CHAPTER 18

Suitable Context for Older Notation

The principal failing of the notation for (15.1), (15.3), and (15.6) that involves
binomial coefficients was its role before 1989 in greatly hindering the discovery of
suitable formulas for the coefficients of (15.6) corresponding to a change (15.5) of
the independent variable. The details about this in Chapter 15 make it clear that
the notation involving binomial coefficient should never have been adopted.

However, before we abandon that notation, an explanation should be given to
explain why truly remarkable results like (17.4)—(17.5) of Edmund Laguerre and
Georges-Henri Halphen were known to only a few mathematicians in 1989. Thus,
we provide in Section 18.1 a previously missing precise context about invariants for
equations like (15.1). However, to truly honor Laguerre and Halphen, their results
should be presented in a form like that of Section 1.3 where binomial coefficients
are avoided as a needless distraction.

18.1. Symbolism and terminology

In previous research about invariants for equations written as (15.1), instead of
constructing semi-invariants and relative invariants from polynomials upon which
algebraic operations can be performed and into which substitutions can be made,
the semi-invariants and relative invariants were represented by functions without
mention of substitutions. For example, the expression C3(2) — (Cy (2))2 - C%l) (2) in
the right member of (17.2), the expression inside the brackets of the right member
for (17.3), and the expression in the right member of (17.4) were described as
invariants.

For suitable notation, let R, ; be the ring of polynomials over Q in the variables
(18.1) W9 for1<i<mandj>0;
set W, = m(o), for 1 < i < mj; and let " denote the unique derivation for R, ,
such that (VVi(j))/ = W/i('Hl), when 1 <4 < m and j > 0. The constants of R
(i-e., the elements v in R, ; having 7' = 0) are the elements of Q. The weight
of ‘/Vi(]) is 7 + j; the weight of a nonzero element of Q is 0; and the weight of any
nonzero monomial in R, ; is the sum of the weights of its factors. A polynomial

in R, ; is said to be isobaric when it is nonzero and the weights of its nonzero terms
are equal. The weight of an isobaric polynomial is the weight of any nonzero term.

For any polynomial R in R, let ﬁ(z) denote the function on (2 that is
obtained by replacing each VVZ-(j) ofIAE with the corresponding Ci(j)(z) from (15.1),
let E*(z) denote the function on {2 obtained by replacing each m(j) ofﬁ with the
corresponding C:(j)(z) from (15.3), and let let ﬁ**(() denote the function on .(2**
obtained by replacing each VVi(j) ofﬁ with the corresponding C;‘*(”(g) from (15.6).

m,1

171



172 18. SUITABLE CONTEXT FOR OLDER NOTATION

For instance, in terms of the polynomial
(18.2) Py =W, - (W) - W,
the identity (17.2) of James Cockle for m > 2 is Py (z) = P,(z), on 2. Also, for
(m—2)(3m —1) 2(m—2)

3(m —1)2 3(m—1) .

the identity (17.3) of Cockle is given by A;;*Q(C) = (f’(())QCTjW2 (f(Q)), on £2%*.
The identities (17.4) and (17.5) of Halphen are represented with the polynomial

(18.4) H, =W, —3W,W, +2(W,)> — 3w,") 4 sw, w4 lw®).

by Hy'(z) = Hg( ), on £2, and Hi*(¢) = (f’(C))3ﬁ3(f(()), on 2**. In fact, if the
variables W ) of (18.1) are introduced so that they are related to the variables
wE]) for (1.13) by wl(-j) = (TL)VVi(j), then Z,, 1,3 in (1.13) yields Z,, 1,3 = (?) iI\g.

(Wy)* —

(18.3) Q=W —

DEFINITION 18.1. A polynomial R in R,,.1 is a Cockle-semi-invariant of the
first kind for equations of the form (15.1) when it is not a constant and yields
(18.5) R*(z) = R(2),
for each (15.1) and each transformation (15.2) of (15.1) into a corresponding (15.3).

DEFINITION 18.2. A polynomial R in R,, 1 is a Cockle-semi-invariant of the

second kind for equations of the form (15.1) when it is not a constant and there is
an integer s such that

(18.6) R*(Q) = ('(Q)"R(f(9),
for each (15.1) and each transformation (15.5) of (15.1) into a corresponding (15.6).
DEFINITION 18.3. A polynomial R in R, 1 is a Laguerre-Halphen relative

invariant for equations of the form (15.1) when it is both a Cockle-semi-invariant
of the first kind and a Cockle-semi-invariant of the second kind for such equations.

As examples, we note that }32 in (18.2) is a Cockle-semi-invariant of the first
kind; @Q,), 5 in (18.3) is a Cockle-semi-invariant of the second kind; and Hj in (18.4)
is a Laguerre-Halphen relative invariant.

18.2. Our viewpoint abut the older Cockle-semi-invariants

To illustrate how the context of Section 18.1 can be employed, we begin by
defining F; and G, in R,, ;1 through

(18.7) F,=1, F,=-W,, F  =F" +FF, fori>1,
and, with the introduction of Wy =1,
(18.8) G, = Z (Z)I/ﬁz_ijj, when 0 < i < m.

§=0
We have CAT’O =1, él =0, and CAJQ = 132 in (18.2). The coefficients of ﬁz and CAT’Z
are polynomials in the variables W; ") over Q. They do not involve m.
To obtain G;(z) on 2 or @j( ) on 2, we replace each W ) of G; with the

corresponding C’j(k)(z) from (15.1) or the corresponding Cj ( ) from (15.3).
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THEOREM 18.4. For 2 < i < m and the equations (15.1), G; is an isobaric
Cockle-semi-invariant of the first kind having weight i.

PRrROOF. For 2 < i < m, we use (18.8) and (18.7) to see that the coefficient
of W; in G; is 1 and therefore G; is not a constant. Since (18.7) shows that F,
is an isobaric polynomial of weight ¢ for ¢« > 0, we apply (18.8) to conclude, for
2 < i < m, that é’i is an isobaric polynomial of weight 3.

For 0 < ¢ < m and a transformation (15.2) of (15.1) into a corresponding
(15.3), we employ (18.8), (15.4), and the identity

OB e

0 obtaln ‘

(18.9) Gr(z) = jio (;) Fr (=) CI(2)
= ;O (;) Fr(2) kz]:_o (i) p“p(’j)( ) ()
LIRS EE S
£ (oo
- Z (;) Ch(2) Sin(2), on 0,

where o

(18.10) Su(z) = :0 (’V‘) p(pu() ()Z) Fr (2), on Q2 forpu>0

We note that (18.10), (18.7), and (17.1) yield Sp(z) = Fo(z) and

Si(2) = Fy(2) + p;l(z()z) = —Ci(2) + p;l() ()Z) = _C1(2) = Fi(2)

be an integer satisfying ¢ > 1 such that S, (z) = F 1(2). Then, we use (18.7),
=5,(2), Fi(2) = pW(z )/p( )+ F(z), and (18.10) to verify that
1(z

)= FV(2) + Fi(2) Fu(2)

o

et
u(2)
Fo.

= 502+ 28 5,0 4 Fr () S,

p(z)
— (u+1)( ) A . p(l)(z) . p(l)(z) )
Z< > v (2) o(2) Su(z) + o) S, (2)
" lu p(u)( *(1) P (2) P
+<§_:0 () p(2) +Z() o R >)

and, since the relation E-H = Fl-(l) + F1 Fl- in (18.7) is also valid for ¢ = 0,
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() 52 (1) 2D

pt1 (s
=5 () =, o

Thus, S,(z) = }?'/L(z) is valid on {2 for p > 0. We replace S;_(z) in (18.9) with
F;_;(z) and compare the result with (18.8) to see, for any (15.1) and (15.2), that

Fu(z) =

N =
ANl
[ —

v=0

Gi(z) = Z <;> Ci(2) Fi_i(2) = Gi(2), on 2 when 0 <i < m.
k=0
Hence, for 2 < i < m, (/}\'Z is an isobaric Cockle-semi-invariant of the first kind

having weight ¢. This completes the proof. [

This proof of Theorem 18.4 illustrates how the context of Section 18.1 can be
applied. To connect it with the argument in Subsection 18.3.2 as the only one
available for earlier researchers, we have the following result.

THEOREM 18.5. For an equation (15.1) on {2 having order m > 2, repeated as

@+ (V) a0

suppose that p1(z) Z0 is a romorphz'c function on a subregion Uy of (2 such that
the substitution y(z) = p1(2) t(z) transforms the restriction to Uy of (15.1) into
(18.11) ¢(m) ( ) 2) M= (2) =0, on Uy with di(z) = 0.

Then, for 1 <i<m, d; ( ) of (18.11) is given by d;(2) = Gi(z), on U.

PrOOF. For the indicated transformation of (15.1) on U; into (18.11) on U,
we find that (15.4) and (18.7) yield

o 1)
p1 () +C1(z)=0 and Fy(z)=-C,(z) =2 (2)

>

(18.12) di(z) =

, onlU.

p1(z) p1(z)
We use (18.7) and (18.12) to see that the formula
(k)
o _pr (2)
18.13 Fi(z) = , on Ui,
( ) (2) p1(2) '

is true for k = 0 and k = 1. In terms of any positive integer k for which (18.13) is
valid, we observe that (18.7) and (18.13) yield

~ ~1 A
Fen(2) = V() + B (2) Fi(2)
k41 k 1 1 k k41
_ o) s @) s @ e ) _ e e)

pi(2) (p1(2))? pi(z) pi(z) pi(2)
Thus, (18.13) is true for k¥ > 0. Using (15.4), (18.13), and (18.8), we notice that
the substitution y(z) = p1(2)v(z) transforms the restriction to U of (15.1) into the
equation (18.11) on U; having

(i—j)( )

di(2) = ; ()2 Pee= Z_j (5)Fstar i) = Guto,

for 2 < i < m. This completes the proof. O



18.3. ORIGINAL INTRODUCTION OF G,(z), G¥(z), AND Gi(z) = Gi(z) 175

18.3. Original introduction of G;(z), G(z), and G (z) = G,(2)

Let (15.1) be an equation of order m > 2 on {2 and let y(z) = p(z) v(z) be a
substitution as described for (15.2) that transforms (15.1) on {2 into (15.3) on {2.
Here, we are to ignore the content of Sections 18.1 and 18.2 in order to view the
way that Georges-Henri Halphen in [32] and Andrew Forsyth in [28] introduced the
Cockle-semi-invariants of the first kind that were essential for their constructions.

18.3.1. Halphen canonical form for (15.1). Let p;(z) be a meromorphic

function on a subregion Uy of 2 such that pgl)(z) + C1(2) p1(z) = 0 on Uy and
p1(z) £ 0. Then, we use (15.4) to see that the substitution y(z) = p1(2)t(2)
transforms the restriction to U of (15.1) into the equation on U; given by

(18.14) +Z< > )t D (2) =0, with Gi(z) =0

where explicit expressions for G2 ceey Gm(z are obtained by substituting
(1) (2) (1)
P (2) _ P (2) _ W P (%) (1) 2
:—C Z), = + ——C z) + C V4 s
ne -0 ") e+ (GE)
and
(k+1) (1)
i (2) _ 1 (2)
= + , fork>2,
p1(z) ( ) Pl (Z)
into (15.4) to obtain Gy (2) =0, Ga(2) = Ca(2) — (C1(2))°=CM(2), ... . But, the

coefficients of (18.14) are defined on all of {2 and they are uniquely specified by the
given (15.1). In this way, apart from the selection of the variable ¢, the equation
(15.1) on 2 uniquely determines (18.14) on (2 as its Halphen canonical form.

18.3.2. Deduction of G (z) = G;(z). Just as (15.1) on £ specifies (18.14)
on {2 as its Halphen canonical form, the equation (15.3) on 2 specifies

(18.15) () + 3 (T) Gr(z) ' D(2) =0, with Gi(z) =0,
=2

on {2 as its Halphen canonical form where G5(z) = C3(z) — (Cf(z))2 - Cf(l)(z),
and so on. For 1 <¢ <m, (A?;" (z) was regarded as obtained from él(z) by replacing
in G;(z) each C§k)(z) from (15.1) with the corresponding C’;(k)(z) from (15.3).
With reference to U; for the local transformation y(z) = p1(2)t(z) of (15.1)
on U into (18.14) on U, we observe that the substitution v(z) = (1/p(2))y(2)
transforms the restriction to U; of (15.3) into the restriction to U; of (15.1). Hence,
the substitution v(z) = (p1(2)/p(2))t(z) transforms the restriction to ¢ of (15.3)
into the restriction to U; of (18.14). Consequently, both (18 14) and (18.15) are
Halphen canonical forms for (15.3). This requires G*( ) = Gi(2), for 2 <i<m.
Since Georges-Henri Halphen in [32] of 1884, Andrew Forsyth in [28] of 1888,
and other researchers did not employ polynomials into which substitutions from
(15.1) or (15.3) or (15.6) could be performed, the function G;(z), for 2 < i < m,
was referred to as an isobaric semi-invariant of the first kind having weight i.
Sections 18.1 and 18.2 provide clarification. See Theorems 18.4 and 18.5.
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18.4. Results of Forsyth in the context for Sections 18.1 and 18.2

Andrew Forsyth employed infinitesimal transformations in [28, pages 398—401]
of 1888 to derive a necessary structure for Laguerre-Halphen relative invariants
of weights s = 3, 4, 5, 6, 7 for equations (15.1) of order m > s. The deduction for
the weight s = 3 in [28, page 398, (14)] corresponds to the notation

(18.16)  Os5(z) = Gs(2) — (3/2) CAv'él)(z), for equations (15.1) of order m > 3.

The right member of (18.16) is equal to the right member of (17.4) and was known
to Georges-Henri Halphen in [32] of 1884. That it does not involve m was noted on
page 169. In that regard, the notation of Sections 18.1 and 18.2 yields the identity

(18.17) 6;=Gs— (3/2)GY = Hs,
where H3 is given by (18.4).

With respect to the notation of Section 18.1 on page 171, we use (18.8) to see
that the polynomials of interest that correspond to the formulas for ©4(z), O5(z),
Os(2), and O7(z) in [28, pages 399-401, (15), (16),(17),(18)] are given by

3bm+T 4 2
— (G
5(m+1) (G2)",
for equations (15.1) of order m > 4,

(18.18)  O,=Gs—2GY" +(6/5) G5 —

10(Tm +13) » -

— G926
7(m+ 1) 2 3,

for equations (15.1) of order m > 5,

~ o 5am 1542 ba
(18.19) @5 =G5 — §G§f) + 7G§2) - ?Gf’) -

(18.20) Os =G — 3G +(10/3)GY — (5/3)GLY + (5/14) GLY
30(7m? + 28m + 25) 5(7Tm + 8) (@(1))2

7(m +1)2 4(m+1)\"?

Im+7 ~ [/~ ~(1) 2(14m + 31) ~(2)
m+ 1 GQ(G“ 2G5+ 7(3m +7) G )

for equations (15.1) of order m > 6,

(Ga)" +

-5

and
& T 105 5@ 35 4 35 50 T AG)
G, — -G —GY_ g 2w _ L@
T35 T &s T 338 44 2
76, | 3/2)01m+ 31)(26:5 - 5@511))

S 11(m+1)

(1821) 6 @+

+5(15m + 41) G — 15(2m + 5) G

7(3m+4)

C11(m+1)

21(55m? + 288m + 329)
11(m +1)2

568 (Gs + G - 560G

o~ 2 ~
(GZ) @37
for equations (15.1) of order m > 7,
except that: the denominator 11(m + 1)? appearing in the last fraction of (18.21)
is a correction for the denominator 22(m + 1)? that [28, page 401, (18)] would give.

For details about that misprint, see [19, page 79].
The restriction to infinitesimal transformations is removed in Theorem 18.7.
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18.4.1. Deduction for C:‘Z(-k). For any polynomial Pin R,,1 of page 171 and
the derivation ’ for R, |, we write PO =p pO) = (13(0))/, P = (13(1))/, .
Thus, for any k > 0, we use the notation P® for the polynomial in R, ; obtained
from P by repeatedly applying & times the derivation ’ defined for R, ;.

We recall that ﬁ(z) designates the function on 2 obtained from p by replacing
each VVi(j ) in P with the corresponding Ci(j )(z) from (15.1). However, due to
we see that the function (f’(k))(z) on {2
that is obtained from P®*) by replacing each W/;(j ) in P® with the corresponding
C’i(j) (2) from (15.1) is equal to the kth derivative with respect to z of P(z). Similarly,
the function (ﬁ(k))*(z) on {2 obtained from P®*) by replacing each VVi(j) in P*)
with the corresponding C; & )(z) from (15.3) is equal to the kth derivative with
respect to z of the function P*(z) obtained from P by replacing each VVi(j )in P
with the corresponding C;(z) from (15.3).

properties of the derivation ’ for R,

PROPOSITION 18.6. For2 <i<m andk > 0, égk) is an isobaric Cockle-semi-
imwvariant of the first kind having weight i + k.

PROOF. For 2 < ¢ < m and k > 0, we use (18.8) to see that the coefficient
of m(k) in ng) is 1 and GZ(-k) is an isobaric polynomial of weight i+k. Theorem 18.4
on page 173 yields G} (z) = G;(z), on 2, from which we deduce

k k

AV Ly = & Gy = B A Ly = (G0
We compare (18.22) with (18.6) of Definition 18.1 on page 172 to complete the
proof. (I

18.4.2. Properties of ég, @4, é5, ég, and é7. ‘We know that ég in (18.17)
is a Laguerre-Halphen relative invariant for equations (15.1) of order m > 3 because
Hj in (18.4) on page 172 has that property with respect to Definition 18.3.

THEOREM 18.7. For3<s<7, (:)S 1s a Laguerre-Halphen relative invariant of
weight s for the equations (15.1) of order m > s.

PROOF. Let s satisfy 3 < s < 7. We use (18.17)—(18.21) to see that the
coefficient of Wy in és is equal to the coefficient 1 of W in @s. Since Definition 18.1
on page 172 shows that a nonzero sum of Cockle-semi-invariants of the first kind
is a Cockle-semi-invariant of the first kind, we apply Proposition 18.6 to conclude
that @, is an isobaric Cockle-semi-invariant of the first kind having weight s.

We establish in Section 18.5 that: when an equation (15.1) on 2 is transformed

by z = f({) of (15.5) into a corresponding equation (15.6) on §2**, the identity
(18.23) () — (£(0) 05 (f(¢)) =0, on 2** for3<s <7,

is valid, where o, () on £2 and é;‘*(g) on {2** are obtained by replacing each VVi(j)
in @, with the corresponding Ci(j) (2) from (15.1) and Ci**(j) (¢) from (15.6). In view
of (18.23) and Definitions 18.2-18.3, we conclude that O, is a Laguerre-Halphen
relative invariant of weight s. (I
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18.5. Computer-algebra verification of (18.23)

After selecting a version of Mathematica from [55, 56, 57, 58, 59| as the
system, we recall from page 167 that the evaluations of

Ce[m_,0][z_]1 :=1
alphal0,j_][zeta_] := 1

alphali_,j_][zeta_] := ( Sum[alphali-1,k]’[zeta]
-(i-1+k) (£’ [zeta] /£’ [zeta] ) *
alphali-1,k] [zetal,{k,1,j}] ) /; i >=1

betalm_,r_,s_] [zeta_] :=(Product [(m-s-k+1) ,{k,1,r}]/
Product [(s+k) ,{k,1,r}]) *alphalr,s] [zeta]

CeSS[m_,i_][zeta_] := Sum[betalm,i-j,m-i] [zeta]*
(f’ [zetal) " j*Ce[m, j][f[zetall,{j,0,i}]

provide representations for the coefficients C57*(¢), C3*(¢), ... of (15.6). We use
(18.7) and (18.8) to see that the evaluations of

Fl0][z_] := 1

F[1][z_] := - Ce[m,1][Z]

Fli_1[z_] := F[i-11’ [2]+F[1] [z]*F[i-1][z] /; i >= 2
G[i_1[z_] := Sum[Binomialli,jl*F[i-j][z]*Cel[m,j]l[z],{j,0,i}]

FSS[0] [zeta_]

1

FSS[1] [zeta_] - CeSS[m,1] [zetal

FSS[i_] [zeta_] :=
FSS[i-1]’ [zetal+FSS[1] [zeta]l *FSS[i-1] [zeta] /; i >= 2

GSS[i_]l[zeta_] :=
Sum[Binomiall[i, j]1*FSS[i-j] [zeta]l*CeSS[m,j] [zetal,{j,0,i}]

provide representations for the function G;(z) on €2 and G7*(¢) on £2** obtained
from G, by replacing each W; in G; with the corresponding C;(z) from (15.1) or
C3*(¢) from (15.6). In view of (18.17)-(18.21), we observe that the evaluations of

Thetal[3]1[z_] := ( G[31[z]-(3/2)G[2]’[z] )
ThetaSS[3] [zeta_] := ( GSS[3] [zetal-(3/2)GSS[2]’ [zeta] )

Thetal4][z_]1 := ( G[4][z]1-2G[3]’ [z]+(6/5)G[2] "’ [z]
-(3/8) ((bm+7) / (m+1))G[2] [z] "2 )
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ThetaSS[4] [zeta_] := ( GSS[4] [zeta]-2GSS[3]’ [zetal
+(6/5)GSS[2] ’’ [zetal -(3/5) ((5m+7) / (m+1) )GSS[2] [zetal "2 )

Thetal[5][z_] := ( G[5][z]-(5/2)G[4]’ [z]+(15/7)G[3] " [z]
-(5/7)G[2]°°° [2]-(10/7) ((Tm+13)/ (m+1))G[2] [z] *Theta[3] [z] )

ThetaSS[5] [zeta_] := ( GSS[5] [zetal-(5/2)GSS[4]’ [zeta]
+(15/7)GSS[3]’’ [zeta]l-(5/7)GSS[2] "’ [zeta]
-(10/7) ((Tm+13) / (m+1) )GSS[2] [zeta] *ThetaSS[3] [zeta] )

Thetal[6][z_] := ( G[6][z]-3G[5]’[z]+(10/3)G[4]’’ [z]
-(5/3)G[3]1°’’ [z]+(5/14)G[2] >’ [z]
+(30/7)G[2] [z] ~3*((7m~2+28m+25) / (m+1) ~2)
+(5/14) ((Tm+8) / (m+1))G[2]’ [z] "2
-5((3m+7)/ (m+1))G[2] [z] *

(G[4] [2z]-2G[3]’ [z]+(2/7) ((14m+31)/ (3m+7))G[2] >’ [z]) )

ThetaSS[6] [zeta_] := ( GSS[6] [zeta]l-3GSS[5]’ [zetal
+(10/3)GSS[4]°’ [zetal-(5/3)GSS[3] "’’’ [zetal
+(5/14)GSS[2] 7’ [zeta]
+(30/7)GSS[2] [zeta] "3*((7Tm~2+28m+25) / (m+1) ~2)
+(5/14) ((7Tm+8) / (m+1))GSS[2] ’ [zeta] "2
-5((3m+7)/(m+1))GSS[2] [zetal *(GSS[4] [zetal

-2GSS[3]’ [zetal +(2/7) ((14m+31) / (3m+7))GSS[2] ** [zetal) )

Thetal[7]1[z_] := ( G[7]1[=z]-(7/2)G[6]’ [z]+(105/22)G[5] "’ [z]
-(35/11)G[4]1°°° [z]+(35/33)G[3] "’’’ [2]-(7/44)G[2] ’ "’’’ [z]
=(7/11) (G[2] [z] / (m+1))*( (3/2) (11m+31) (2G[5] [z]-5G[4]° [z])

+5(15m+41)G[3] "’ [z]-15(2m+5)G[2] 7’ [z] )
=(7/11) ((Bm+4) /(m+1))*( 3G[2]’’ [z] ( G[3][z]+G[2]’[z] )
- 5G[2]° [z]*G[3]1°[z] )
+G[2] [z] "2*Theta[3] [z]*((1155m~2+6048m+6909) /(11 (m+1)~2)) )

ThetaSS[7] [zeta_] := ( GSS[7] [zetal-(7/2)GSS[6]’ [zetal
+(105/22)GSS[5]°’ [zetal-(35/11)GSS[4] "’’’ [zeta]
+(35/33)GSS[3] "’’’ [zetal-(7/44)GSS[2] >’’’ [zeta]

-(7/11) (GSS[2] [zetal / (m+1))*( (3/2) (11m+31) (2GSS[5] [zetal
-5GSS[4]° [zeta] )+5(15m+41)GSS[3] ’’ [zeta]
-15(2m+5)GSS[2] >’ [zeta] )
- (7/11) ((3m+4) / (m+1)) ( 3GSS[2]’’ [zeta]l*
(GSS[3] [zetal +GSS[2] > [zeta] ) -5GSS[2] ’ [zeta] *GSS[3] ’ [zetal)
+GSS[2] [zeta] "2*ThetaSS[3] [zeta] *
(21(55m~2+288m+329) /(11 (m+1) ~"2)) )

represent the functions o, () on £2 and é:*(@) on 2** for 3 < s < 7, that appear
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in (18.23) on page 177. Since the evaluation for each of

FullSimplify[ ThetaSS[3][zeta] - f’[zeta] "3xThetal[3] [f[zetal] ]

FullSimplify[ ThetaSS[4] [zetal - f’[zeta] "4*Thetal4] [f[zetal] ]

FullSimplify[ ThetaSS[5] [zeta] - £’ [zeta] "5xThetal[5] [f[zetal] ]

FullSimplify[ ThetaSS[6] [zeta] - f’[zeta] “6xThetal6] [f[zetal] ]

FullSimplify[ ThetaSS[7] [zeta]l - f’[zeta] “7*Thetal[7] [f[zetal] ]

is zero, we conclude that (18.23) is valid. A Mathematica notebook containing the

preceding evaluations can be downloaded from
http://homepages.uc.edu/~chalklr/Chapter-18.html

with the Google browser Chrome. It illustrates well the technique of Chapter 17.

18.6. Several observations

A different argument to verify Theorem 18.7 was employed for [19, page 79).
There, after finding explicit formulas for all of the basic relative invariants of the
equations (15.9), we used computer algebra with the substitution wl(]) =(7) VVi(])
in the basic relative invariants Z,, 1.3, ..., Lym,1,7 to verify that

(18.24) Tis = (m) és, for3<s<7andm > s,
s

where @3, cee 6, are given by (18.17)—(18.21). The properties of O, asa Laguerre-
Halphen relative invariant for the equations (15.1) then follow from properties of
T.n1; s as a relative invariant for the equations (15.9).

The formulas for ég(z)7 é4(z), ég,(Z), Og(z), and é7(z) in [28, pages 398-401]
and their rewritten versions appearing in [8, page 235] did not lead to general results.
Francesc Brioschi introduced errors when he rewrote é7(z) for [8, page 235] of 1891

and those errors were copied in the expression for @;(z) that Ludwig Schlesinger
included in [47, page 196] of 1897.

18.7. Computer-algebra verification of (18.24)

We continue with the Mathematica notebook that was begun on page 178 and
includes the sixteen commands of page 178, the seven commands of page 179,
and the five commands above. At this point, the evaluations of Thetal[3] [z],
Theta[4] [z], Theta[5] [z], Thetal[6] [z], Thetal[7] [z] are representations for
the functions O3(z), O4(z), O5(2), Og(z), and B7(z) on 2 that are obtained by
replacing each VVj(k) in @3, O4, @5, B¢, and @7 of (18.17)—(18.21) with C’j(k)(z)
from (15.1). Next, we evaluate

Celm_,i_1[z_]1 = W[il[=z]

and recognize that the evaluations of Thetal[3] [z], Theta[4A] [zl, Tlieta£5] [z],
Theta[6] [z], Theta[7] [z] now represent the polynomials @3, @4, @5, Og, and
©; of (18.17)—(18.21) in the variables VVj(k) over Q.
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With respect to the equations (15.9) on page 158, in order for the evaluations
of basicInv[m,1,3][z], basicInv[m,1,4][z], basicInv[m,1,5][z] as well as
basicInv([m,1,6][z] and basicInv[m,1,7][z] to represent the basic relative
invariants L, 1,3, Zm. 1.4, Zm,1;5, Lm,1;6, and Iy, 1,7 as polynomials over Q in the

Ej ), for 1 <i<m and j > 0, we evaluate the input commands

alm_,1]1[z_] := (1/Binomial [m+1,3]) ( w[2] [z]
-((m-1)/2)w[1]’ [z]-((w-1)/(Cm))w[1] [2] "2 )

variables w

dlm_,1]1[z_] := (1/(m(m-1)))w[1] [z]
Klm_,1,i_,j_1[z_] :=0 /; i <= -1
K[m_,1,0,j_1[z_] =1

Klm_,1,i_,j_1[z_] :=
( Sum[( D[K[m,1,i-1,k][=z],z=]
-(m-1)*d[m,1] [z]*K[m,1,i-1,k] [z]
+(m+2-i-k) (2-i-k)a[m,1] [z] *
Klm,1,i-2,k][z]),{k,j+1,m}] ) /; i >= 1

wl0][z_] = 1; X[k_]1[z_] := wlk][z]

Llm_,1,i_1[z_] :=
Sum[ K[m,1,i-j,j][z]*X[j1[z], {j, O, i}]

Mm_,1,el_,i J[z_] :=
FunctionExpand[Binomial [m-i,e1-i]]*
Product[(el-r), {r,1,e1-i}]1*L[m,1,i][z]

Alel_,i_] -1/(el+i-1) /; i >=1

Blel_,i_]

(e1-i)/(el+i-2) /; i >= 1

inv[m_,1,e1_,0][z_] 0

inv[im_,1,el_,1][z_] 0
inv[m_,1,el_,i_J[z_] := ( M[m,1,el,i] [z]
+Alel,i-1]*D[ inv[m,1,el,i-1]1[z], z]

+Blel,i-1]*a[m,1] [z]*
inv[m,1,e1,i-21[z] ) /; i >= 2

basicInv[m_,1,el1_J[z_] := inv[m,1,el,el] [z]
from pages 53-54 of Section 6.1. For the relation wék) = (3”) W;k), we evaluate

binomial[m_,i_] := Product[m-k,{k,0,i-1}]1/i!

wli_][z_] := binomial[m,i]*W[i] [z]
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where the first of these two input commands enables (') to be evaluated for any

nonnegative integer ¢ even when m is merely a symbol. Since the evaluations for
each of the input commands

FullSimplify[ basicInv[m,1,3][z] - binomial[m,3]*Thetal[3][z] ]
FullSimplify[ basicInv[m,1,4][z] - binomial[m,4]*Thetal4] [z] ]

FullSimplify[ basicInv[m,1,5][z] - binomial[m,5]*Thetal[5] [z] ]

FullSimplify[ basicInv[m,1,6] [z] binomial [m,6]*Thetal[6] [z] ]

FullSimplify[ basicInv[m,1,7][z] - binomial[m,7]*Thetal7] [z] ]

is zero, we conclude that (18.24) on page 180 is valid. The Mathematica notebook

that is downloadable from
http://homepages.uc.edu/~chalklr/Chapter-18.html

with the Google browser Chrome contains evaluations for the input statements of

this chapter.

18.8. Brief summary

The subject needed a simpler notation, precise definitions, explicit formulas of
a general character for the coefficients of equations resulting from a change of the
independent variable, and a symmetrical development with respect to the two types
of semi-invariants. Instead, after the research of Andrew Forsyth in [28] of 1888,
the subject was identified with the performance of infinitesimal transformations.
For example, see [7] of 1899 and [53] of 1906. Biographies of Georges-Henri Halphen
reveal the attitudes that prevailed by incorrectly implying the subject of invariants
for differential equations was merely a detail in the theory of continuous groups.
Also, since Halphen’s research about invariants did not fit into that context, it
should have been praised rather than claimed by biographers to be “no longer in
the mainstream.” Thus, because the subject had become so thoroughly muddled,
it needed the complete redevelopment that we began in 1989.

There are numerous areas of mathematics where considerable effort would be
required for a neophyte to understand the contributions made by experts or to fit
those contributions into an interesting historical perspective.

In contrast, the subject of relative invariants has a long history. Moreover, it
should now be intelligible to anyone knowledgeable about the differential calculus
and the concept of a polynomial in algebra.

We are pleased to have advanced this remarkable area of mathematics.
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