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Terminated Transmission Lines 
 

 
Basic difference between lumped elements and distributed circuit elements is the 

frequency response of a given circuit. 
For example, when a series LC network is considered (neglecting the losses), the 

input impedance is written as 
Zin=jωL+1/jωC 

 

 
 
 

The frequency response of the input impedance for the series LC network is 
plotted in the figure above. Here the impedance is imaginary all the time, it is infinity at 
ω=0, is capacitive up to a frequency ω=1/(LC)1/2 and becomes positive (inductive) above 
that is frequency and approaches  j∞ as the frequency increases. Thus, the impedance 
goes through zero once.  Lumped parameters exhibit a different response as will be 
shown below. 
 
Transmission Lines 
 
On a transmission line, the total Voltage and Current at z are 
 
V(z) = V+ e−jβz + V− e+jβz

I(z)  = I+ e−jβz  + I− e+jβz

I(z) = 
1
Zc

 [V+ e−jβz − V− e+jβz]
 



 
A load ZL is connected at the output terminals of the transmission line. By definition, the 
Load Impedance is 
 

ZL = 
V(0)
I(0)  

 ZL = 
V+ + V−

1
Zc

(V+ − V−)
 = Zc 

 1 + 
V−

V+

1 − 
V−

V+
 

 
Define Reflection coefficient (complex quantity) as 
 

ΓL = 
V−(0)

V+(0)
 = 

V−

V+
 = ρL ejθ

 
 

ZL =  = Zc 
 1 + ΓL
1 − ΓL  

 
Solving for  ΓL , we obtain 
 

ΓL = 
ZL −  Zc
ZL +  Zc 

 
Reflection coefficient at any length  z=-d is 
 

Γ(z = −d) = 
V−(d)

V+(d)
 =  

V− e−jβd

V+ e+jβd
 = ΓL e−j2βd = ρL ejθ e−j2βd = ρL ej(θ−2βd)

 
 
Magnitude is determined by the load reflection coefficient and does not change but phase 
changes 
 
By definition, the input Impedance at z=-d is 
 
Zin(z=−d) = 

V(z=−d)
I(z=−d)

Zin  = 
V+e+jβd + V−e−jβd

1
Zc

(V+e+jβd − V−e−jβd)
 = Zc 

1 + 
V−

V+
 e−j2βd

1 − 
V−

V+
 e−j2βd

 = Zc 
1 + ΓL e−j2βd

1 − ΓL e−j2βd

 



Manipulating the equation, Zin is simplified to 
 

Zin  = Zc 
ZL + j Zc tan(βd)
Zc + j ZL tan(βd)  

 
In terms of Admittance parameters, 
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Various load conditions 
 
ZL = Zc        (matched load)

ΓL = 
Zc − Zc 
Zc + Zc

 = 0,    Γ(z = −d) = ΓL e−j2βd = 0

Zin = Zc 
Zc + j Zc tan(βd)
Zc + j Zc tan(βd)   = Zc

 
 
ZL = 0     ⇒   short circuit

ΓL = 
0 − Zc
0 + Zc

 =  −1

Zin = Zc 
 0 + j Zc tan(βd)
 Zc + j 0 tan(βd)  = j Zc tan(βd)

 
 

 
 



ZL =∞     ⇒   open circuit

ΓL = 
 ZL − Zc
 ZL + Zc  ⏐

⏐
ZL → ∞

 =  
ZL
ZL ⏐

⏐⏐
ZL → ∞

 = + 1

Zin = Zc 
 ZL + j Zc tan(βd)
 Zc + j ZL tan(βd) ⏐

⏐
ZL → ∞

 = Zc 
ZL

j ZL tan(βd) ⏐
⏐⏐

ZL → ∞
 = − j Zccot(βd)

 

 
d = n

λ
2    → βd = 

2π
λ  n

λ
2  = nπ    (multiples of half−wavelength)

Γ(−d) = ΓL e−j2βd = ΓL e−j2nπ = ΓL 

Zin  = Zc 
ZL + j Zc tan(π)
Zc + j ZL tan(π)  = Zc 

ZL
Zc

 = ZL    [since  tan(π) = 0]
 

 
The impedance repeats itself every λ/2. 
 
 

 
 

d = 
λ

4
   → βd = 

2π
λ  

λ
4  = 

π
2      (quarter−wavelength)

Γ(−d) = ΓL e−j2βd = ΓL e−jπ = − ΓL 

Zin  = Zc 

ZL + j Zc tan
 ⎝
⎛⎜

π

2  ⎠
⎞⎟

Zc + j ZL tan
 ⎝
⎛⎜

π

2  ⎠
⎞⎟

 = Zc 
ZL + j Zc ∞
Zc + j ZL ∞  = Zc 

Zc
ZL

 = 
Z2

c
ZL

    
 ⎣
⎡⎢ since  tan ⎝

⎛ π
2  ⎠

⎞  = ∞
 ⎦
⎤⎥

 



The impedance is inverted. Short circuit becomes an open circuit and an open circuit 
becomes a short circuit if the line length is quarter wavelength. 
 
As can be seen from these results that the impedance of a transmission line with an 
arbitrary load repeats itself every λ/2. 


