MATRIX A, WEIGHTS VIA MAXIMAL FUNCTIONS
MICHAEL GOLDBERG

ABSTRACT. The matrix A, condition extends several results in weighted norm
theory to functions taking values in a finite-dimensional vector space. Here we
show that the matrix A, condition leads to LP-boundedness of a Hardy-Littlewood
maximal function, then use this estimate to establish a bound for the weighted LP
norm of singular integral operators.

1. PRELIMINARIES

Weighted Norm theory forms a basic component of the study of singular inte-
grals. Here one attempts to characterize those measure spaces over which a broad
class of singular integral operators remain bounded. For the case of singular inte-
gral operators on C-valued functions in Euclidean space, the answer is given by the
Hunt-Muckenhoupt-Wheeden theorem [10]. It states that the necessary and suffi-
cient condition for boundedness in LP(du) is that du = W (z) dx and the function W

. .- 1 1/p 1 o 1/p'
satisfies the A, condition, namely: <® / Wda:) <E / wv/ pdx) < C for
B B

all balls B C R™.

The A, condition requires considerable interpretation in order to apply it to weighted
measures of C%valued functions. First, the weight W (x) should take values in the
space of positive d x d Hermitian forms. This raises concerns about the order in which
products are taken, since matrices need not commute, and also what it means for the
quantity on the left-hand side to be uniformly bounded. Treil [21] conjectured that
the correct statement of the matrix A, condition should be

lel;pH(ﬁ/BdeYm(%/BW_ldx)lmH < 00

where exponents 1/2 indicate operator powers of a nonnegative matrix. This was
subsequently proven in [23] and again in [24].

If p is different from 2, the matrix A, condition cannot be written in terms of
averages of operator powers of weight W. Averages still play a crucial role, however
it is more accurate to regard W (x) as a Banach space norm on C¢ rather than a
matrix. A correct formulation of the matrix A, condition, which is also the subject
of this note, first appeared in [12] and [25]. Because their statements do not appear
similar, it is especially important to understand what properties matrix A, weights
share with their scalar counterparts. This is discussed further in the next section.
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Boundedness estimates on singular integral operators were originally obtained by
way of the Hardy-Littlewood maximal function M. If a scalar weight W possesses
the A, property (several equivalent definitions are given in [18]), then the L? norm of
any singular integral is dominated by the LP norm of M via a distributional argument
commonly known as the good-\ inequality. The A, condition is specifically required
to ensure that ||M f||Leqw) < C|| fl e

Some of these techniques fail to generalize to the case of vector-valued functions
with matrix weights. There is no known analogue of the A, property to create
simultaneous estimates for every exponent p. The weak-L?(W) spaces used to prove
boundedness of the Hardy-Littlewood maximal function are not well defined in this
setting. In general, much of the ability to compare objects and dominate one by
another is lost when the objects are vectors rather than scalars. The theory of
matrix weights has consequently evolved along much different lines. One fundamental
technique employed in both [23] and [25] is to choose a good basis (often inspired by
Haar functions) in LP(W) and consider the integral operator as a matrix acting on
the coefficient space. Estimates may then be made separately on the matrix and on
the coefficient embedding operator. Even in the scalar case these ideas have yielded
new results and new ways of approaching weighted norm problems.

In this note we attempt to tackle the difficulties of extending the classical theory, or
else circumvent them. Some arguments may be borrowed nearly word for word, some
remain intact only if they are presented in a specific manner. Our hope is to discover
which properties of scalar A, weights admit some generalization to the case of vector-
valued functions and matrix weights, leading to a more complete understanding of
the matrix A, class.

Let T be a singular integral operator associated to kernel K (z) in the sense that
Tf(x) = [z K(z —y)f(y)dy for almost every = outside the support of f. The
following regularity hypotheses are to be assumed for K:

(1) [K(2)] < Cla|™ and |[VK (2)] < Cla| ™

and additionally we suppose that for some choice of p, 1 < p < oo, the bound
T f|lzr < Al f|lzr holds for all f € LP. One may then apply T to functions taking
values in C? by allowing it to act separately on each coordinate function, that is:
(I'f); = Tf;. This new operator, also denoted by 7', is a singular integral operator
whose associated convolution kernel is K times the identity matrix.

In a similar manner, define the truncated operators 7, to be convolution with
K(x) = X{u>aK(x) for all € > 0. Note that 7" and the T¢ all commute with
pointwise multiplication by any constant matrix A, in other words AT f = T(Af).

A matrix weight W is a function on R"™ taking values in d x d positive-definite
matrices, with weighted norm space LP(WW') defined by

2) LAy = /R WP P

One is often concerned with the relationship between a weight and its average over
arbitrary balls. The most straightforward notion of an average, Wy = |—113| i) g Wdx,
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turns out to be useful only in the study of L?(TW). With any exponent p # 2, this
does not properly respect the structure of the underlying LP-space. The following
definitions are needed instead:

A metric p = p,(-) denotes a family of Banach space norms on C¢, indexed by
x € R". The weighted norm space L”(p) is given by

A )

Note that for any matrix weight W, LP(W) is isometrically equivalent to LP(p) with
the metric p,(e) = |[W'/?(z)e|. Given a ball B C R" and an exponent p > 1, let p, 5
be defined by the formula

pate) = (g7 [ [pate))”ar)”

This will be our method for averaging the metric p over a ball B.
The dual metric p* is defined pointwise in = to be

o e D)
pile) = sup o ®)

One immediate consequence is that (e, f) < p%(e)p.(f).

Proposition 1.1. For any e € C* and any ball B C R", p% g(e) > (pp.)*(e).

Proof. Given two vectors e, f € C?,

1 *
e.0) < g [ iepn(0)ds

) Gy fora)”

= (€05 (f)
(e.f)

PP,B(f)
over all f € C4. O

In other words, p, p(e) >

. The proof is completed by taking the supremum

A metric p is called an A, metric if there exists some constant C' < oo so that the
opposite statement

(3) Py p(€) < C(py)*(e) forall balls B C R"

is also true. Since the averages over cubes and balls in R™ differ by no more that a
fixed constant, A, metrics satisfy an analogous condition for cubes, and vice versa.
Stated either way, the A, condition characterizes an important class of weighted
measures.

Theorem 1. (Nazarov,Treil [12], Volberg [25]) Letd < co. The following statements
are equivalent:

1) The Hilbert Transform is bounded on LP(p).

2) pis an A, metric.
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We will prove this theorem again for metrics which are induced by some matrix
weight W. There is no loss of generality because for fixed dimension d < oo every
metric can be uniformly approximated by matrix weights.

Proposition 1.2. Let d < oco. Given a Banach space norm p, on C?, there exists a
positive selfadjoint matric W, such that

(4) pa(€) < [Wa(e)| < Vd-py(e) forall e e C.

Proof. Let O represent the unit ball of p,, and E the ellipsoid of maximal volume
contained in O. There exists a positive selfadjoint matrix W, such that W, (F) is the
standard unit ball in C?. The image W,(O) is a convex balanced set containing the
unit ball, and containing no ellipsoid of greater volume.

If there exists a point v € W,(O) with |v| > v/d, then by convexity the boundary
of W,(O) can only be tangent to the unit sphere at points w such that

(W, v) < — < —

For some § > 0 the ellipsoid with major axis length ¢° in the direction of v and
minor axes length e%/ (V=1 ip every direction perpendicular to v is also contained
in W,(0O). This has strictly greater volume than the unit ball, contradicting the
property of W, (O) stated above. O

It is now possible to state the A, condition in terms of matrix weights, though some
precision is lost in the process. Given a matrix weight W and a ball B C R", define
a Banach space norm Xp on C¢ by considering the LP(W) norm of characteristic

functions on B.
-1
IVllxp = 1Bl Y2 Ixa vl

By proposition 1.2 there exists a positive-definite d x d matrix Vg such that
Ivilx, < |Vev| < dY?||v||x,. From a heuristic standpoint, V3 might be consid-
ered an “LP average” of W'/? over ball B. With p/ = z% the dual exponent to p,
let V}, be an L" average of W~/P. In summary, matrices Vg, V}; enjoy the following
properties:

Vev| ~ [ BI7PxsWPv] o
Vav] ~ [BI7 IxsW ]|

(5)

Remark. The definition of Vz and V}; depends implicitly on the method used to
approximate Banach space norms by matrices. For the purposes of our discussion,
Vg and V}; may be any two matrices satisfying (5).
The statement about weights taking the place of proposition 1.1 is
|VsVie| > |e] for all vectors e € C? and balls B C R™.
A matrix weight W satisfies the matriz A, condition if VgV}; are uniformly bounded
as operators on C¢; that is

(6) VsV < C < oo for all balls B C R”
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The exact value of C' depends on the choice of Vg and V}, and is therefore determined
here only up to a factor of d.

Our approach to Theorem 1 is styled after Coifman and Fefferman’s proof [5] in
the scalar (d = 1) case. Two technical problems arise immediately: first that general
d x d matrices do not commute with one another, and second the matter of defining
a maximal operator for vector-valued functions. To choose pointwise a vector with
the largest ¢?(C%) magnitude is clearly wrong because the effect of weight W (x)
may depend strongly on the direction. In the special case where W is uniformly
nonsingular (i.e. ||W(z)| - ||[W ' (z)|| < C for all z) this can be controlled by a
constant factor, but we have no such a priori assumptions about W.

For this reason our analysis will take place primarily in unweighted L? spaces,
following [4]. Rather than deal with T" directly, we consider the action of W/PT W ~1/p
on functions in L?(dx). With the family of truncated operators W/P?T. W ~1/? in mind,
we define the maximal truncated operator (W'/?T), to be

(7) (WYPT), f(z) = sup [WYPT, f ()]

with the convention that f = W~'/Pg and g is a function in L(dz). One estimate
from the scalar theory that remains wholly intact is the bound

(8) (WHPTW =4 Pg|(z) < [(WPT).WHPg|(2) + Clg(x)|

The constant C' depends only on our choice of operator 7" but not on the function
g. This will allow us to infer the boundedness of 7" by controlling the behavior
of its truncations. Our primary results are the following four theorems, numbered
according to the section in which they appear:

Four Theorems.

(3.2) If W is a matriz A, weight, there exists § > 0 such that the vector Hardy-
Littlewood mazximal function M, (defined in section 3) is a bounded operator from
LY(R"™; CY) to LY(R;R) whenever |p —q| < 4.

(4.2): Given a singular integral operator T as above, and a weight W € A, there
exists & > 0 such that (WYPT),W=YP is a bounded operator from LI(R™;C%) to
L1(R; R) whenever |p —q| < 6.

(5.1): Consequently WYPTW =7 is bounded on LI(R™; C?) for these exponents q.
(5.2): In particular, T is bounded on LP(W) if W € A,. With one additional hy-
pothesis on the structure of T', the converse statement is also true.

Remark. The exponent W'/? is used throughout, even when we are considering
functions under an L? norm with ¢ # p. This places us squarely in the setting of [25],
where the A, metric WP is the basic object of study. Theorem 5.1 then asserts that
any A, metric is also an A, metric for all ¢ in some open interval containing p.

2. PROPERTIES OF A, WEIGHTS

We would like first to characterize the matrix A, class in a more transparent
manner by borrowing a lemma from [12]:
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Proposition 2.1. A metric p, satisfies the A, condition if and only if the operators
f— XBﬁ fodx are uniformly bounded on LP(p). In fact, the uniform bound is
equal to the A, constant of p.

Proof. The LP(p) norm of XB% [ [dx is given by ﬁ(fB [py(fodx)}pdy)l/p
which in turn is equal to |B|~"%p, p( [ f dz). Therefore

f(x))d
sup HXB\B\ fod«THLp = Sup sup |B|~ 1/p' %

I fllp ()= ecCd
, el rp (o * (e
— sup |B|_1/p ||XB ||[:’ (p*) — su pp ,BE )
ecCd (Pp,)*(€) cecd (Pp,5)*(€)
Equality between the first and second lines takes place because LP(p) is the dual
space of LP (p*). O

Corollary 2.2. Let p be an A, metric. For any vector v € C?, p,(v)P is a scalar A,
weight with constant less than or equal to that of p.

Proof. Let ¢ be any scalar function and consider f = ¢v. The weighted norm of f
i || fllro) = ([ 0" v)|Pdz)'/?. Proposition 2.1 applied to f states that all maps
o — XB‘%' I gbdx are unlformly bounded on the LP space with measure [p,(Vv)]Pdz,

with norms less than the A, constant of p. We now apply Proposition 2.1 again,
this time in the scalar setting, to conclude that [p,(v)]? is a scalar A, weight whose
constant is also less than the A, constant of p. 0

Corollary 2.3. If W is a matriz A, weight, then ||W|| is a scalar A,weight.

Proof. Let e; be the standard unit basis for C?. Since W (z) is a nonnegative and
selfadjoint operator at each point x,

W ()| = [[WP(2)|[P/? ~ [tr(W2P(z))]P/2

(Z |W1/p ) Z |W1/p Je;|?

pointwise in z. By corollary 2.2, each individual function |W1/?(x)e;[P is a scalar
A, weight, therefore their sum is as well. O

(9)

Remarks. Both of these corollaries are proven in [23] for the case p = 2, and are
adapted here with minimal alteration.

From this point forward we will work exclusively in the language of matrix weights.
While our primary definition of A, weights (6) is decidedly less elegant than that of
A, metrics (3), the ability to use notaion and theorems from linear algebra makes it
a worthwhile sacrifice.

One crucial feature in the theory of scalar A, weights is the presence of “Reverse
Holder” inequalities estimating the average of W1*¢ in terms of the average of W.
We will employ inequalities of a similar character as the centerpiece of our analysis.
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Proposition 2.4. Let W be an A, weight. Then there exist § > 0 and constants C,
such that for all balls B C R",

1
(10) W / WY () Vi Py < Cy, all g < p+ 5
B

1
(11) 5 / Vs W=Ye(y)|dy < C,, all g < of + 5
B

Proof. We will verify only the first of these statements. The second one is proven in
an identical manner with the starting point that W="/? is an A, weight.

By Corollary 2.2, all functions of the form |[W/P(y)Vje|P are scalar A, weights
with A, norms bounded uniformly in e. It is therefore possible to choose ¢ and C
so that the Reverse Holder inequality

1 / 1 1 qa/p
— | [WYP(y)\Vielldy < C, —/ WP () VielPdy
B, W @)Viel (57 [ W) ViePdy)

is satisfied for all e € C.

Let e; once again be the standard unit basis for C?. It is useful to remember that
the norm of any d x d matrix M (not necessarily Hermitian) is controlled by its action
on the vectors e; via the formula

|M|| < d"?sup [ Me]

We may now estimate the desired integral:

1 1
5 / W) Valldy < o / (d2 sup WP () Vier]) dy
B B 7

d d
1 1 q/p
< dq/zz®/3|wl/p(y)vgei|qdy < qu <@/B|W1/p(y>vée"|pdy)
=1 i=1
d
~ qu ’VBVéei’q < d - Cq“VBVéHq < Cq.
i=1

Note. In later sections we will also use the slightly weaker inequality
(12) B [ W)V dy < G all g <+ 8

B
whose proof follows the above calculations almost word for word.

3. THE HARDY-LITTLEWOOD MAXIMAL FUNCTION

There is a wide variety of possible maximal functions to choose from, each of
which has its own advantages and limitations. In [4] we first considered an auxiliary
maximal function M/, given by

(13) Mg —sup’B|/\VB ~r(y)g(y)| dy

z€eB
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Although the intuitive meaning of M is unclear, one may approach it with the
classical tools of weak-type inequalities and interpolation. A direct application of the
second reverse Holder inequality (11) proves the following lemma.

Lemma 3.1. Let W be an A, weight. Then there exists 6 > 0 such that
1M, 9llLe < CollgllLamnicay, all g € L7, all ¢ > p — .

Sketch of Proof. The reverse Holder inequality allows us to extend Proposition 2.1
to exponents p — d < ¢ < oo. For this maximal function one may use the Vitali
Covering Lemma to obtain a weak-type (g, ¢) estimate. The result then follows from
the Marcinkiewicz Interpolation Theorem.

The vector Hardy-Littlewood maximal function M, is defined as
(14) Magla) = sup oz | W)W 7 (4)gly) dy
r€EB ‘B’

The following equivalent definition of M, is often quite useful:
(15) Myg(x) = M(IWYP (@)W P ()g()]) (x)

Here M denotes the classical Hardy-Littlewood maximal operator acting on scalar-
valued functions. The only difference between M, and M), is the presence of a
weight W'/P(z) rather than an average weight Vg over a ball containing x. The
reverse Holder inequalities suggest that A, weights are often pointwise comparable
to their averages, in which case ||M,g|| would be controlled by || M/ g||. For a range
of exponents near p, this line of reasoning can be made precise.

Theorem 3.2. Let W be an A, weight. Then there exists 0 > 0 such that
[ Muwgllze < Collgll amncay, all g € L, all |p—q| < 6.

Proof. Let us suppose for a moment that the suprema defining M,,g and M g are
taken over cubes in some dyadic grid. The entire preceding discussion holds for
maximal functions over cubes, so in particular we can still estimate || M/ g|| via Lemma
3.1. For each point x, choose a (dyadic) cube R, such that

Myg(z) < 2[R, | / WP @)WV (y)g(y) | dy

Ry
< AWV (IR [ Vi waw)la).

For each integer j, define {S;} to be the collection of dyadic cubes R = R, that
are maximal with respect to the property 2/ < |R|™" [, [VRW =17 (y)g(y)|dy < 27+1.
Maximality insures that whenever M,,g(z) # 0 the cube R, is contained in some S
with

Rl [ VW gy < 2087 [ VW gty
Ry J

When j is fixed, the disjoint union U;S; is contained in the set where M/ g(x) > 27.
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Consider the functions Ng(z) = sup WP (2)V; !, defined for = € Q. By virtue

rERCQ
of the preceding two statements, the inequality M, g(z) < 4 - 27! Ng (x) must hold
for some number j (this is trivial at the points where M, g(x) = 0). It follows that

(16) Mgl <C 3 3 / N, (@

]_—OO

By Lemma 3.3 below, we can continue the estimate as follows:

IMugl|L. < C Z 21y Isl<cC Z 2 {Myg > 2} < C|M,,qll%,

j=—00 S j=—00

The proof is then complete by Lemma 3.1.
O

Lemma 3.3. Let W be a matriz A, weight and functions Ng(x) be defined as above.
Then there exist 6 > 0 and Cy, < oo such that for all dyadic Q,

/ (No(2))dz < Cy|Q| for all ¢ < p+6
Q

Proof. We present an informal argument here, assuming that fQ Ng2 < Bl|Q| with
some finite B then deriving an a prior: bound for B. This may be readily adapted
into a rigorous proof.

Let A < oo be a large constant to be specified later. Denote by {R;} the set of
maximal cubes satisfying ||VQVR_J-1|| > A. Outside of U;R;, Ng(z) < A||W1/p(x)VQ_1||.

Thus / (NQ(:E))qu < Cl@Q)], seen by applying reverse Holder inequality (12).
Ui R,

We claim that >, [R;| < 11Q] if A is sufficiently large. Remember first that
VoV !l = Vg, Vall < Cl[VE, Vol|, by Proposition 1.1. Tt follows that

(A7) Ry - Vi, Vall”" = sup |R;| - Vi, Voel”

le=1
~sup [ WP Vgedy < | WP (y) Vol dy
|e|:1 Rj Rj
The cubes R; are disjoint from one another, so

AP’Z|Rj|<C/
J

U; R;

W Y2 () Vol dy < © /Q W2 () VollP < ClQ)

This estimate shows that for A large enough, >, |R;| < :1Ql, and the value of A
may be chosen independently of Q).

Inside each cube R;, we may assume that No(z) = Ng,(z), otherwise the bound
No(z) < A||W1/p(x)VQ_1|| still holds. Then

a) [ e@) =3 [ (@) < BY IRl < 5Bl

Iy
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Putting these pieces together, we would discover that B < C' + %B , where C' < oo
is determined by the constants in the reverse Holder inequality. U

This concludes the proof that matrix A, weights enjoy L?-boundedness of the
dyadic Hardy-Littlewood maximal function for a range of exponents |¢g—p| < §. There
is a standard argument employing two incompatible dyadic grids [7] for extending
results of this kind to the general setting. Thus the Hardy-Littlewood maximal
function as we originally defined it (as a supremum over balls containing z) is bounded
in LY for the same range of exponents ¢.

4. A DISTRIBUTIONAL INEQUALITY

Proposition 4.1. Let W be a matriz A, weight and fix ¢ < 2+ 9. Then there exist
positive constants 0 < b < 1,¢ > 0 depending only on q, the A, “norm” of W, and
the dimensions d,n such that

‘{:c ER": (WYPT). f(x) > a; max (M, (WP ) (x), Myu(W2 ) () < coz}‘

(19) < %bq]{a: eR": (WYPT),f(z) > ba}|

for all f € C=(R™; CY)

From this point onward we follow as closely as possible in the footsteps of Coifman
and Fefferman [5], decomposing the set where (W'/PT), f > ba into a union of cubes
and proving the desired inequality on each cube separately. Our decomposition uses
a slightly modified version of the Whitney covering lemma, stated below.

Covering Lemma. Given a set E C R™ of finite (Lebesque) measure, there ezists
a collection {Q;} of pairwise disjoint cubes such that:

i) £ C U;Q; up to sets of measure zero

i) 1Q; N E| > 3/Q;]

iii) [3Q; N E°| > C,|3Q;]
A simple consequence of statements i) and i1) is that 3, |Q;| < 2|E].

Proof. Let {Q;} be the collection of dyadic cubes maximal under the property that

|Q N E| > 3|Q|. Then conditions ii) and iii) hold with constant C,, = 5 - (3)". The

first condition also holds because as € — 0, the ratio |B(z,€) N E|/|B(z,€)| — 1 at
almost every = € E. OJ

Proof of Proposition 4.1. Write f = W~"Pg and let
E={zeR": (WYPT), f(z) > ba}

Apply the covering lemma to obtain cubes {Q);} with the specified properties. It
suffices to verify that in each cube ) = @); there is a distributional inequality

(20) Hze@: (WYPT), f(z) > a; max(M,g(z), M,g(z)) < cat| < ibq|Q|.
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For this we use a construction similar to the one in [5]. Let O be the ball with
the same center as ); and radius 5 diam (Q)). By the covering lemma and inequality
(11), there exists a point T € 3@ such that

(WYPT), f(Z) < ba and |[VoW VP (z)|| < C

Let B = B(%,3 diam(Q;)). Since B C O and is of comparable size, ||[VpV;"|| is
bounded by a constant and hence ||[VzW~Y?(z)|| < C.

Assume |{z € Q : M},g(z) < ca}| > 1b7|Q|, otherwise the proposition is trivially
satisfied. Then there exists a point 77 € () such that

M! g(y) < ca and ||[VpW 1/p( W<cept

Write fi = xgf and fo = xpef. By the sublinearity of (W'?T),, the set where
(WYPT), f(x) > « is contained in the union of sets (WYPT), fi(x) > a/2, i = 1,2.

The operator T, is weak-type (1,1). This fact is easily obtained from the scalar
case when d is finite, but is also true in general [17]. Consequently,

A
V) fu(2) > o} < 2V ful gy

Here we are using the property that operator 7, commutes with multiplication by
any constant matrix, in this case Vg. Furthermore,

Vafill = / Vs f()ldy < |BIM.g(7) < CealQ)

with the end result that [{z € Q : (V5T).fi(z) > 5&}| < CcR|Q|.

It follows that [{z € Q : (W'PT), fi(z) > 2}| < (CcR+ C'R77)|Q)| for all R >
0, because the Reverse Hélder inequality (10) guarantees that ||[WYP(2)V5?!| < R
except on a set of measure less than C'R™P. Taking the infimum over R,

(21) {z € Q: (WYPT), fi(z) > /2}| < Coc?/PHV|Q|

For the second estimate, we begin by noting that the point T is chosen so that
(WYPT), f(T) < ba and ||VBW Ur@)|| < C. Then (VT).f(z) < Cba. Our esti-
mate for |{(WYPT),fo(x) > a/2}| relies on the following inequality which holds for
all x € Q.

(22) (VBT).fa(x) < (VBT).f(T) + C'M(|Vsf]) (@)
< Cha+ C'|[VeW P @) || - M(IWP f]) ()
< Cba + C"||[VeW Y2 (@)| - Mwy(H) < (Cb+ C'bLe)a

In the preceding expressions M (-) denotes the scalar Hardy-Littlewood maximal func-
tion.

Imitating the method for the |[(W/PT), f;| estimate, we see that

[{z € Q: (WYPT),fo(z) > R(Cb+ C'b'c)a}| < ART"|Q)
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where r may be chosen so that ¢ < < p+ 4. Once again (10) has been invoked, this
time to guarantee that ||[IW'/?V;!|| > R only on a set of measure less than CR~"|B).
Set R equal to (4bC)~!. Then

(23) [{z € Q: (WD), folw) > (1/4+ Crd*c)a}| < Cob|Q)
Statement (20) is then verified by choosing b < (8C3)/%~" and c sufficiently small.
Summing over all cubes (); proves the proposition. [l

Corollary 4.2. With ¢ as in Proposition (4.1),
|WPT), f|, < 279 max (ML, (WP £), My, (WP )7,
for all f € C=(R™; CY)

‘q
La

Proof. If both sides of (19) are multiplied by ga?~! and integrated over the the interval
0 < a < 00, the resulting inequality is

/n <[(W1/pT)*f]q — ¢ 9max ([M{U(Wl/pf)]q, [Mw(Wl/pf>]q)>+dx

1
<5 [ 1Ty s
2 Jrn
from which it follows that
1 1
I(WYPT), flI%, — C—q” max (M,,(W'P ), M,(W'Pf))[|1, < §||(W1/”T)*f||qm

The remaining task is to verify that the L7 norm of (WPT),f is finite. A key
estimate is the fact that T, f(z) < Cy(1 + |z|)™" for all f € C°, where Cy depends
on f. Then

(WHPT), f(z) < CIW[P(1+ |2)™
There are many ways to show that the expression on the right-hand side is in L9,
all exploiting the fact that ||| is a scalar A, weight. One possibility is to choose
any nontrivial (scalar) function ¢ > 0 € C2°. We have shown in Theorem 3.2 that
WP M(|W]|~Y/?¢) € L whenever |p — q| < 6.
On the other hand, C(1 + |z|)™ < M(||W||='/?¢), which completes the proof. [

5. THE MAIN THEOREM

Theorem 5.1. Let T be a linear operator whose associated convolution kernel K (z)
satisfies the hypotheses in (1), and which acts separately on each coordinate function
of f (in other words, (T'f); =Tf; ). Let W be a matriz A, weight.

There exists § > 0 such that WYPTW=Y? is a bounded operator on LI(R™; C%)
whenever |q — p| < 0.

Proof. As in the scalar case, the truncated operators T, possess a weak limit Tj,
and T' = Ty + A, where A is a bounded pointwise multiplier. In dimensions d > 1,
A = A(z) is a matrix-valued function, but the hypothesis ATA™! = T requires A(z)
to be a scalar L function multiplied by the identity matrix.
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The function WY/PTW~1/?g is dominated pointwise by g and (W/PT), (W ~/rg),
as in equation (8):

(WYPTW =g ()| = (WHPT,W—Pg(2) + A(z)g(x)]
< [(WYPT), (W™Yeg) ()| + Clg()].

The triangle inequality for Li-norms immediately yields the result
(24) [wHrrw=rg|| , < |(WHT).W e[, + Cllgllre

For all g such that W~=Y?g € C%, the right-hand side is controlled by ||g||La.
Observe that W7 is a locally integrable matrix-valued function. Then C>®(R"; C%)
is a dense subset of LI(W9/P). The map f € LI(W¥P) — g = WP f € Li(dx) is an
invertible isometry, so its image W'/?(C) is dense in L9. Thus the boundedness of
WYPTW =1/ may then be extended to all functions g € LY(R"™; C%),|p —q| < 6. O

A converse statement, with some minor modifications, is also true.

Theorem 5.2. Suppose that T' is a convolution operator as above, with the addi-
tional nondegeneracy hypothesis that there exists some unit vector u € R"™ such that
|K(ru)| > alr|™, all r € R\ {0}. If T is a bounded operator on LP(W), then W is
an A, weight.

In order to prove this theorem we first need a result about integral operators with
bounded and compactly supported kernels:

Proposition 5.3. Let S be an integral operator Sf(x) = [g.S(z,y)f(y) whose
(scalar) kernel S(x,y) is supported in B X B and satisfies the bound |S(z,y)| < |B|™*
for all (x,y) € B x B.

The norm of S as an operator on LP(W) is less than Cy||VEV}||, where Cyq is a
dimensional constant independent of the particular choice of S. In the special case
So(z,y) = |B| YxBxB, the operator norm of Sy is also greater than C;'||VsVE|.

Proof. This is a straightforward calculation similar to those found in Section 2. Let
f be any function in LP(W). We first estimate the size of W1/P(x)Sf(x) pointwise
for each x.

W @)S ()] = [ (o) [

| S(y)f () dy]

_ ‘/BS(:U,y)Wl/”(x)f(y) dy‘ < \Bll/B\W”p(:v)f(y)!dy
S / [y e ) [ dy) "l

As in Section 2, we now introduce an orthonormal basis of vectors e; spanning C¢.
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1/p'

([ 1wy o)1 ay)

’ 1/p’
< ([ (@ sup W)W @)e)) dy)
B i
d , 1/p
<@l (Y [ W w e dy)
i=1 B

d , 1/77/ ’
< Ca( Yo 1Bl VAW @)l ) < Cal B VW ()|

i=1

which leads to the estimate [W'/(2)S f(z)| < Cu| B|™?|[VEWYP(@)|| - | £l 2o w)-

Then for all || f||zrw) < 1, it follows that
-1 '1a71/p P p
(25) S fllwan < C(1BI | ViW(w) )
~1 1/2 1/ YA R

< C’d<|B| (d sup |W p(x)VBeiD )
B i

-1 1/ / Lp

<Cy( SB[ W@ Vierp)
!/ 1/p !
~ Ca( 3 Vavhe?) " < CallVaVi|
The second assertion is a restatement of Proposition 2.1. 0

Proof of Theorem 5.2. First, let € > 0 be small enough so that 2e+¢* < %C’d’Q. There
exists a number £y < oo such that

(26) |K(v) — K(rtou)| < €|K(rtou)| whenever v € B(rtgu,2r), all r € R\ {0}.

This is seen to be true because |K (rtou)| > t’glLr\” but |VK(z)| < t;}_ﬂ% for all

z € B(rtou,r). It suffices to choose t > 2.
Let B denote the ball B(y,r) in R™, and B’ the translated ball B’ = B(y+rtou,r).
We wish to consider the operator Sp defined by

Spf = xsT(xT(xsf))

This is an integral operator whose kernel Sg(2,y) = Xpxp [z K(x — 2)K(z —y) dz
is supported in B x B. If T acts boundedly on LP(W), so too does Sp with operator
norm less than or equal to ||T||?.

The restrictions {z,y € B, z € B'} guarantee that z —y € B(rtou,2r) and x — z €
B(—rt,u,2r). Thus the values of K(z —y) and K(x — z) do not vary much over the
region of integration. Using the bounds established in (26), we rewrite Sp(z,y) as
the sum of a characteristic function and a small remainder:
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(27) Sp(z,y) = |B|K(rtou) K(—rtou)xsxs + Si(z,y),

where |51 (z,y)| < 1C%|B| - |K (rtou) K (—rtou)|

According to Proposition 5.3, the first term corresponds to an operator with norm
at least C'||VzV}]. In terms of other constants, C' is proportional to a?t;*"C;'. The

operator corresponding to the second term has norm no more than half as great. It
follows that ||Sg|| > 3C||VsV}||. Then

(28) IVEVgll < 2C0711S5]l < 2C7Y|T|)* < o0
for all balls B C R", and W is an A, weight. O

Corollary 5.4. If W is a matriz A, weight, there exists § > 0 such that WP is an
A, weight whenever |¢ — p| < 6. In other words, an A, metric is also an A, metric
for all |qg — p| < 0.

Remarks. We could have proven this statement directly in section 2, using the
reverse Holder inequality to show that operators f — XB|—§| S g J dx are uniformly

bounded on LI(W%?). To do so would have added another computation without
simplifying the subsequent discussion in any way.

Recall that a matrix weight W € A, if and only if the averaging operators Ap
defined by

1
ABf:XB‘E/deQU

are uniformly bounded on LP(WW). An equivalent statement is that the conjugated
operators WP AgW~1/P are uniformly bounded on the unweighted space LP(C?). It
is trivial to observe that Ap are uniformly bounded on L*°(C%) with norm 1. By
interpolation on the analytic family of operators?

(WA= AgE=D/P 0 < Re(z) < 1}

we find that W/ AgW =" are uniformly bounded on L"(dx) for all r > p, leading
to another result well known in the scalar case:

Proposition 5.5. If W is a matriz A, weight, then W is also a matriz A, weight
for all r > p.

One crucial difference must be noted. We cannot use the reverse Holder inequality
in this setting to extend the range of exponents to r > p — §. If we could, then by
corollary 5.4 and proposition 5.5 for each weight W € A, there would exist numbers
r < q < p such that W% € A, C A,. Instead, counterexamples are known; in [1] a
matrix A, weight W is constructed for which W* ¢ A, for any s > 1.

On a speculative note, perhaps this (suspected) lack of self-improvement is related
to the absence of a unifying matrix A, class whose elements are all contained in
some A, with p finite. We do not claim to have proven anything here, nor have we
investigated thoroughly the union of the A,-weight classes in search of a common A,

Following [16], with the slight modification F () = |¢|¥—1¢
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property. It has been suggested [25] that the scalar A,, condition generalizes instead
to an entire spectrum of A, ., conditions, one for each exponent p, in the matrix
setting.

6. THE CASE d = 0o

Most of the estimates in the preceding discussion fail when the dimension d is
infinite. Banach space norms may not be representable by matrices, and traces (when
defined at all) are no longer comparable to operator norms. Most importantly, the
main theorem is false. Gillespie et al. [9] have constructed operator Ay weights W
for which the Hilbert Transform is unbounded on L?*(W).

The test function f in their counterexample is constructed out of Haar functions
on different length-scales, with the signs chosen so that each new piece contributes
positively to the overall L*(TW) norm of T'f. Linearity of T' is needed to ensure that
the whole of T'f will be equal to the sum of the various parts, and also to bound
from below an expectation over choices of signs. When applied to merely sublinear
operators such as a maximal function, the argument is less successful. We do not
presently know if the Hardy-Littlewood maximal operator M, is bounded or not.
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