COUNTEREXAMPLES OF STRICHARTZ INEQUALITIES FOR
SCHRODINGER EQUATIONS WITH REPULSIVE POTENTIALS
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ABSTRACT. In each dimension n > 2, we construct a class of nonnegative
potentials that are homogeneous of order —o, chosen from the range 0 < o < 2,
and for which the perturbed Schrédinger equation does not satisfy global in
time Strichartz estimates.

1. INTRODUCTION

The study of dispersive estimates for evolution equations has received a lot of
attention in the literature.

In particular the free Schrédinger equation
iatu — Azu = 0, (t, .’E) S Rt X Rg’,
u(0,2) = f(z),

exhibits a rich set of dispersive and smoothing estimates.

(1.1)

An important class of estimates satisfied by the solutions of the Cauchy problem
(1.1) are the Strichartz estimates that we recall below:

(1.2) [[u(t, 2)l|lLerLemmy) < Cllfll2mn)
provided that

2 n n
1.3 S+ -=g, 2<p<oo, (n,p)#(2,2),
(1.3) p g 2 ) #(2,2)

where u(¢, z) is the unique solution of (1.1), see [12].

Notice that estimates (1.2) describe a certain regularity for the solutions of (1.1)
in terms of summability but they do not give any gain of derivatives. For this
reason Strichartz estimates are very useful in order to treat the local and global
well-posedness of the semilinear Schrédinger equation, but they are useless in the
study of the local and global well-posedness of the nonlinear Schrédinger equation
with nonlinearities which involve derivatives.

In this case the following local smoothing estimate has turned out to be very
useful (see [5], [20], [22]):

1 o
1.4 sup —/ / Voul2dzdt < C||f|| .2 o
(1.4) e BRl | 11 3 gy
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where H?(R") denote the usual homogeneous Sobolev spaces. In fact the reverse
inequality is almost true, see [23].

It is a natural question to understand if the estimates (1.2) and (1.4) extend
when a potential is added to (1.1), i.e.

(15) i0u — Agu+ V(t,z)u =0, (t,z) € Ry x R?,
u(0,z) = f(x).

There is a huge literature on the subject, let us recall in particular [1], [2], [3],
[6], [7], [8], [11], [16], [17], [18], [19], [21], even if the list is very far from being
complete. It is important to observe that the conditions on the potential change
dramatically depending on whether or not the estimates are global or local in time.
Our interest in this paper will be on global in time inequalities. At this respect in
[1] the authors have been able to prove that the local smoothing estimate (1.4) is
still satisfied provided that the free Schrédinger equation is perturbed by a repulsive
potential. By repulsive it is meant that the positive part of the radial derivative is
small in an appropriate sense.

In this paper we shall focus on the Cauchy problem (1.5) in the case that V(z)
is a potential which is homogeneous of order —o, i.e.

(1.6) V(Az) =277V (z),V(\ z) € (0,00) x RY.
Therefore
V@) =V (L) e e R\ (0),

and V(z) is uniquely determined by its restriction on the sphere
n
S" 1 = {(z1,...,2,) € R? s.t. me =1}.
i=1

So long as V(z) > 0 and ¢ > 0, such a potential will be repulsive, as the radial
derivatives are all non-positive.

The study of this type of perturbations was started by H. Herbst in [9] where
the role of the critical points of V' is emphasized. More recently in [14] and [15] the
authors proved for the reduced wave (Helmholtz) equation an energy estimate that
suggests concentration should occur in the set of critical points. Also in [10] the
authors study the existence and completeness of the wave operator for the same
kind of potentials.

The aim of our paper is to analyze whether the Strichartz estimates (1.2) are
preserved by this class of perturbations. At this respect it is important to mention
[11] and [21] where the local smoothing estimate is used to conclude estimates as
(1.2). We will prove that given any n > 2 and 0 < o < 2 there is a class of potentials
satisfying (1.6) for which (1.2) does not hold even though (1.4) does.

In order to state our main result we need the following definition.

Definition 1.1. A function V(z) that is homogeneous of order —o is said to be of
generalized Morse type provided that its restriction on the sphere

Vign-1: S l'sw—oVw) eER
has a nondegenerate minimum point, i.e. its Hessian at a minimum point is a
nondegenerate bilinear form.
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We can now state the main result of this paper.

Theorem 1.1. Assume thatn > 2 andV € C3(R2?\{0}) is a homogeneous function
of order —o,0 < o < 2, which is of generalized Morse type. Further assume that the
minimum value of V(x) on each sphere AS™~1 is exactly zero. Then for any p # oo
the Strichartz estimates (1.2) cannot be satisfied by the corresponding solutions of

(1.5).

Remark 1.1. Tt is well known that Strichartz estimates are valid for the potential
V(z) = 0, which satisfies every hypothesis of the theorem except that it is not a
generalized Morse function.

Remark 1.2. Looking at the proof of theorem 1.1 it is easy to see that the conclusion
is still true in the case that (1.6) is satisfied only for A,z large enough, assuming
that the restriction of V() on a sphere large enough is a generalized Morse function
with minimum value zero.

Remark 1.3. If the potential is homogeneous of degree zero the condition that
the minimum has to be zero can be trivially relaxed by adding a real constant to
the potential, so that the corresponding solutions are changed just by a factor of
modulus one that do not affect the validity of Strichartz estimates.

Next we fix some notations useful in the sequel.
Notation. We shall denote by = € R the full space variables. In some cases we
shall use the following splitting:
x=(y,2) € R;‘_l x R;.

Notice that this decomposition allows us to split the full Laplacian operator A,
in the following way:

A, =A,+02.
For any 1 < p,q < oo and for any time-independent and time-dependent func-
tions f(x) and F(t,z), we shall use the following norms:

|uwmg=3LﬁuwnwxzmdnFuwmﬁmg=A 1E, I .

If 0 < T < oo then we shall write

T
1Py = [ Iy

and in some cases
1F @, @)z La = 1FE @) e (0,1):29)-
For any 1 < p < oo we shall denote by p’ the unique number such that
1 1
4+ — =
b p
and 1 <p' < .

The work is organized as follows. In section 2 we make some preliminary com-
putations that will be useful in section 3 where we shall prove theorem 1.1.
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2. PRELIMINARY COMPUTATIONS

It is well-known that for any symmetric positive definite matrix (a;;)
the operator

i,j=1,0.,n—1

n—1

(2.1) —Ay+ ) aijyiys, y €RYTY,

i.j=1

has compact resolvent and in particular its spectrum reduces to its point spectrum.
As a consequence of this fact there exists a sequence of eigenvalues and eigenfunc-
tions associated to (2.1). In fact using a linear transformation these operators
reduce to the harmonic oscillator whose spectrum is explicitly well-known.

Therefore in the sequel we will assume that there exists a couple (A,v(y)) such
that

n—1
(2.2) —Ayv + Z aijyiy; | v=>Av, Vy e Rp~!

3,j=1

and moreover v(y) € N5, LP(Ry~1).

This choice will depend on the matrix (ai;); ;_; _,_, Which in turn depends on
the minimum of the potential. Hereafter the couple (A, v(y)) is fixed.

Next we can introduce the rescaled function

(2.3) w(y,2) = v ( )  ¥(,2) € R x (0,00),

Yy
VzP
where f = 1 + % and o is the constant that appears in theorem 1.1. By an
elementary computation, this satisfies

n—1
1 A _
(2.4) -Ayw + 25 Z aiyiy; | w= 5w, Y(y,2) € Ry L% (0, 00).
i,j=1
Let us introduce also the time-dependent function:
(2.5) Wi(t,y,2) = ¢ Fw(y,z), V(t,y,2) € Ry x RY™ x (0, 00),
and let us compute now the partial differential equation satisfied by W (¢, y, 2).

Elementary computations imply that
: 21242 2s
o _ i [BB+ DXy BN y BiMt y
e [ e \Vm) T\ Tt Y\ U
+

BB +2) y Bt y B 2 (Y
—55 U : — D2 (L ).
e VYV E) otV \ g ) Y aent P \(m ) Y

2
where Djv = (8‘9,8”4) .
Yi%%;i / 4,5=1,...,n—1

Notice that by introducing the functions
(2.6) G(y) =y.Vyo(y) and H(y) =y.Djv(y)y, Yy e Ry,

the previous identity can be written as follows:
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o - (L) (A sy

/P A2 S26+2
y B%ixt | B(B+2) B y
+ 6 () (G +255) v ().

By using (2.4) and the definition of W (see (2.5)), we get

2B

At
T 228 (Z awyﬂ/ﬂ) Pw - 8W

,j=1

. 1At by _idt o
IOW — AW =¢€'2F |——w—Ayw—e PO W

that can be written in the following way

1
(2.7) IO W — A, W—i— (Z a”yzy1> W = F¥(t,y,2z) € Ry x Ry ™" x (0, 00)

3,j=1
where
AL 1 ﬂ,8+1'At B2X2¢2
rn= B() (AL 25
y Bixt  B(B+2)\ B y
25) -o() (5 252) -5 (B))

Let us introduce now the real valued cut-off function ¢(z) € C*(R, [0, 1]) with
the following properties:

(1) ¢(2) =0, for |z| > 1,
(2) ¢(2) =1, for |2]| < 3.

For a fixed parameter v € (0,1) we can truncate the function W introduced in
(2.5) in the following way:

z—R |y|2 n—1
WR(tayaz) = W(tayaz)¢ W ¢ 2—2 ) (t;sz) € Rt X Ry X Rz-

Since now on we shall use the following notations:
_ z—R ;1 ,(z—R w_ 1 ,(z—R
(2.9) ¢R—¢(R7)7 ¢R—R—¢( 7)3 R—ﬁfﬁ B )

s=o().  w-o (1), o= (1),

We can write now the partial differential equation satisfied by Wg:
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IO, Wr—A,Wg = iprd0W — ¢prA, (W) — 82(W¢ro)
. 4
= ¢ro(IO,W — AW — O2W) — ;¢R¢'y.vyw — W& (pro)
2(n —1 4ly|? 2|yl
—won (X5 + Bl gr) 20w (a0 - 2i-on).
By combining this identity with (2.7) and introducing the function

T(y,z) =G (\/%) V(y,2) € RI™ x (0, 00),

where G(y) is the function defined in (2.6), we get:

) 1 n-! deF
iOWr — AyWg = — ] (Z aijyiyj) 22 T
i,j=1
2(n—1 4|y|?
— W¢R ( ( 22 )¢I + Ly4| ¢”>

2 4
(0~ st + gt + Lo )

i\ = 2
+z<fﬁ+jw+ﬂe >(¢'R¢—2'y' ond).

2z

Thus finally we have

(2.10) {iatWR ~ AW+ 25 <E?J_:11 aijyiyj) Wg = Fp,
WR(anaz) = fR;
where
(211) fR(yaz) = (ﬁR(ﬁU), V(y,z) € RZ_I X RZJ
(2.12) Fg(t,y,2) = ¢r¢F + Gr, ¥(t,y,2) € Ry x Ry~ xR,
and

_iar 2(n—1 4 4ly|?

e P GR(t,y,Z):_UJ(y(ﬁR(ﬁI |y| el AT Lﬁ’é' ‘blR(ﬁl
6 4 4 2 it 4 iXt|y|?
2

The equation (2.10) and subsequent formulas for fg, Fr, and Gg hold for every
(t,y,2) € Ry x RZ‘I x R,. The functions fgr, Wg, Fg introduced in this section
will be very important in next section where we prove theorem 1.1.
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3. PROOF OF THEOREM 1.1

In next lemma we shall assume that the functions fgr, Wg, FRr, are the ones
constructed in the previous section starting from a fixed couple A, v(y) that satisfies
(2.2). Notice that fr, Wgr, Fr, depend also on the parameter .

We shall also assume that the matrix (ai;); ;_; , that appears in (2.2) is a
fixed one. We finally recall that we are using notatlons (2.9) and that § =1+,
where o is the same constant that appears in the assumptions of theorem 1.1.

Lemma 3.1. The following estimates are satisfied for any n > 2, 1 < p,q < o0,
and 0 < v < 1:

(3.1) Ifrllzz < CR™=F, VR >2,
(3.2) [Wellzers > CT*R™ 2", VR>2,T >0,
(33) |IFallys e < CTHR37" Max{R™, T2R- 92}, YR >2,T >0,
where C = C(g,7) > 0.
In particular if

2. n_n

p q 2
and a > 0 is any fixed number, then
(3.4) IWRlLr((0,r>);L2) 5 cRESCshem o,

' | frllL2 ’ ’
and
w
(3.5) ”FR”L”“"R JL%) 5 ORK, VR > 2,
|| R”Lp ((0,Re); Lq)

where
(3.6) & = K(n,7,a,p)

_o na—((n—1)8+2y)
= o
and the constants C > 0 do not depend on R > 2.

)+Min{2’y—a,2ﬂ+2—3a},

Proof. Assume that L(y) is a given function, then we introduce the new functions

(3.7) Aly,z) =L (\/%) Uy, 2) = (\%—6)2 L (#)

and U(y,z) = (\%)4 L (\%) V(y,2) € RI™! x (0, 00).

We claim that if L is a nontrivial function such that L € Ny, LP(R~"), then
the following estimate holds to be true:
B+2y 1)ﬁ+ 2l

(3.8) cRUTETE < |A@rdllLa < CRUTHT , VR>1,

where ¢ = ¢(q,L) > 0 and C = C(q,L) > 0, while ¢r and ¢ are the functions
introduced in section 2.
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Notice that due to the properties of the functions ¢r, ¢ we can write the following
chain of inequalities:

/R+2 (n—1)p R+ 5 q
dz LWl = [ T [ Ay
R-1Y lyl< Y22 R-E lyl< 25

< / Adrol? dydz
Rn

R+RY R+RY (n—1)8 1)B
<[ Carf wra- [ L) 725 dy,
R—R7 ly|<z R—RY ly|<Vz2—F

that implies easily (3.8).
Notice that with the same argument we can prove:

3.9 R < || Adrd || < CRETH,
L3
3.10 cRETHIT < | AGdl|, . < CRETEITE,
RYILE
(3.11) cRUTHTTTT < |[Agpd || g < CRUTET,
(3.12) RT3 < ||Agr¢"|lp <CR™ 30
(3.13) cRTHT T < gkl < ORTTET

Proof of (3.1) and (3.2)

They follow easily from (3.8) where we choose L(y) = v(y).

Proof of (3.3)

Due to (2.12) it is easy to see that (3.3) follows from the following estimates:

(3.14)  |IgR¢Fllpp s < CTFRT3 " Maz{R 2 T?R 2542},
and
(3.15) [IGrllpzrs < CTF RT3 Maz{R >, R TR #+1+7) TR}

that we are going to prove, under the imposed conditions that 0 < v < 1 and
1 < B < 2 (recall that this range of 3 corresponds to homogeneity of the potential
of order 0 < ¢ < 2.) Some of the possible maximizers can also be removed from con-
sideration by observing geometric progressions. To give one example, TR~ (#+1+7)
is the geometric mean of R~2" and T2R~(?#+2); therefore it must be intermediate
in size relative to the other two quantities.

Looking at the structure of F' (see (2.8)), it is easy to see that in order to deduce
(3.14) it is sufficient to estimate the norms of functions of the following type:

2
3 A0n6, s Aond, 5 A

where A is defined as in (3.7) and L may change in different expressions.
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Let us consider the first term. Notice that due to the localization properties
of the function ¢r(z), we have that g < R§+2 on the support of the function

#AqSRqﬁ, thus with simple computations we get

(3.16) | ezons

L2

< CT™5 = IAdrgll s < CTFR™ 37—+,

RB+2
where we have used (3.8) in the last estimate.
With similar arguments we can deduce that

1 (n—1)B+2y _
<CT*t»R = (26+2) and
LBLY

25+2 Agpro

(n—1)B+2y
g 2,

<CT*R
LELS
Note again that the norm estimate in (3.16) is the geometric mean of the two
estimates above, so it cannot be the largest of the three derived quantities. With
this observation (3.14) is proved.

o Abng

Looking at the structure of Gg (see (2.13)) it is easy to see that (3.15) comes from
the following estimates (whose proof follows as above by combining the localization
properties of ¢r(z) with (3.9), (3.10), (3.11), (3.12), (3.13)) where A,Q and ¥ are
the functions defined in (3.7) and may depend on different L in different expressions:

1 (n=1)
—Aénd’ < CT*RUTH™ -2,
I2Ld
2 _
H |y| A¢R¢II 41_5 Q¢R¢” S CT%R%—(‘l—B);
LELY L2Le
1 (n=1)8+2y
IAGRAll s s < CTPR™ 20 7
2
H |y| A¢R¢ _ 1 Q¢IR¢I < CTP w (3*5+'Y);
LA L? 2P LB LY
2 1 (n—1)8+2
H |y| A¢R¢I pa— Q¢R¢I S CT%RT'Y—(4—,B);
L2.LS z 23
4 1 (n—1)
H |y| A¢R¢” — =35 ‘I’(ﬁR(f)” S CT%R%—(G—ZB);
L2 LY Z L2
t 1 (n— 1) +27
A < CTY" s R3¢ — (B+1+’7)
HzﬂH P L?LY
tly|? t (n=1)5+2
“514A¢R¢' —Qor¢’ <CTWiR 7 4
L2LY Z L2Lg
Iaghe| < CoTERUEEE-04n,
z L;Lq

The estimate (3.15) now follows easily.
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Proof of (3.4) and (3.5)

They follow with elementary computations from (3.1), (3.2) and (3.3) where we
choose T' = R%.

O

Proof of theorem 1.1. We can assume without loss of generality that the
minimum of the restriction of V(z) on the sphere S" ! is achieved at the point
(0,..0,1) € Ry~ ! x R, and that V(z) = 0 at this point. Therefore

n—1

V(y,1)= > aijyiy; + R(y), Yy e Ry,
ij=1
where the matrix (ai;); ;_; _,_, is the Hessian of the function V(y,1) at the point
y = 0, which is positive definite since we are assuming that V is a generalized Morse

type function and that V' (0,1) = 0.
Moreover we have

limsup |R(y)|ly| ™ < oo,
|y|—0

and in particular the following pointwise estimate holds:
(3.17) IR(y)| < Clyf, vy e RI Vst [y] < 1.

Notice that since V(x) is homogeneous of order —o we have that

n—1
V(y7z) =2V (%a 1) = z%ﬁ .‘Zl aiYiY; + 27’R (g) ) V(y,z) € R371 X (0,00),

2,)=

(we have used 8 = 14 %) and due to (3.17) we have that

3
(3.18) ‘R (%)‘ < C|Z—|3, provided that |y| < |2|.

We have now a well-defined positive definite symmetric matrix (a;;), =11
and we can select a couple (A, v(y)) that satisfies the eigenvalue problem (2.2).

Following the previous section we can construct starting from these fixed (X, v(y))
the family of functions fgr, Fr, Wg that we shall use below.

Notice that due the cut-off property of the function ¢ and to (3.18) we get easily
the following estimate:

Jo=om () w

N ‘ ly[?
R S
L¥ ((0,T);LY)

WUJ@W

L3

(n—1)3+2y
LT

< CT# R-3+) | Morel|,» < CT» RV L VR>1,0<y <1

3
where § = 1+ & as always, M(y,z) = (%) v (\/%) and we have used (3.8)
with L(y) = |y|?v(y) at the last step.

As a by product of this inequality we get

(3.19) Hz"’R (g) W

——(§+1)+%’
z

, <R
L?' ((0,R*);LY)
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for any a > 0. In particular if we assume that % + 2 = % and we use (3.2) with

2
T = R%, then it is easy to deduce that

(3.20) IWEllLe((0,r>);L9) S R ) (841 )
1227 R (2) Wl (0, roy)

Let us consider now the following auxiliary Cauchy problems with non trivial
forcing term:

(3.21) {ia”“* ~ A+ [ (S04 asvins) + 2R (2)] un = Fr,
ur(0,y,2) = fr
where
. _ oy
Fr(t,y,2) = X(0,r)(?) [FR +2 R (z) WR]

and fg, Fg are given by (2.11) and (2.12).
Let us notice that due to (3.5) and (3.20) we get

Wgrl|L» ). L2
[Wrll L ((0,R>);L3) > CR?

(3.22) ~ NO< Ay <1,
ERl Lot (0, )22
where
—((n—1 2
(3.23) 5 = 3(n,7,0,p) = 2 (”O‘ RO 7))

+Min{2'y—a,2ﬁ+2—3a,§+1—a}.
Also due to (2.10) we have:
UR(ta'r) = WR(t,m),V(t,x) € (OaRa) x R;:
then

lurllzrrs > llurllLr(o,r);22) = IWEl Le((0,r2);L3),

from which it follows that

u Pra W P Y.
(3.24) llurllr L IWEllLe((0,r>);L9)

Wfallez + [ Frllyy g~ Tallcz + 1Fll o ponsy
Notice that (3.4) implies that for any n > 2 and for any 1 <p < o0, 0 <y < 1,

IWEl e ((0,R~);L9)
I frllL2

(n=1)B+2y
> #-

— oo for R — oo,

provided that «
On the other hand the function d(n, v, a, p), defined in (3.23), varies continuously
with «a, and has the particular value

(n=1)B+2v
n )

d(n,, D)

:Mm{(n—l)(?y—ﬂ) (2—,3)n+3ﬂ_67’(2_/3)%%_47}

n ’ n 2n
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This is strictly positive provided n > 2 and g <7< g + @. It is therefore

possible to choose a value of v € (0,1) in this range, then select o > ("71)% SO
that d(n,vy,a,p) > 0. By (3.22), with these choices we get

WL ((0,Ro);L3)

= — oo for R — oo.
| ER||

LP’((O,R&);Lg')
We can now deduce by (3.24) that
llurllzrrs

L — oo for R — oc.
I frllce + ||FR||L5'L3'

Notice that with this last inequality we have shown that estimates of the following
type:

lullzgns < € (Ifllez +1Fll e )

cannot be satisfied by the solutions of the following inhomogeneous Schrédinger
equation

i0u — Ayu+ V(z)u = F, (t,z) € Ry x RY,
u(0,z) = f(z),

when V satisfies the assumptions of theorem 1.1. In order to disprove Strichartz
estimates for the corresponding homogeneous Schrédinger equation (i.e. for the
Schrédinger equation with trivial forcing term) in the case p > 2, it is sufficient to
combine the standard TT™* argument with a well-known result due to M. Christ and
A. Kiselev (see [4]). As a consequence of this fact we can deduce that Strichartz
estimates must be false also for p = 2, otherwise by combining this estimate with
the trivial L{° L2 estimate, we could get with an elementary interpolation argument
the estimates also for p > 2.

d
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