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Based on an idea of Rosenblatt, the methods of interpolation theory are used to
establish moment inequalities and equivalence relations for measures of dependence
between two or more families of random variables. A couple of “interpolation”
theorems proved here appear to be new.  © 1985 Academic Press, Inc.

I. INTRODUCTION

In his studies of mixing conditions on Markov chains, Rosenblatt [32;
33, Chap. 7] used the Riesz convexity (interpolation) theorem to compare
different measures of dependence between two given families of random
variables on a probability space. Rosenblatt [34] also suggested that by
using other results in operator theory, one might be able to obtain more
information about the relationships between various measures of depen-
dence. In this article we shall follow up this suggestion and, in essence, see
what more information can be obtained from the Riesz-Thorin and Mar-
cinkiewicz interpolation theorems and from a key idea of Stein and Weiss
[371.

The nature of this paper is partly expository, pointing out relevant
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applications of some theorems that are either elementary or well known to
functional analysts. This first section is a brief introduction, to serve as
motivation. Sections 2 and 3 give a discussion of the relevant results in
interpolation theory on spaces of functions; Theorems 2.1 and 3.6 there
appear to be new and may be of independent interest in interpolation
theory. In Section 4 we return to the context of measures of dependence on
a probability space, and apply the results in Sections 2-3 to that context.

This paper developed from the authors’ work in the following way.
Theorem 4.3 and Example 4.4 came (essentially verbatim) from an earlier,
unpublished manuscript of R.C.B. After seeing that work, [33, Chap. 7],
and preprints of [3] and [28], W.B. spotted potential broad applicability
of interpolation theory to measures of dependence and proved Theorem 2.1
for the case n=2 (including Theorem 2.2), Theorem 3.6 for the case n=2,
and Theorem 1.1, and (for expository purposes) worked out Theorem 4.2
in Section 4.3. Then the present (multidimensional) versions of Theorems
2.1 and 3.6, along with other odds and ends, were worked out jointly.

Let (2, #, P) be a probability space. Two sub-o-fields # and ¥ < .#
are said to be “independent” if P(4n B)=P(A) P(B),V Ae %, Be%. This
definition is the starting point for the following class of measures of depen-
dence between o-fields: For 0<r<1, 0<s< 1, and any two o-fields # and
Y (< M) define

|P(An B)— P(4) P(B)|
[P(A)TTPBT
AeF, Be%, P(4)>0, P(B)>0. (1.1)

o, (F, %) = sup

For certain ordered pairs (r, s) these measures of dependence are already
known, by the following notations:

A F,G) = ago(ZF, %),
NF, b)) = a,o(F,9).
NG, F)=uo(F, %),
WF, 4) = o, (F, %), (1.2)
MF, %)= a11(F, %)

The quantities a(, ), ¢(-, ), and ¥ (-, -) are the measures of dependence used
respectively in the “strong mixing,” “¢-mixing,” and “y-mixing” conditions
for sequences of random variables. For the definitions of these conditions,
see, e.g. [21] or [22]. The use of these mixing conditions in central limit
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theory started with Rosenblatt’s [31] use of (-, -) (in the “strong mixing”
condition),

Throughout this article, the random variables will be complex-valued.
For 1< p< o, let | X]|, denote the usual p-norm of any given r.v. X (ie,
[ X][,=E" |X|?if | < p< a0, and || X|,, = P-ess sup |X]), and for any such
p and any o-field # (< #) let Z,(#) denote the class of (complex-valued)
# -measurable r.v.’s X satisfying || X]) , < co.

The following theorem is given here in order to help focus our dis-
cussion:

THEOREM 1.1. Suppose | < p, q< o0 and p~'+q~ ' < 1. Suppose F and
% are o-fields, X€ %,(F ), and Y € %,(%). Then the following two statements
hold:

(i) Defining t, 1<t< 0, so that p~'+q '+t~ '=1, one has

|EXY— EXEY|<2n- [ao(F, %) [H(F, 917
[8(9, F)17- X, 1 T,

() Ifp'+qg '=1, then

|EXY — EXEY| <3000 (MF, 9): [1 —log A(F, ¥)])min?/P2D
XY, Yl

Here and in what follows, log always denotes the natural logarithm.
Throughout this paper, when log « appears for some positive number o, it
will turn out to be the case that <1 and hence 1 —log « > 1. Theorem 1.1
will be proved at the end of Section 4.1. In Section 4.3 it will be extended
(with minor adjustments) to r.v.’s X and Y taking their values in a Hilbert
space, following an idea in [8]. In Example 4.4 in Section 4.4 it will be
shown that the log term in (ii) cannot be entirely avoided. Throughout this
paper, except in Sections 2.2 and 4.4, “large” multiplicative constants will
be permitted for the sake of keeping the proofs simple.

Part (i) of Theorem 1.1 was motivated parily by a preprint of Peligrad
[287, in which part (i) was proved for the case p~'+¢~'=1. 'n both [9]
and [28] there are limit theorems involving ¢-mixing in both directions of
time simultaneously. Except for a constant factor, (i) gives a unified treat-
ment of two different families of moment inequalities (one involving a(-, *)
and the other involving #(-, -)) that have been discussed in [5-7, 10, 12, 17,
18, 20, 21, 28, 38].
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Part (ii) sharpens and generalizes an equivalence relation proved in [3]
between A(F, ¢) and the well known “maximal correlation” [13, 16]:

|EXY — EXEY)

F,%):=su ,
P 9) = S =rar T,

Xe L(F), YeL(9),

X1,>0, [ Y],>0
= sup |Corr(X, Y)|, XeL(F) Ye L (%), X, Yreal. (13)

(The latter equality is well known (see [39, . 512, Theorem 1.1]); keep in
mind the trivial fact that | W, = |W — EW], for We %(#).) Let us men-
tion one application of f{ii) to stochastic processes. Suppose (X,
k=.,—1,0,1,.) is a strictly stationary sequence of real-valued r.v.’s with
EX,=0 and EX?<oo0. For each n=1,2,.. define i(n) = A(F° , Fr),
where Z £ denotes the o-field of events generated by (X, J<k<L). Then
by (ii) the following statement is an immediate corollary of a theorem in a

paper by Ibragimov [19]:

CoroLLARY 1.2 (of [19, Theorem 227). If (X\) satisfies A(n)=
O((logn)~"*#)) as n— oo for some >0, then (X)) has a continuous spec-
tral density f(1), and if in addition f(0)#£0 then (X,+ - +X,)/
[2nn- f(0)]Y? - N(0, 1) in distribution as n — oc.

Remark 1.1. The log term that occurs in Theorem 1.1(ii) may turn out
to be quite prevalent in moment inequalities. Consider the following result
of Zuev [40]: If X is real and & -measurable, Y is real and ¥-measurable,
Eexp(a|X|)<C and Eexp(a|Y])<C, where a>0 and C>0 are con-
stants, then |EXY—EXEY|<8a72C-§(F,%) [1—log¢(F,%)]; and
this inequality is sharp up to a multiplicative factor that depends only on
C. Thus, in the absence of further information, the log term is in essence
unavoidable. Zurbenko and Zuev [42] obtained earlier a very similar
inequality, |[EXY — EXEY|<T2a"2C - (%, %) [log a(F, 4)]% under the
same conditions on X and Y.

In Section 4 our discussion on measures of dependence will be continued.
In Section 4.2, measures of dependence between three or more o-fields will
be examined.

In what follows, when a term like a, is to be a subscript or exponent, it
will usually be written as a(b) for typographical convenience. Vectors will
be denoted with bold-face type: thus p denotes a vector and p a scalar. For
any positive integer J, [1, 0]’ will denote the set of all vectors p=
(pyss py)such that 1< p,; <0 Vj=1,.,J
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II. MULTILINEAR OPERATORS

This section is devoted mainly to Theorem 2.1 below, which is closely
related to, and is based heavily on the ideas in, the Marcinkiewicz inter-
polation theorem. Theorem 2.1 is (ultimately) the basis for the proof of
Theorem 1.1(ii), and (as we shall note in Section4.2 later on) can
(ultimately) be used in the study of measures of dependence between more
than two families of random variables. In Section 2.2 below, a special case
of Theorem 2.1 is slightly refined.

2.1, Background and Theorem 2.1

Suppose n>=2 is a positive integer and for each k=1,2,.,n,
(2, %, P,) is an arbitrary probability space. Throughout Section 2, this n
and these probability spaces will be fixed.

For each k=1,.,n let £ (%) denote the set of all complex-valued
Z-measurable simple functions on 2,. If 1 <k <n, then whenever a com-
plex-valued function f is specified to be %,-measurable, it is understood
that f is defined on 2,, and that for f the usual p-norms, 1< p< o0, are
defined with respect to the measure Py | fll,=[{ou |f17dP1"" if
I<p<oo,and || fll,=P-esssup|f|. Of course | ffl ,<| fll,if 1<p<
g < oo by Holder’s inequality, since P, is a probability measure. £,(%,) will
denote the set of all complex-valued #,-measurable functions f on Q, such
that || f ]|, < 0.

Suppose T: F(#)x - x P(F,_1) = £(%,) is a multilinear operator
(or “(n— 1)-linear” operator). Here “multilinear” or “(n — 1)-linear” means
that for each fixed j, 1 < j<n-— 1, and each choice of f, ¢ (%), k #J, the
mapping T(fy,..., f;_15% fj+ 1 fu_1) s 2 linear operator (into % (%,)). If
n=2 then of course T is simply a linear operator.

We shall always make the usual assumption that T(f,.., f,_ )=
T(gyss 8n_1) ae-P, if fr=g, ae-P, Vk=1,.,n—1, consistent with the
usual practice of regarding %,(%;) as a space of “equivalence classes” of
functions.

For each p=(py,.., pn_1)€[1, 01" ' and each ge[1, 0], define the
following (possibly infinite) norm of T

17Cf 15 S Mg
||f1|lp(1)' e ”fn-l”p(nfl)’

ITl, ., = sup fee L (F), 1<k<n—1.

In this definition, interpret 0/0 =0.

It is well known that if |T|,_,, < oo for given p and g, then T can be
extended uniquely to a bounded multilinear operator from &, (%) x -
X Loin - 1)(F_ 1) into Z,(£,), and in this extension the value of the (p — g)-

6K3:16./3-5
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norm remains unchanged. But for our purposes it suffices to consider T on
just F(F)x - xL(F,_y)

T is called a “product operator” if [T (.0, c0)moo<1 and
1T co....co.1,00,..0y -1 < 1 for each vector (oo,..., 0, 1, c©,..,, 00) (there are
n—1 of them). This definition is taken from O’Neil [26] and is well known

to be motivated partly by the following remark:

Remark 2.1. Let us temporarily abuse notation and denote, for p=
(Piswr Pn_1)€[1,00]"", the vector p~':= (p;',...p;},). The mul-
tidimensional Riesz-Thorin interpolation theorem (see [1, p. 18, Exer-
cise 13]) says that if py, p;, and p each € [1, 071" !; q,, ¢, and ¢ each
e[l,0]; 0<6<1l; p'=(1-0)ps'+0p;;; and ¢ '=
(1-8)q5 ' +0g;"; then | T, ,< [”T“p(o)—oq(O)]lAg. [”T”p(l)—»q(l)]g' By
repeated applications, one has || 7|, -, <TTM_ [Tl pm) - gy 1° i 6, =0
Vm, Zrlg=1 0m= 1’ pkl ZZnA;!zl Ompr;l’ qﬁl=2r¢|{=1 qur;la Pn€ [la w]n—l
Vm, and gq,€[1,0] Vm. In the special case when 7 is a product
operator, this tells us that |T),_,<1 whenever p=(p;,.,p, )€
[1,0]" Y, ge[l,0], and 3;-lp;'=q ' (and even when
Yr-tprt<q™!, using the fact that P, is a probability measure).

If we were working with just real-valued functions, then an extra con-
stant factor would have to be incorporated into the above-mentioned inter-
polation theorem. By working exclusively with complex-valued functions
we avoid this extra complication. (See the paragraph following the
statement of Theorem 1.3.1 in [1, p. 9].)

One more piece of notation is needed: If 1 <k < », then whenever a set 4
is specified to be an element of %, I(A4) will denote the indicator function
of A, defined on 2,.

THEOREM 2.1. Suppose p= (pyss Pu_1)€[1,00]" 1 and 1 <g< 0 are
such that 0<Y 2} pr'<q~". Then there exists a constant C=C(p;q)
which is a function only of p and q, such that the following statement holds:

Suppose T: L(F)x -+ x L (F,_ ) > Ls(F,) is an (n— 1)-linear product
operator; suppose that ¥V k, | <k <n—1, either 4, .= (%) or 4. = {I(4):
Ae % }; suppose that 0<e<1 and that V>0, ¥V (f1sy fu_1)E€G X -+ X
4,_, one has Py((T(fiyes fy_ >0 <[(6/1) TIZL I fell 1% then
V(fis fuo))EG X - XY, one  has 1T(f s fa g < [Cre
(1 —1og &)1 T2 I fell -

It is emphasized that C does not depend at all on the particular
probability spaces (2, %, P,) being used; we shall sometimes write it as
C(p1rs Pn_1;q) when we wish to mention the components of p explicitly.
When %, =% (%) Vk, the last inequality simply says |7),.,<C-é-
(1—1loge)'%. The use of %, at all (ie., allowing the option %, = {I(4),
Ae %} for some or all k’s) is only a slight extra complication, and will
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facilitate the use of Theorem 2.1 later on. Of course 1 —log &> 1 since e < 1.
When A. Torchinsky first saw the statement of Theorem 4.3 in Section 4.4
(which had been proved earlier), he conjectured that there was a connec-
tion between such results and the work on BMO functions in harmonic
analysis. Indeed, the proof of Theorem 2.1 will make use of techniques well
known in the study of BMO functions. Similar results with g=1 or oo will
not be considered here. In the special case where n=2 and p,=¢g=2,
Theorem 2.1 is sharp up to a constant factor; see Remark 4.5 in Section 4.4.

Remark 2.2. In Theorem 2.1, if ¢=1 then the last inequality obviously
becomes trivial with C replaced by 1, since T is a product operator.

Proof of Theorem 2.1. Assume p and g are as in the statement of
Theorem 2.1. We shall break the argument into three cases:

Case 1 O0<¥r_ipt=q 'and p,<oo Yk
Case 11: 0<Yrzipst=q " and p, = o for some k.
Case Il 0<YICipit<q™t.

Case | is the critical one. Let us take it for granted for a moment and
quickly get Cases II and IIT out of the way with simple arguments.

Proof for Case 1l. Permuting indices if necessary, we may assume
without loss of generality that for some m, 1 <m<n—2, one has p, =0
Vi<mand l<p, <o Vkzm+ 1.

Now suppose that T, ¥,,..,%,_,, and ¢ fulfill the assumptions in the
statement of Theorem 2.1.

Let the functions f, €%, 1 <k <m, be arbitrary but fixed, and define the
(n—1—m)linear operator T': L(Z, )% XF(F,_1) > L (F,) by
T'(81sns 8ne1-m) = (TIR 1 fill o) ™! TS 1 ses s &1 Bn1—-m) (T =0
if f, =0 a.e.-P, for some k <m). Note that T" is a product operator. A sim-
ple argument shows that V>0, V(g1 8no1om)€Gmi1 X X%, _4,
one has P,(IT(g1er 8a— 1wl > 1)< [(e/1) TIiZ 1~ I 84l s 4 my 1% Hence
by Theorem 2.1 for Case I, ¥ (g1, €11 m)E€E%Gmi1 X - X%, _,, one has

m

VT e fors G1rem gm,m)uf( i1 1A w>- 1781 o s,

k=1

K [C(Pms 1o Pn_154) € (1 —log £)]

(ﬁ ||fk||w>‘(n—ll_[—m Ilgk||pk+m>‘

k=1 k=1

Since f, €%, 1 <k <m, were also arbitrary, Theorem 2.1 holds for Case II,
with C(00,..., 90, Ppy i 150 Pr158) = CPrm sy 15000s P13 4)-
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Proof for Case I11. Suppose that 7, %,..,%,_,, and ¢ fulfill the
assumptions in the statement of Theorem 2.1. Define p,, 1 < py< o0, such
that 3728 pr'=q~ 1. Let (Q,, %, Po) be a trivial probability space with
2, consisting of just one element. Define the n-linear operator T": (%) x

X P(Fy 1) > L(F) BY T(fores foo1) = Jo  T(f1sr fu1) (fo is oOf
course just a scalar). Taking Cases I and II for granted and mimicking the
argument for Case II (more or less), one can now derive Theorem 2.1 for
Case III as a consequence of Theorem 2.1 for Case I or II (whichever is
applicable), with C(py,... pn_1;q) = C(Poss Pn_159)-

Now we only need to establish Theorem 2.1 for Case I.

Proof for Case 1. Let p=(py,... p,_1)€[1, 001" ! and g be fixed with
0<Yr-ipil=g~'<land p,<oo Vk.

First let us define the quantity C, along with some other parameters that
will be needed later:

0:=qg-1,
A= min (2p,)"},
I1<sk<€sn—1
w = q/(A8), (2.1)

C=C(p, q) = [39*V"= Vg -2w-max{1,0'}]"4,
o = Pi/q Vk=1,.,n—1.

Every parameter defined here is clearly positive and depends only on p
and ¢. Note the following trivial facts:

w>1,

Pr—ba,=p/g=1 Vk=1,.,n—1, (2.2)
n—1 n—1
> Yue=1= 3 q/pc.
k=1 k=1

Now suppose that T, ¥,,..,9,_,, and ¢ satisfy the assumptions in the
statement of Theorem 2.1 (with respect to p and g).

Let f, €%, 1 <k <n-1, be arbitrary functions such that || f,| , >0 V k.
Define the functions g,, 1 <k <n—1, by g, := fi/ll fill pxy- In what follows,
we shall work with g, instead of f, because of the convenient property
I &l juy=1 ¥ k. To prove Theorem 2.1 it suffices to prove

17(g1ss 8n-Dll, < C-&-(1—loge)". (23)
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For each k, 1<k<n-—1, and each >0, define the following three
functions on ,:

gl = g Ie™" | gel*® <),
gith = g I(e” - 1gel W <t <e™ | g, (24)
gy = g I1<e” - | g, *®).

(See (2.1), and keep in mind that ¢” <&~ " since £ < 1.) Then for each k and
each >0, g, = g’} + g’} + g{1}.

Let S={(iys, in_y)ire{1,2,3} Vk}. (Thus S has 3"! elements.)
Then for each (>0, T(gyss &1o1)=Ziit)mitn-1yes T(8 %1y

.....

g\ in_1)) Hence for each t>0 we have the following inclusion of events
(sets in #,):

UT(g1s 8a 1)l > 3"_1t} < U {|T(g(1t,g(1)s---’ gy)—1,i(n~ il > t}.
s

In what follows, if 1 <k <r and fe %,(#%,) then the notation E, f means

j Q(k)f dpP,.
Now by a well known identity and a simple substitution,

Ey|T(8 10 Gam N =" [ 17 P T (1 8o > 1)
=390 0g | TP (T8 g0 1) >3 1)

<3V Y Liy,itn—1) (2.5)
S

,,,,,

D
Litnesn 7= [ 17 PalI T8 iy 88710 1)] > 1) .

LEMMA 1. For each (iy,., in_)€S—{(2,2,.,2)} one has I, in 1)<
2w+ (max{1,07'})-e?(1 —loge).

Proof. Let (iy,..,i,_;)€S be fixed (# (2, 2,.., 2)). Define r,, 1 <k<
n—1, by
rkzpk+0ak if lk=1

=pk if ik=2
=pk_0ak if ik=3'
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By (22), Xizire'<XiZi(pi—0u,) '=1. Define y=1 by y '=
n—1_,-—1
k=1T¢ "

By the Markov inequality, V >0,

(IT(glz(l)’ - g Lin— )l > 1)
<t7’E, IT(gum: *s gflt)—u(n—n)ly

ne1
<t H ”g}:}(k)”Z(k) (2.6)

k=1

since T is a product operator. Hence

Ii(l) ..... i(n— 1)\‘[~ . (H ”gk.(k)”r(k)> . (2.7)

Define u,, 1 <k<n-1, by

ue=1+0 if i=1
=1 if i =2
=1-6 if i,=3.

Then Vik=1,.,n—1, rp+(—u,+1)a, = p, and hence by (2.1), —u,=
=1+ (po/ote) = (ri/ae) = —1 + g — (r,/o,). Hence by (2.2),

n—1 n—1 n—1
- Z uy/re=(q—1) Z Yre—7 Z 1/,

k=1 k=1 k=1
=(¢g—1)1—-y-1=g—1-7.

Hence by the (multidimensional) Holder inequality, Fubini’s theorem, and
(2.7),

w n—1

- k
S I | Gl PO A KR
k=1
n—1 © y/rik)
ST [ et a |
k= (1]

/r(k)
[Ek jﬂ 17 | g0, l’”"dt] .8

-

1



MULTILINEAR FORMS AND DEPENDENCE 345

For any k, 1 <k <n—1, such that i, =1 one has

= ¢] =]
E[ 1701 gul @ di=E [ 17 g d
0

e ¥ grloh)

=Ek[|gk|""’f_ | Imt“"dt]
ngd

€

= E,LIgd™ 071 (e 12 ~*]
=E[lgd?®-071e] =01 (29)

Similarly, for any k such that i, =2 one has

@
— u(k) (k
E [0 g™ di

e—wl ‘a(kl
=Ek[1gk|'<k>-j " t”ldt]=—2wlog£ (2.10)

&gl

and for any k such that i, =3 one has
® —utk) (k)
E, j.o 17 | g™ dt

&%) gi)atk!
[l [ ]

=0 1w, (2.11)

,,,,,

m=1,2,3, a(m):= ¥ kiu)=m V/re- Now a(l)+a(2)+a(3)=1; hence
(- 1)* M+ < max{1,6'}; hence Ly, itn—1) < (max{1,67'})-
e +aB3. (_ 2y log £)*®. Now i(k) # 2 for some k by the hypothesis of
Lemma 1, and for such a k we have by (2.1), y/r. =2 1/r. 2 1/(pp +0a) = 4,
and hence Ow[a(l)+a(3)]=0wl=4q. Since <1, the inequality in
Lemma 1 holds.

LEMMA 2. [, »,<2w-&i(1—loge).

Proof. For each k and 1, one has g{, =c- h for some he %, and some
positive number ¢, regardless of whether 4, = #(#,) or 4, = {I(A): A€ % }.
From the assumptions in Theorem 2.1 and a trivial argument one has that
V>0, P,(IT(g1), 855 852 1)1 > ) < [(e/t) TRz 18 py 1%
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Since Y7 Z! g/p, =1 (see (2.2)), we get
e n—1 q
o< [ 07 [ 600 T Nefue | a
k=1
) q/p(k)
[ Bergo a]
0

&% gy @k q/p(k)
[ gl

&% gg|2k)

< Tl
—1
=£q' I—[ [Ek

n—1
= &' [] [Ex1gel”(~2wlog)]r®

k=1
=¢g? (—2wloge). (2.12)

Thus Lemma 2 holds.
Now by (2.5) and Lemmas 1 and 2 we have

E, |T(g1,s 8n1)7<397 Vg - 2w[3" ' max{1,0"'}] &1 —loge)
and hence (2.3) holds by (2.1). This completes the proof of Theorem 2.1.

2.2. A Refinement

In the proof of Theorem 2.1, with a little more flexibility in the
arguments one can produce a lower value for C than the value given in
(2.1). This is particularly true for small values of n. Here we shall illustrate
this for just one special case:

THEOREM 2.2. In the special case where n=2 and 1<p, =qg< o,
Theorem 2.1 holds with C=C(q; q)=3"[¢*/(q—1)]"“

Proof. We shall carry out the argument of Theorem 2.1 with a few
minor modifications. We shall ignore (2.1) and (2.2). In place of (2.3) we
shall prove

IT(g:)l, <3 [4°/(g—1)]1" ¢ (1 —loge)"". (23)

Theorem 2.2 will then follow (because we shall have | g,ll,=1).

As was noted in Remark 2.2, we can dismiss the case e=1 and assume
e< 1. Fix p very large, ¢ < p < . Define the constants 4 := ¢/~ and
D:= (p—q)"=».¢9@=P) Replace (2.4) by

g(lli = g, I(D]|g| <t),
gi'h:=g I(4lg | <t<D|gl), (24')
gih= g I(t<Alg)
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We shall assume D > 4. We can insure this simply by taking p sufficiently
large, since 4 <1 (because ¢<1) and Lim, , ,, D=1. (In fact we shall let
p — o later on.)

Now (2.5) becomes

E, | T(g)l"<3%- (1, + I, + Iy). (2.5

Arguing essentially as in (2.6) and (2.7) we have that for each vy,
1<y <o, and each i(1)e {1, 2, 3},

Liy< [ 171 E, gl dr. 2.7)

Starting with (2.7') with y = p and imitating the argument of (2.9), we
get I, < D9"?/(p—gq). Setting y=1 in (2.7') and imitating (2.11), we get
I;< A7 '/(g—1). Also, by imitating (2.12) we get I, < ¢? log(D/A4). Plugg-
ing these into (2.5") we get E, |T(g,)|? <3%[(g/(g—1))&? +¢?1log(D/A)].
Finally, using Lim, , ,, D=1 and clementary arithmetic, we obtain (2.3").
This completes the proof of Theorem 2.2.

I1I. MULTILINEAR FORMS

This is a continuation of Section 2. As in Section 2 we fix an arbitrary
integer n>2 and arbitrary probability spaces (Q,, %, P,). The other
notations and definitions in Section 2 are also carried over.

Suppose B: F(F)x -+ x L (%,) - C is a multilinear form (or “n-linear”
form), where C denotes the field of complex numbers. This terminology
means of course that for each fixed j, 1 <j<n, and each fixed choice of
functions f, € #(#), k#j, the mapping B(f,.. fi_1, fis1s fn) 18 2
(complex) linear functional on ¥(%). As usual, we assume that
B(fh"'? fn) = B(gl,"" gn) lffk = 8k a'e"Pk Vk

For our particular discussion of measures of dependence in Sections 1
and 4, and especially for the measures of dependence between three or
more families of random variables as discussed in Section 4.2, it seems
more natural to work with multilinear forms than with the multilinear
operators studied in Section 2. Section 3 is devoted to comparisons between
norms for n-linear forms; these norms will be closely related to the
measures of dependence discussed in Sections 1 and 4. Here we shall
present six theorems. The first five are all either trivial or well known, and
the sixth will be (ultimately) a consequence of Theorem 2.1. All six
theorems will be useful in Section 4.
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For each n-linear form B on Y (#)x - x¥#(%,) and each p=
(215 P)€[1, 0]", define the following (possibly infinite) quantities:

IB(flw-,fn)l
B, = sup =——2x2 Il e P (F), k=1, n,
1Blo=sop g7y €T "
dy(B) := sup |BU(A,),... [(4,))] AeF, k=1,..n

152 [P(A,)] P

(Again interpret 0/0=0.) Of course dy(B)< | B|l, for any given p, since
sup{|B(I(4,),.., I(4,))|: Aye # N k}. | B|, is the usual p-norm of B. In the
case n=2, Stein and Weiss [37] studied the conditions d,(B)< oo and
similar conditions on linear operators; following their terminology one
might refer to d,(B) as a “restricted” norm.

We need some notation for certain special vectors in [1, c0]": o0 =
(0, ©,.., 0); and Yk =1,.., n, i, := (o0,.., 00, 1, 0,..., 20), where the 1 is
the kth coordinate.

THEOREM 3.1. Suppose B is an n-linear form, p=(pys.., P,)€
[1,o0]" and s:=37_,pi'<l. Then d,(B)<dy(B)<[d.(B)]' *
TT7 - [dige(BY]PE.

THEOREM 3.2. Suppose B is an n-linear form. Suppose p=(p,..., P,) €
[1,0]" and q=(q;,.q,)€[1, 01" such that 3_,p;'=%i_,q;"
=1 and I|kip,=0}clkig.=cw}. Then dy(B)<[d(B)]°
HZ=1[di(k)(B)]a(k), where 0 := min{k:q(k)<oo}(qk/Pk) and Yk, olk):=
bt — g,

In Theorem 3.2 note that 0 <6< 1, a(k)=0Vk, and 6+ 3 7_,a(k)=1.
The same comment will apply to Theorem 3.4 below. To prove Theorems
3.1 and 3.2 one can simply note that, for fixed 4, € #,,.., A, € %,, defining
b= |B(I(A,),.., I(4,))|, in the context of Theorem 3.1 one has

. . n b 1/p(k)
be o 1 [
HZ= 1[Pk(Ak)]1/p(k) kl;ll I:Pk(Ak)

and in the context of Theorem 3.2 one has

b b [} n b ai{k)
l'ILl[Pk(Ak)]””""’[H,'::l[Pk(Ak)]”"""J kl;ll [Pk(Ak)] '

Theorems 3.1 and 3.2 follow easily. (In the theorems in this section, we
shall not labor over such trivial cases as, say, when d,(B)= o or 0.)
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THEOREM 3.3. Suppose B, p, and s are as in Theorem 3.1. Then ||B|, <
1Bl < THBllo 1~ TT7 - LN Bllisy 17

THEOREM 3.4. Suppose B, p, q, 0, and olk), 1<k<n, are as in
Theorem 3.2. Then || B, < [||B||q]9-HLl[IlBHi(M]““".

Theorems 3.3 and 3.4 are just simple consequences of the multidimen-
sional Riesz-Thorin interpolation theorem. (Apply the argument in
Remark 2.1, but in using [1, p. 18, Exercise 13] think of B as a linear
operator into £(2,,,, %, .1, P, ), where Q, ., is trivial, consisting of
just one element.)

THEOREM 3.5. Suppose B is an n-linear form. Then
(i) Bl <6" dy,(B);
(i) Vk=1lon [BliwS6""" die(B); and
(iii) HBH(I,L.U,I):d(l,l,...,l)(B)-

In different guises this theorem has been used frequentiy in probability
theory (e.g., in 2, 12, 18, 20, 21, 33, 38]). Its proof will be postponed until
after the statement of Lemma 3.7 below. The reader seeking the sharpest
possible constants to replace 6” and 6”~' (which are not sharp) might find
[12, p. 528, Lemma 5.3] and [21, p. 121, Lemma 5] to be valuable.

Before stating Theorem 3.6 we need another definition: An n-linear form
B is a “product form” if | B, <1 YV k=1,.., n. Of course by Theorem 3.3
(and analogous to Remark 2.1), |B||,<1 whenever B is a product form
and 37_, p; <L

THEOREM 3.6. Suppose p=(p;,... p,)€[1, 0] " suchthat 3% _, pi'< 1.
Define the number c=c(p):= (cardinality of {k:p,<o0})=YI_,pi'
Then there exists a constant C = C(p) which is a function only of p, such that
the following statement holds:

If B is an n-linear product form then ||B||,< C-dy(B)- [1—log d,(B)]".

It is emphasized that the constant C, like ¢, does not depend at all on the
particular probabulity spaces (Q,, %, P,), | <k <n, being used. The proof
of Theorem 3.6 will be postponed until after the statement of Lemma 3.7
below.

Remark 3.1. Theorem 3.6 is closely related to the work of Stein and
Weiss [37]. In the context of Theorem 3.6 for the case n=2, if p=(p,, P»),
where 1< p, p,<oo and p;'+ py <1, the slightly weaker inequality
I|Bll,<C-[d,(B)]}' ¢, where ¢>0 can be fixed arbitrarily small and C
depends only on ¢ and p, can be established (for product forms) by carry-
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ing out two applications of [37, Theorem VII], with the parameters chosen
carefully depending on p and ¢, followed by an application of the Riesz
interpolation (convexity) theorem. In order to do this, one first has to
incorporate explicitly into [37, Theorem VII] a bound which is based
partly on the arguments in [37] and partly on a bound in the Mar-
cinkiewicz interpolation theorem. In any case this approach is quicker than
the argument used in [3]. Theorem 3.6 is proved by combining (in the
proof of Lemma 3.7 below) Theorem 2.1 and a key idea in [37].

Remark 32. In our applications of the theorems in this section to
measures of dependence in Section 4, we shall be primarily interested in
product forms (or n-linear forms which differ from a product form by only
a constant factor). If B,, B,,... is a sequence of (n-linear) product forms and
P=(p1, Pr)€[], 0]" with 37 _, p7' <1, then Lim, , ,, dy(B;)=0 if and
only if Lim; _, ,, d,(B;) =0 by Theorem 3.1, and thus for product forms the
norms d, and d,, can in a certain sense be regarded as “equivalent.” In this
sense, for product forms, by Theorems 3.1-3.6, the norms d,(), |- ||, d4(*),
and |-|l, are equivalent, where p=(p,,.., p,)e[l,0]" and q=
(G1s gn)€[1, 007" ifeither (1) X7 _, pri<land X% _, g7 ' <1, orelse (ii)
Tiopc'=%io1gc'=1and {k:p,=00}={kig,=00}.

The proofs of Theorems 3.5 and 3.6 will be based on the following cum-
bersome technical lemma:

_LEMMA 3.7. Suppose B is an n-linear form and p=(p,,..., p,)€[1, 0 ]"
Suppose 1 < j< n; and suppose that for each k, 1 <k <n, k +# J, either 4, .=
L (F) or G = {I(A): Ae #.}. Define the quantities 4 and A by

IB(fla""fn)I .
A = . f=HA), AcF; G Vk#)
M Tyl AN AT IS VR

A(2) ‘= sup 'B(flw-,fn)l f}ey(%), fkegk Vk?é]

”fl”p(l)' e ”fn“[_)(n)’

Then the following statements hold:

() Ifp,=1 then 4@ =4"
(i) Ifp,= o0 then AP <64
(iii) If B is a product form and 3% _ | pi ' <1 then AP < Cy(p)- 4+
(1—log 4")' =P where C(p) is a function only of j and p.
In this lemma, clearly d,(B)<4V<4®<|B|,. Of course the
possibilities 4 =0 or oo may occur, but in these cases the lemma is

trivial. Under the hypothesis of (iii) we have || B[, <1 (as was mentioned
earlier) and hence 1 —log 4V >1 (in the case 4> 0). In (iii) of course
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C/(p) need not really depend on j; it can be replaced by max, . ;, C{p).
Also, (iii) is redundant if either p;=1 or p;=

Before proving Lemma 3.7, let us first quickly show how it can be used
to prove Theorems 3.5 and 3.6. In the proofs of both theorems one simply
fixes B and p and then defines 4;, 0 < j<n, as follows:

|B(fl’---’ fn)l
4=
S P ol

fe=1HA4,), A e, forkzj+1.

fre P (F) for k<,

Thus 4, =d,(B) and 4, =||B],.

To prove Theorem 3.5(i), set p = o0 and note that 4,<64;,_, V j=1,.,n
by Lemma 3.7(ii). The proofs of Theorem 3.5(ii) and (iii) are similar.

To prove Theorem 3.6 (assuming d,(B)>0) note that if p;=oco then
4;/4; <6, and if 1 < p, <o then

]/A] 1 <G (P) (1—log Aj_l)“l/p(j)
<C(p)- (1 —logd,(B)) ~1»1

(since dy(B)< 4, _,<1). Theorem 3.6 follows.

Proof of Lemma 377. Without losing generality we assume j=n.
(Otherwise we can transfer to this case by simply permuting indices.) The
proofs of (i) and (ii) are entirely elementary but are given here for com-
pleteness.

Proof of (i). Here p,=1. Let f,e¥% be fixed, 1<k<n—1 Fix
f.€ L (#,) and represent it by f,=3M_ ¢, 1(A,,), where {4,,.., 4, } is a
partition of 2, (with each 4, € %,) and c,,€ C ¥ m. Then

[B(f15ms f)l S Z [B(f1s0ms fr— 1> €md(A))]

Z [Coml * 4 (l—l ”fk“p(k)) PA,)

k=1

=4"- H ka” plk)*
k=1

Part (i) follows.

Proof of (ii). Here p,=o0. Let f;,..., £, {A,, Ay}, and cy,..., ¢, be as
in the proof of (i) above.
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Consider first the case where f,, is real, 1e., c,, is real ¥V m. Then

M

Re B(fl P Rlad] fn)= Z Cm Re B(fb"" fn-l’ I(Am))

m=1

<ufn||oo-[ Re B(fysr famr1, I(F))) ]

~Re B(fl""7 fn—h I(FZ))
where
Fi=A,,  {mReB(f,.,[ o 1,1(4,))>0},

Fo=\JA,,  {m:ReB(fi, fu_ 1, (A,))<0}.

Hence Re B(f;,.... f,) <24V -TT7 - I fil jw). After applying a similar
argument to Re(—B(fi,.,f,)) we obtain |Re B(f,.,f,)|<2-4D-
[Ty I fill pey. Similarly [Im B(fy,..., f,)I <2+ 4P TT; [l fill - Hence
(when £, is real), |B(f},... f,)] <82- AV -TTz . I fill pier-

Hence for general f, e ¥ (%,),

IB(fla"" fn)’< IB(fl""a fnfla Refn)[
+ ‘B(flr"’ fnfl’ Im.fn)l

n

<3272 AT W fell -

k=
Since 32! < 6, this completes the proof of (ii).

Proof of (iii). For the cases p,=1 and p,= co one can simply apply (i)
and (ii). Now assume 1< p,<oo. To avoid trivialities, assume 4V>0
also. Define g, 1<g<o, by ¢ '+p ‘=1 Define C=C,p):=
max{6,6-C(p ..., pn_1;q)}, where C(p,,.,p,_;;q) is taken from
Theorem 2.1. (Note that C depends only on p,,.., p,.) To prove Lem-
ma 3.7(iii) it suffices to prove A< C- 4"V (1 ~log 4V)"9,

First, since B is a product form it can be extended to an n-linear form on
FL(F)x - xL(F,_ 1) x L (F,) retaining the same i,-norm || B[;,,, < 1.
This extended B induces an (n— 1)-linear operator T:%(%)x - x
L(F,_ )= &L (%) by a well known procedure: For fixed f, € £(#),..,
Jo_1€L(Z,_,) the (extended) mapping B(f,,.,f._:.) is a linear
functional on £ (4#,) with norm < [17Z! |l fill »; hence there is a unique
function ge %, (%,) (depending on f,.., f,,_) such that B(f,,.., f,}=
ow &fndP, ¥ foe £(&F,), and in fact ||gll, STTiZ1 I full o since | gl is
the norm of the functional; define T(f,,.., f,_1) = g. It is easily seen that
T is (n— 1)-linear, i.e., linear in each coordinate separately. An easy, stan-
dard argument shows that T is in fact a product operator.
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By Hélder,s inequality’ ‘B(fl LR fn)l < “ T(fl 9oy fn - 1)” q : “ fn“ p(n)
YV (fire [R)EL(F)x - x F(F,). To prove Lemma 3.7(iii) it suffices to
show that if f, e %, Vk=1,.,n—1, then

n-—

VT S Mg S C- AV (1=10g AV T Il fill iy (3.1)

k=

If AY>1 then (3.1) holds automatically, since T is a product operator,
C>6, 4V<1 (solog4<0),and ¢ ' =¥7-} pi'. (See Remark 2.1.)

Henceforth we assume 4 <{. We will apply Theorem 2.1, but we first
need to establish a version of [37, Lemma 17§:

CoamMm 0. If t>0 and f,€% Vk=1,.,n—1, then P,(T(fi,,
Fao N> <LO4Y7) - TTR T foell pao 1%

To prove Claim 0, let us first show that

P (IRe T(fyeer fru_ 1) >2~1/2z)<[(31/24m/3). "ﬁ IFA p(k)]q_ 3.2)
k=1

We shall simply repeat the argument for [37, Lemma 1] (with trivial
modifications). Let g .= T(f;,.., f._ ), and define the events (sets) 4, and
A,cQ, by A= {Re g>2""%} and 4,:= {Re g< —27"21}. Then for
m=1,2, one has |{ 4 & dP, > |{m Re gdP,|=227"*tP (4,), and by
our assumptions,

[, 8P| =1BU s s, 1))

n—

<4 ( il fku,,(k)) P A,) ]

k=

Hence
[PA)+ P4 1< @70 X |[ g,
. n—1 2
<@"ft) 4 ( il fku,m)‘ T [P(4,)]0",
k=1 m=1

Since the last sum is obviously < 2[P,(4,)+ P.(4,)]"?™, we have
[P.(A))+ P, (A)]V9<(8Y*t)- AV -T1221 || fill ). Taking both sides to
the power g, we get (3.2).

A similar argument gives (3.2) with Im g in place of Re g. Combining
these two parts, one easily establishes the inequality in Claim 0.
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Now we can apply Theorem 2.1, with ¢:= 64V < 1. Since 1<1—
log e < 1 —1log 4", we have (3.1). This completes the proof of Lemma 3.7.

IV. MEASURES OF DEPENDENCE

In this section we shall always be working on a probability space
(2, A, P). Whenever Theorems 3.1-3.6 are applied, it is assumed that the
probability space (Q,, %, P,) in Sections 2-3 satisfy Q, =Q, % < .#, and
P, =P (on #,). Section 4.1 examines measures of dependence between two
g-fields, Section 4.2 examines measures of dependence between three or
more o-fields, Section 4.3 examines measures of dependence involving
Hilbert-space-valued r.v.’s, and Section 44 gives an exact (sharp) com-
parison between two particular measures of dependence in a special con-
text.

4.1. Measures of Dependence between Two o-Fields

Let # and ¢ be arbitrary but fixed o-fields (<.#). Define the well
known bilinear form Cov: #(F)x ¥ (%) — C by Cov(/, g) := Efg — EfEg.
(Some people might prefer to replace g by its complex conjugate g, but that
will be of no importance in what follows.) If (p,q)e[l, ©]* then
dip(Cov)=0,,,,,(F, %) (See (1.1).) For any (p, ¢)e [1, 00 ]? define the
following measure of dependence:

|Cov(/, g)!

Ry #,9) = | sup i
o 7. 9) [S“p 17T, Iell,

fe P F), gemg)} ICovliyy. (A1)

In this definition we shall not impose the “natural” additional restriction
Ef = Eg =0, because the results in Section 3 can be applied more smoothly
without it. In any case such a restriction would lower the value by at worst
a factor of 1/4, since | f—Ef|l,<|fll,+|Ef|<2]|fl, holds for every
pe[l, o] and every fe %,(#).

Of course in (4.1), if R, ,(#, ) < co then the same sup is achieved over
all fe Z,(F) and all ge Z(9).

Also note that R, (%, %) =p(F, %). (See (1.3).)

The first theorem here is just a list of some results obtained by applying
Theorems 3.1-3.6 to the bilinear form Cov. However, for the sake of sim-
plicity we shall not use the full strength of all of these theorems. It should
be kept in mind that d,,,(Cov) <1 whenever p ' +¢~' <1, by the trivial
fact that |P(4 ~ B)— P(A) P(B)| < min{P(A), P(B)} for any two events 4
and B. Also [[Cov|(,, <2 whenever p~'+q 1< 1. (Theorem 3.6 will be
applied to 3-Cov.) For any pe[l, ], its conjugate exponent will be
denoted by p’, ie., (1/p)+ (1/p)=1.
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THEOREM 4.1. For any two o-fields & and % the following six statements
hold.

(i) If r=20, 520, and r+s<], then ago(F, %)<, (F, %)<
Lot ol F, 9)1 7

(i) If O<r<s<l then o, (F,9)<[a,,_[(F,%)]" and
as‘lws('g': g)< [ar,l—-r(y—9 g)](l-s)/(l—r).

(iii) If 1<p, g<oo with p~'4+q '<l, then R, (F,%)<
Rp q(g:”’ 4 < 2(1/r')+(1/q)[R00 o F, g)]l = (/p) =~ (1/q).

(iv) If 1<p<q<oo then R, (F,%4)<2'~7-[R, (F, 41"
and R, (F,9)<2' 7[R, (F, %)]"".

(V) Roo,oo('g;a g) g 36“0,0(?s g), Rl,oo('g;’ g) S 6(11’0(,7’—, g)a
Roo,l(g-’ g) <6ao,l(g—a g)’ and Rl,l('g;'a g) = al,l('g'" g)

(vi) If 1<p,g<o and p~'+q'<1, then R, (F,%)<C-
Uy F,G) [1—logay, ,,(F, %], where the constants C=C(p, q) and
c¢=(p, q) are functions only of p and q, the latter constant being as follows:
C((X),OO)=0, C(p,OO)=1—p_1 lf 1< p<oo, C(OO,II)=1—¢I'1 lf
1<g< o, and c(p,q)=2~(p ' +q ") if 1< p, g< 0.

Statement (iv) was given (in the language of linear operators) by Rosen-
blatt [33, Chap. 7]. Dvoretzky [12, p. 528, Lemma 5.3] showed that in the
first inequality in (v) the 36 can be replaced by the much better constant
2m. The last equality in (v) appeared in [2]. The other two inequalities in
(v) are also well known. Statement (vi) sharpens the main result in [3].

Remark 4.1. In more or less the same spirit as in Remark 3.2, one
might regard two measures of dependence as “equivalent” if each one
becomes arbitrarily small as the other becomes sufficiently small. In this
sense, by Theorem 4.1, (i) the dependence coefficients a,,, 0<r, s<1,
r+s<l,and R,,, 1<p, g< 0, p~'4+q <1, are all equivalent to each
other; and (ii) the dependence coefficients «,, ,, 0<r<1, and R, ,,
1< p< o, are all equivalent to each other. This understanding may be
helpful in trying to fit into a comprehensible structure the numerous
measures of dependence that have been studied in the literature. It appears
that many of them belong to one of the four distinct equivalence classes
represented by agq, 019, %oy, and ay,1; and so these four equivalence
classes would perhaps be a “central” part of such a structure. These four
“central” classes—as we shall call them here for convenience—correspond
to four equivalence classes of mixing conditions on Markov chains that
were discussed by Rosenblatt [33, Chap. 7]. The measures of dependence
based on Hilbert-space-valued r.v.’s that will be discussed later on in Sec-

683/16/3-6
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tion 4.3, also belong to these four “central” classes (by Theorem 4.2 in that
section). Also, the dependence coefficient b,(-, ) defined in [4] by

b(F.9) = sup |P(A19)~P(A)],, ~AeF

is equivalent to a4 (resp. ag;) if 1< p < oo (resp. if p= c0). Of course, two
very important measures of dependence that do not belong to the four
“central” classes are «;; and the one that is the basis for the “absolute
regularity” condition (see Volkonskii and Rozanov [38]). Whatever
“equivalence structure” there is for the measures of dependence «,,,
r+s>1,and R,,, p~'+¢~'>1, seems to be somewhat complicated and
not so easy to decipher; it will not be treated further here.

Proof of Theorem 1.1. To prove (i), simply note that by Theorems 3.3
and 3.5 and [12, Lemma 5.3],

R (#,9)< [Rooo(F, 9]V [Ry o(F, 9)]7 - [Rop ((F, 9)]7
< [2naoo(#, 9)1V" - [60yo(F, 9)]'7 - [600(F, 9)]".

To prove (ii), first assume without loss of generality that p<gq (and
hence p <2< g by our assumption p~'+¢~'=1). The case where p=1
(and ¢ = o0) is trivial, so let us assume p > 1. By Theorem 4.1(iv),(vi),

RP.q(y, %) <2! -Z/q[RZ‘Z(y, g)]Z/q
<21V [CQ2,2) ayp i F, 9) [1—log a1 0(F, 9)]11%7

The upper bound of 3000 on C(2, 2) (a rather crude bound) can be seen
as follows: By Theorem 2.2 one can take C(2;2)=6 in Theorem 2.1. From
the proof of Lemma 3.7(iii} we see that in that lemma one can take
C,((2, 2)) = C,((2, 2)) = 6% From the proof of Theorem 3.6 we see that one
can take C((2, 2)) = 6* there. Since Theorem 4.1(vi) was obtained by apply-
ing Theorem 3.6 to 1-Cov, a simple, crude calculation shows that in
Theorem 4.1(vi) one can take C(2,2)=2-6*<3000. This completes the
proof of Theorem 1.1.

Remark 4.2. The upper bound of 3000 on C(2,2) can be substantially
lowered by the following approach: Use [39, p. 512, Theorem 1.1] to con-
vert this task into one involving just real-valued functions; take advantage
of this in order to lower the constant 6 in Claim 0 in the proof of Lem-
ma 3.7(iii) (look at the original argument in [37, Lemma 1]); and at an
appropriate place in the proof of Theorem 3.6, use the sharp result
(Theorem 4.3) in Section 4.4. The details are left to the reader.
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4.2. Measures of Dependence between Three or More g-Fields

Measures of dependence between three or more o-fields have been
studied by several authors, e.g., Statulevitius [35,36], Zurbenko [41],
Mase [25], and Dmitrovskii, Ermakov, and Ostrovskii [11]. Some of
their resuits can, except perhaps for a constant factor, be derived from
Theorems 3.1-3.6. This was part of the motivation for presenting Theorems
3.1-3.6 in their present (multidimensional) form instead of limiting them to
the case n=2.

Let us consider an example of Mase [25]. Suppose #,, #,, #;, and A,
are sub-o-fields of .#. Mase considered the 4-linear form “Cum”
(cumulant) on, say, (4, ) x F (M) x F (M) x F(M,), defined by

4
Cum(fl,fz,f3,f4) = E H (fk_Efk)
k=1

— Y LE(fo— Ef. )NS5 — Ef,)] - LE(f— Ef)(fu— Ef)]

where the sum is taken over (a,b,c,d)e{(1,2,3,4),(1,3,24),
(1, 4,2,3)}. (We retain this definition of “cumulant” even when the f,’s are
complex-valued.) Then for a given 6>0, Theorem 1 of [25] can be
obtained from the following inequalities, where p=(4+6,4+46,4+ 4,
446):

4
ICum|, < [ICum|| 1%+ [T [lCum|;]"4*®
k=1

< [646/(4+6) . 644/(4+6)] . [dw(cum)]é/(4+5)'

Here the first inequality comes from Theorem 3.3, and the second from
Theorem 3.5(i) and the elementary fact that |Cuml|;,, <64 Vk=1,2,3,4.

Here is another possible example. By Theorem 3.6 (applied to (1/64)-
Cum), there exists a constant K such that the inequality [Cuml|| 4444, < K"
d4444(Cum)- [1~10g d4444(Cum)]® always holds. Such an inequality
might be useful, for example, in verifying an assumption such as >,
20 2i-0 ICum(X,, X, X;, X, )| < oo for strictly stationary sequences of
real-valued rv’s (X,, k=.., —1,0,1..) under certain dependence
assumptions. This latter inequality has played a natural role in certain
kinds of limit theorems, especially for estimators of parameters in time
series analysis; see e.g, Hannan [15, pp.226-227] and Mase [25,
Theorem 3 1.

Some general comments might be worth making. Suppose n>2 and
My sy M, are o-fields (cM). If 2={S,,S,,., Sy} is a partition of
{1,2,..,n} with each S, non-empty, then the n-linear form
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B?(fl’-", fn) = H;}:{:l E(nkeS(m)fk)9 defined on y("”l) XX y(‘ln)a is
a product form by the multidimensional Holder inequality. If B,=
Yi_1¢Bp(;), where P(1),., P(J) are each a partition of {1,..,n} and
¢;,., C; are complex numbers, then ¢ 'B, is a product form for c=
-1 l¢)l. For appropriate choices of such n-linear forms B,, one might
regard the norms d,(B,) and | B,|, for vectors pe [1, oo ]", as measures of
“multidimensional” dependence between the o-fields 4,,..., 4,. By applying
Theorems 3.1-3.6 to appropriate forms B, (or to ¢~ 'B, when a product
form is called for), one can obtain numerous inequalities, including ones
analogous to Theorem 1.1(i),(ii)) and Theorem 4.1. In order to regard
d,(B,) or || By, as a “measure of dependence,” one would naturally want
B, to be such that d(B,) =0 whenever %,...., 9, are independent o-fields.
(The forms “Cov” and “Cum” used above both have this property.) Of
course even for a “natural” form B, only certain kinds of dependence
might be detected. For example, if n=4, 4,, %, and % are independent
o-fields, and ¥, =%, then d(Cum)=0 and thus the (severe) dependence
between %, and %, is not detected by the dependence coefficient d_,(Cum).
Without getting into the details, here are a few more possibilities for
applications of interpolation theory to measures of dependence:

(i) Theorem 3.1 (resp. Theorem 3.2) is in an obvious way an analog
of Theorem 3.3 (resp. Theorem 3.4). In our present context there are other
applications of the (multidimensional) Riesz-Thorin interpolation theorem
that are similar to but outside of the narrow scope of Theorems 3.3-3.4,
and they have analogs similar to but outside of Theorems 3.1-3.2. A wider
class of inequalities for measures of dependence can be derived if one
makes use of these more general applications (in addition to Theorems 3.1-
3.6).

(it) Interpolation theory on Orlicz spaces (see, e.g., Peetre [27],
Gustavsson and Peetre [14], and the references therein) might be useful in
obtaining inequalities such as the ones by Zuev [40] and Zurbenko and
Zuev [42] alluded to in Remark 1.1. The (essentially unavoidable) log
terms in those inequalities might well be due to the same basic underlying
“cause” as the log terms in Theorems 1.1, 2.1, 3.6, and 4.1.

(iii)) An operator T(f) is called “sublinear” if there is a constant K
such that the inequality |7(f+ g)| < K(|T(f) +|7(g)|) always holds.
Similarly an operator 7(f,.., f,) is called “multi-sub-linear” if it is sub-
linear in each coordinate separately. It appears that Theorem 2.1 can
perhaps be extended to some multi-sub-linear operators (besides mul-
tilinear ones), and Theorem 3.6 to some multi-sub-linear forms. This would
perhaps lead to inequalities, such as ones similar to Theorems 1.1 and 4.1,
for a broader class of measures of dependence (between two or more
o-fields) than the measures discussed here.
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4.3. Measures of Dependence Involving H-Valued rv.’s

Because of the research that has been done on limit theorems for depen-
dent sequences of. Hilbert-space-valued (H-valued) random variables (see,
e.g., [8,24]), it might be worthwhile to take a quick look at measures of
dependence involving H-valued r.v.’s and see how they relate to the other
measures of dependence discussed so far. We shall follow the basic
approach of Dehling and Philipp [8], where a well known theorem of
Grothendieck (see [23, p.68]) is used in order to derive “moment
inequalities” for H-valued random variables. Just for simplicity, we shall
restrict our attention to real (not complex) Hilbert spaces H and to mean-
zero H-valued (strongly measurable) r.v.’s.

Let H be an arbitrary real Hilbert space, and let the inner product be
denoted by (-,°). For any two o-fields # and ¥ < .# and any vector
(p, q)e[1, 0]* with p~' + g7 <1, define the measure of dependence

H (g = M
Pra T )= sup

where this sup is taken over all H-valued r.v’s f and g such that f is
F -measurable, g is ¥-measurable, || /]|, < o, (gll,< o, and Ef = Eg=0.
Here of course (X[, := [I(X, X)"*|, for any H-valued r.v. X and any
pe[l, co]. Note that R (F,9)<16-pZ (F, 9). (The 16 could of course
be omitted if we revised (4.1) by taking only real, mean-zero r.v.’s into
account.)

THEOREM 4.2. If H is a real Hilbert space, (p,q)e[l, ©]* with
pi+q7'<1, and F,Gc M, then pl(F, %)< A R, (F, %), where
A= A(p, q) is a function only of p and q. Moreover p¥ (F ,4)=p(#, %)=
RoAF.,9).

Theorem 4.2 is not new; it is simply a formulation, in our context, of
results that are well known in other contexts (e.g., in functional analysis).
Its presentation here is motivated partly by Dehling and Philipp [8,
Lemma 2.2], in which this theorem for the case p=g= co was shown to
follow from Grothendieck’s inequality, and partly by a simple proof of the
very last statement (pf,(F, 9)=p(#, ¥)) that was shown to one of the
authors by S. Kwapien. The cases (p, ¢) # (o0, 00) can be made very trans-
parent with totally elementary arguments. Although these arguments are
well known in various forms (see, e.g., Pietsch [29, Chap. 221), they will be
repeated here in our terminology for the sake of expository clarity.

For 1< p< oo define Z, = [(2n) "2 [=_ |x|? e~*/* dx]"?, the p-norm
of a real N(0, 1) r.v. We shall consider just these two cases:
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Case 1. 1< p<oo and ¢= o0, with A= A(p, o0)=(n/2)"*Z,.

Case 1. 1<p, g<oo withp~'+¢~'<1, with A=A(p,q)=2," Z,.

(Then the very last part of Theorem 4.2 becomes a simple consequence of
(1.3), Case 11, and the fact Z, =1.) We shall use a Gaussian measure on H
as in Rietz [30].

Proof for Case 1. By a standard approximation argument it suffices to
consider a finite dimensional Hilbert space H. Let y be a standard Gaussian
measure on H, ie., y is the distribution of the rv. Y ¢mHy.c. where
€15 €2,.., €4im(sr) 1S an orthonormal basis for H and the y;’s are independent
real N(0,1) r.v’s.

LemMa O. Vx, yeH,
(e )= 131 (1/2)" | (e, ) sign(y, u) pld).

Here |y| just means (y, y)'/*

Thanks to the spherical symmetry of the measure y, to prove Lemma O
it suffices to consider the case y=e¢,. For x=¢,, Lemma O simply boils
down to the fact E |y,| = (2/n)"? an elementary property of N(0, 1) r.v.’s.
For x=e;, j# 1, Lemma O boils down to Ey,sign(y,)=0. And now Lem-
ma O can be established for general x by the usual equation x=
2ix e)e;.

Now to prove Case I let fand g be arbitrary H-valued r.v.’s, measurable
with respect to & and ¥, respectively, such that || f|l ,< o0, [gll. <0,
and Ef = Eg=0. Using Lemma O and Fubini’s theorem, we have

E(f, £)=(x/2)"" | EL(f,w) sign(g, u)*||17(dw)

S22 | RipoF29) 12l (BN, )17)7 y(du)

19/4
<) Rl F. ) gl E] (10017 o6

= (n/z)l/z R(p,oo)(y’ g) ”g”cn ' ”f”pr

where, in order to obtain the last equality, we use the following elementary
fact: If ye H and |y|=1 then on the probability space (H,y) the r.v.
Y: H - R defined by Y(u)=(y, u) has the N(0, 1) distribution. CaseI is
proved.



MULTILINEAR FORMS AND DEPENDENCE 361

Proof for Case II. Use the elementary identity (x, y)=u(x, u)-
(y, u) y(du) in place of Lemma O. (It can be proved in the same way as
Lemma O.) The rest of the argument is essentially the same as for Case I.

Remark 43. Theorem 1.1 now extends to H-valued r.v.s X and Y, with
|E(X, Y)— (EX, EY)| in place of |[EXY~ EXEY|. If H is a real Hilbert
space and EX = EY =0, then it suffices to multiply the factors 2z and 3000
in Theorem 1.1 by A(p, q) from Theorem 4.2. If one wishes to allow H to
be a complex Hilbert space and remove the restriction EX= EY =0, then
an additional constant factor may be needed.

4.4. An Exact Comparison

Referring to Theorems 3.6 and 4.1(vi), we shall present a special
situation in which a closely related exact (sharp) inequality has been
established. First, for any two o-fields # and ¥, define the measure of
dependence

(F, %) := sup |Corr(I(A), I(B))], Ae%, Be¥.

Now |Corr(I(4), I(B))] and |P(AnB)— P(A)P(B)| each remain
unchanged if A (or B) is replaced by its complement. Hence, in both the
definition of (-, -) and of A(,, -) (see (1.2)) the sup can be taken over events
A and B with probability <3. It follows immediately that

NF,9)<UF, 9)<2UF, 9). (42)

(This inequality was noted in [3].)

THEOREM 4.3. Suppose F = {Q, ¢, A, A°} for some event A, and % is
any o-field. Then p(F,9)<tF, %) [1 -logu(F, 4)]'2.

Here of course A° denotes the complement of 4, and p(#, 4) is the
maximal correlation (see (1.3)). In Example 4.4 below it will be shown that
this inequality is sharp.

Proof of Theorem 4.3. Let t=1(#,%).If t=0 or 1 then Theorem 4.3 is
trivial. So we assume 0 < ¢ < 1. (Of course ¢ >0 implies 0 < P(4) < 1.)
Let fand g be of the form

f=HIA+LIAY),  g=Y gI(B)

where J22, {B,,.., B;} is a ¥-measurable partition of 2, P(B;)>0 V j,
f1<fs g1<g,<'-<g,;, and Ef=Eg=0. It suffices to prove
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|Corr(f, g)| <t- (1 —logt)"% Since —g can be expressed in the same way
as g, it in fact suffices to prove

Corr(f, g) <t (1 —logt)? (4.3)

Similarly to the argument in [ 3], define the positive numbers ¢ = f, — f;,
c¢=P(A4), and the r.v. V=c—I(A); and for each j=1,..,J— 1 define the
event D;=J{_, By, the positive numbers r;=g;,,— g, and d,=P(D)),
and the r.v. W;=d,— I(D,). Note that EV'=0 and EW,=0V j. Keeping in
mind that Ef = Eg =0 by assumption, one can easily show that

f=qV, g=3% rw,. (4.4)

We need to digress for a moment to define several functions on the unit
interval. For each x, 0 <x <1, define the function H () on [0, 1] as

H,(y) = min{x(1— p), p(1—x), t[x(1 —x) p(1 — y)]"*}  (45)

and define the numbers

’x x
_=_— y = —— 4,
Vx (1—x)+tx # x+ 131 —x) (46)
With a little arithmetic one can show that for 0 < x < 1 one has
O<y.<x<p,.<l,
H.(y)=y(1-x) if 0<y<y,
o @7)
=t[x(1—-x) y(1—p)]* if y, <y<p,
=x(1-y) if p,<y<L
For each 0 <x <1 define the function A.(*) on {0, 1] by
—x)1Y3(1 —
_Hx(—x) 171 —2y) iy <yp<p, 438)

20y(1 - y)1"°
= —Xx if p.<y<L.
For each fixed x, 0<x<1, H (y) is continuous, 4.(y) is bounded and

monotonically decreasing and (except at y=0, y,, u,, and 1) is the
derivative of H,, and so H, is an indefinite integral of &, on [0, 1].
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Define the numbers dy =0 and d,=1 and define the function g* on the
half-open unit interval (0, 1] by

J
gy =) &l .an()-
=1
Now for each j, Corr(V, W)= Corr(I(4), I(D,))< ¢, and by taking into
account the additional restriction P(4nD;)<min{P(4), P(D,)} we find
that EVW,;< H (d,) by (4.5). Keeping in mind that H,(0)=H,(1)=0 for
0<x<1 and g, r, are positive, we have by (4.4)

J-1 J
Efg< Z qerc(dj)=q Z gj[Hc(djﬂ)_Hc(dj)]
j=1 Jj=1
S d(j)
42 & h(»dy
d(j—1)

j=1

[ e i .

Now Eg”>=[i(g*(»))* dy. Thus by the Cauchy-Schwarz inequality, Efg <
(Eg®)'(J8 g*(hA»))* dy)% Also, Ef*=q’c(1 —c). Hence, to verify (4.3)
and thereby prove Theorem 4.3 it suffices to prove that

Ll h2(y) dy = c(1 — ¢) *(1 —log 1). (49)

Using (4.8), the integral is equal to

: v (1-2p)

l—c)?y +1%c(l—c)| —————=dy+*(1—u,)

(=P y4e(l=0) [ = s dy+ (1= p)
Now (log y—log(l1—y)—4y) is an indefinite integral of (1 —2y)?%
(y(1 — y)), and hence by (4.6) and some arithmetic, (4.9) follows. This com-
pletes the proof of Theorem 4.3.

ExaMpLE 4.4. With this example we shall show that Theorem 4.3 is
sharp no matter what P(4) is, as long as 0<P(4)< 1. Let 0<s<1 and
0<t<1 be fixed. We shall construct a probability space (£, .#, P) and
o-fields F = (82, ¢, A, A°) and ¥ = # such that P(4)=s, ©(¥,¥%)=t, and
o(F, %)=t (1—log )"~

Let Q= {0, 1} x [0, 1] (the union of two line segments in the plane), let
# be the family of all Borel subsets of Q, and define the random variables
X and 'Y by X(x, y):= x and Y(x, y):= y for (x, y)ef. Let P be the



364 BRADLEY AND BRYC

probability measure on (L2, .#) determined by the following condition: for
each Borel subset B< [0, 1],

P(X=0, Ye B)=L (h(y)+s) dy,

P(X=1,YeB)=| (1-s—h(y)dy

where A (y) is as defined in (4.8) (in the proof of Theorem 4.3); it was
noted in the proof of Theorem 4.3 that 4,(y) is monotonically decreasing
on [0,1], so that —s<h(y)<1—sV ye[0,1], and it follows that both
integrands here are always non-negative. Define the o-fields # = o(X) and
% =0(Y). Defining the event A= {X=0} we have F ={Q, ¢, 4, 4°} and
P(A4)=s. Also, Y is uniformly distributed on [0, 1].

We shall first show that 7(#, )<t Let B be any Borel subset of the
interval [0, 1] and let b= P(Y e B)=the Lebesgue measure of B. Since
Corr(1(A4), I(Y € B)) simply changes sign if A4 is replaced by 4° or B by B,
it suffices to prove Corr(/(A4), I(Ye B))<t. Since A (y) is monotonically
decreasing,

b
P(X=0, Ve B)=sb+jB hy(y) dy <sb +j0 h(y)dy

=sb+ H,(b)<sb+t[s(1—s)b(1—b)]"2 (4.10)

by (4.5). (Recall that H, is an indefinite integral of 4,.) Since P(X=0)=s
and P(YeB)=b, (4.10) implies Corr(I(4),[(YeB))<t Hence
(F,9)<t

To show that 7(#, ¥)=1, note that both inequalities in (4.10) become
equalities if we let B=[0, b] with y, <b< u, (see (4.7)), and in this case
Corr(I(A), (Ye B)) =t

Finally we need to show that p(#, ¢)=1t- (1 —log ¢)">. Define the ran-
dom variable Z by Z=h,(Y); then Z is ¥-measurable. Note that EZ =
[sh(y)dy=0, EZ*=[3hX(y)dy, and ENA)Z=[{h(y)h(y)+s)dy=
EZ? by the definition of P. Hence

Corr(I(A), Z)= [(EZ?)/(Var I(4))]"?
= [(EZ?)/(s(1—5))]"* = [£*(1 ~log t)]"*

by (4.9). Hence p(#, 4)=t(1 —log t)'* (by Theorem 4.3). This completes
Example 4.4.

Remark 44. Example 44 shows that for the vector (o0,2),
Theorem 4.1(vi) (as well as Theorem 3.6) is within a constant factor of
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being sharp. Simply set s =3 in Example 4.4 (so that P(4)=P(4°)=1/2)
and observe that o (F,9)<MUF,¥9)<t(F,%) and R, (F,9)>
27VPRN(F,9)=2""p(F, 9).

Remark 4.5. In the special case when n=2 and p, = ¢ =2, Theorem 2.1
is within a constant factor of being sharp. Let ¢, 0 <& < 1, be arbitrary but
fixed. Using Example 4.4, let (2, .#, P) be a probability space with o-fields
M, and My M such that (A, M) =¢/3, p(M, H#)=(g/3)
[1—1log(e/3)1% and A, = {Q, §, 4, A°} for some event A. Next let us turn
our attention to Lemma 3.7(iii) in the case where n=2, j=2, p;=p,=2,
Q,=0,=Q, F =M, F=M,, and P, = P,= P (restricted to .#, or 4,),
4, =%(#), and B=(1/2)-Cov (a product form). Now in the proof of
Lemma 3.7(iii) we have that g=2, 4V <¢/6, T is defined by T(f,)=3"
[E(f:1%)— Ef,], and by Claim 0, P(|T(f1)| > 1)< [(e/t) || fill2]* V >0,
VY f1€%,. Also a simple calculation gives | T, _, =Bl . =10(A,, #,)>
l-¢-(1~loge)"2 Since T is a product operator, it is now clear that
Theorem 2.1 is sharp up to a constant factor when n=2 and p, =g =2.
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