Y(ME(N) + 81) 718 BE(N) LS (ME(N) + S1) ' RE(Hy, \Y).

The contribution of the first two terms, and the cancellation of their most singular A terms
follow exactly as in the case when there is no resonance at zero, that is when S; = 0. The

expansion in Proposition 3.1 implies that
R*(Ho, \') — R*(Ho, \")(M*(X) 4+ S1) "' R*(Ho, A*) = Co1 + O2(A\z) (y)).

This follows since the leading terms of the expansion in (M*(X) +5;)~! and M*(\)~!, on

which the delicate cancellation relies, are identical. Namely, by (44)
(M=(N) + 81)7! = QDoQ + g*(A)S + QT1Q.
The remaining terms in (43) is controlled using that Lemma 3.5 implies that

R*(Hy, MYvQTQuR™(Hy, ') = Oy(Mz) (y)).
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For the remainder of the proof, we seck to establish that the order zero terms in (39) are
independent of the choice of ‘+” or ‘-’. For simplicity, we drop the superscripts and consider

the ‘47 case unless otherwise noted. We write
(M + Sl)_l = QD()Q + )\Ml —f- )\2M2 + Fg.

Here M; = ﬁS + a1Q DyQuG1vQ Dy and a careful Neumann series computation yields

—C aq

3]
S — D GivS — —Sv@G D
@IVIES ~ avy, ¢Poeec vEQDiQ

al[Vy
+ aiQ DyQuG1vQ DyQuG1vQ Dy Q.

(46) M, =

Since B = [g(A\)T1 + O9(N?)], and using (33), as in (45) we may write
1
Bl = XB‘l + By + ABy,

here B_; = a||V'||;D; where D; = S;T; 'S the operators are explicit in (45).

Then, we have the following as expansion for sufficiently small \:

(M +S) 'S, B71S (M + S) ™t

= [QDOQ + AM; + A2M2] {/\‘13_1 + By + )\Bl} lQDoQ + A\M, + A2M2]
= A"'QDyQB_1QDoQ + {QDoQB_lMl + M1 B_1QDo@Q + QDoQBoQDoQ}
+ A [MQB_lQDOQ + QDoQB_1 M, + My ByQDoQ + QDoQBy M,
+ MyB_ M + QDOQBIQDOQ}

+ A2 |:MIBOM1 + MyB_1Ms + MyB_1 My + QDyQT'y + FOQDOQ} +T's.

Using
1
R(Ho, \) = 5= + Go + @AG1 + £ (N,

and that 1vQ = Qul = 0, we arrive at the following expansion
(47) R(Hy, \Yo(M + S,) 'S B71S1 (M + Sy) "wR(Hy, \*) =

1
X GoUQDoQBleDoQ”UGO + GoUQDoQB,1M10&1

+ Cl]_/UMlelQDoQ/UGO + &1UMlB,1M1Ua1
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+ |a1G1vQDyQB_1QDyQuGy + a1GovQDoQB_1QDyQuG + GovQDyQB_1 MivG

+ G()UMlB_lQD()QUGO + alleQDOQB_lMlval + alleB_lQDngGlal
+ G()UQD(]QB()QD()QUGO + CL].’UMQBleDoQ’UGO + G(]UQDOQBfle'UCL]_
+ CL].UMlBoQDoQ’UGO + Go’UQDQQBoMl?)&]_ + GoUMlB,1M1UCZ1 + alUMlB,1M10G0

+ alvM, ByMyval + alvMyB_i Myval + alvMyB_ i Myval | 4+ Oy (Mz)?(y)?).

Our goal is to show that the order \° terms are all independent of the ‘+ or ‘-’ in the
resolvent. Recalling (13), we see a™a] = a~a;, which allows us to conclude the following
pairs from the above expansion are 4+ independent: a;B_;, M;B_;. This also implies that
(aa1)?, and hence the combinations a;B_;Mja, and aM; are + independent. Further, it
follows from (45) that By is &+ independent. We may also conclude that the combination
aM; By is £ independent. Finally, using (46) we may conclude that the combinations aM;B_4
and aM,B_1Mja are + independent.

These computations suffice to establish the claim that the order \° terms cancel in the
+/— difference. Using that S1QDy@ = QDyQS; = S; on the order A™! operator in (47)
yields the formula for C*, given in Proposition 4.1.

OJ

Proposition 4.1, along with oscillatory integral bounds in Lemmas 2.1 and 2.2 yields the
dispersive bound
e M Puc(H)X(H) = Aoy () + Ai(t) 7,

where A_; is an operator from L' — L> and A, : L}? — L>~2,

Remark 4.4. We note that the error term in Lemma 4.2, specifically (43) may be replaced by
[y, which requires only that v(z) < (a:>_%_. This filters through the argument, allowing one

to replace the error terms Uy, with Ty_14, and the error term in (47) is now Ox(A\(z)%(y)?).

This yields the expansion
e M P, (H)X(H) = A (t)"5 + Ay (t)™"",

where A_y is an operator from L' — L™ and Ay, : LY — L2 requiring only |V (z)| <
()P for B > 9.
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5. HIGH ENERGY
To complete the proofs of Theorem 1.1 and 1.2, we need to control the contribution of the

high energy portion, A 2 1, in (7). The effect of a zero energy resonance is only felt in a

neighborhood of zero. Hence, we need only prove one bound for the high energy.

Proposition 5.1. Let |V (z)| < (x)7°~, and assume there are no embedded eigenvalues in

the continuous spectrum of H, then for |t| > 1

(48) ‘ /O ) e NI RGN (. y) dA] S 172 ) ()

Recall that Y(A\) = 1 — x()) is a cut-off away from a small neighborhood of A = 0. In
Proposition 6.1 of [9], the uniform bound:

(49) sup < Jef

z,yeR3

/ IR RE () (. ) AN

0

was established. This bound holds true under the hypotheses of Proposition 5.1. The bound
in (48) decays faster for large ¢ at the cost of spatial weights. This bound can be established
directly by integration by parts. Using the support condition of X(\) and the decay of Ri;(\?)

as A — oo established below, there will be no boundary terms and it suffices to control
< 1 [ (2EQE I
0

(50) v
To prove the Proposition 5.1 we use the resolvent identities and write,

dA.

/ I TN REA) (2, y) dA
0

(51) Ry(\Y) = RE(Hy, \) — R (Hy, \YYV RE(Hy, \*) + R (Ho, \Y YV Ry (A V RE(Hy, \Y).
Recall by (12), we have

(52) R*(Ho, \)(w,y) = Or(A7),  ORR*(Ho, A)(,y) = O (2)(y)).

This, along with the fact that A = 1, shows that

(53) ON[R™(Ho, NV R*(Ho, X)) = O *(2){y)),  k=0,1,2.

This suffices to establish the desired bound for the contribution of the first summand of (51)
to (50). In fact, the spatial weights are only necessary when k = 2. Furthermore, these
bounds suffice to control the second summand of (51) to (50) as they imply (for £k = 0,1,2)
|OXR* (Ho, NV RE(Ho, A*) (2, y)]] S A7 () (y) /3(931>|V(561)|d$1 S A @) ().
R

The assumed decay on V' suffices to ensure the integral converges.
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For the final summand in (51), we utilize the limiting absorption principle.

Theorem 5.2. [12, Theorem 2.23] Let |V(x)| < (x)7*"t. Then for any o > k + 1/2,
OF Ry (2) € B(L*°(RY), L>7°(RY)) is continuous for = ¢ 0UX. Further,
105 Ry (2) | 2o ety s 2o ey S 2~ EF/
Note that first by (52), and using that L® C L>~3~, we have
(54) IR (Ho, A p1osp2-0 = O1(A7Y), 0 >3/2,

which implies the dual estimate as an operator from L?*° — L°. Hence, by Theorem 5.2 we

have the following estimate
|[R*(Ho, \'Y)V Ry (X")V R*(Ho, \"))|
S RF(Ho, Al 2.1 [V Ry (N V|| 2o p2o | R (Hos A |1 5120 S A2,

provided |V (x)| < (x)72~. Similarly, by (52) and Theorem 5.2 (with z = \?) one obtains
the same bound for 9\[R*(Hy, A\Y)V Ry (\")V R*(H,, A*)]. Finally,

(55) | B (Ho, ")V Ry (A)V RF(Hy, M)} S A7 (@) (y)

provided |V (z)| < (x)7°. Here, we note that the extra decay on V is needed when the
derivatives fall on the perturbed resolvent Ry so that V' maps L2>~3~ — [23+. The weights

arise from when both derivatives fall on a single free resolvent, (52).
of Proposition 5.1. Substituting (52), (53) and (55) into (51) we have shown that
KRy AN S A (@) (), k=012,

Hence, by (50), we have

‘ / e NN RE (W) () dA
0

B0 [ gy 5 20

We are now ready to prove the main theorems.

of Theorems 1.1 and 1.2. Interpolating between the high energy bounds (48) and (49) suffice
to show that the large energy portion of the solution satsifies the required bounds in either
case.

For the low energy portion when zero is regular, we note that Proposition 3.1, specifically

(20) may be inserted into the Stone’s formula (7). Lemma 2.1 provides the desired time
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decay. When there is a resonance of the first kind at zero, we use (40) in Proposition 4.1 in
the Stone’s formula. Now, the operator F; is controlled by Lemma 2.2 and the remaining

piece is controlled by Lemma 2.1.
OJ
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