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Notation and Motivation

Fs,u = σ{Xt : t ∈ (0, s] ∪ [u,∞)}
F≤t = Ft,∞ = σ{Xs : 0 < s ≤ t}

0 < r < s < t < u < v

Assumption: E(Xt) = 0 and E(XsXt) = min{s, t}.
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Quadratic harnesses

Covariance:
E(Xt) = 0, E(XtXs) = min{t, s}. (1)

Harness condition:

E(Xt|Fs,u) = at,s,uXs + bt,s,uXu, (2)

Quadratic harness condition:

E
(
X2

t

∣∣Fs,u

)
= Qt,s,u(Xs, Xu), (3)

where

Qt,s,u(x, y) = At,s,ux2+Bt,s,uxy+Ct,s,uy2+Dt,s,ux+Et,s,uy+Ft,s,u

(4)
Note: Preserved by time-inversion (Xt) 7→ (tX1/t)
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Previous research

(i) Harnesses: [Hammersley, 1967] - linear regression based models
of ”long-range misorientation”. [Williams, 1973] - discrete index,
[1980] - continuous, [Mansuy and Yor, 2005] - integral repr.

(ii) [Plucińska, 1983]: linear regressions and constant conditional
variances⇒Gaussian. Discrete indexes [Bryc and Plucińska, 1985],
L2-smooth processes [SzabÃlowski, 1989], Poisson [Bryc, 1987],
Gamma [WesoÃlowski, 1989]

(iii) [WesoÃlowski, 1993]: conditional variance as a quadratic function
of increments characterizes five Lévy processes: Wiener, Poisson,
Pascal (neg. bin.), Gamma, and Meixner (hyp. secant).

(iv) [Bryc, 2001b]: stationary ”quadratic harnesses” are classical ver-
sions of non-commutative q-Gaussian processes of
[Frisch and Bourret, 1970] and [Bożejko et al., 1997].
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Technical Assumptions:

(i) Qt,s,u(0, 0) = Ft,s,u 6= 0

(ii) 1, Xs, Xt, XsXt, X
2
s , X2

t are linearly independent for all 0 < s <

t.

Theorem 1 ([Bryc et al., 2005]) There exist η, θ ∈ R, σ, τ ≥ 0,
and q ≤ 1 + 2

√
στ such that

Var (Xt| Fs,u) = Ft,s,uK

(
Xu −Xs

u− s
,
uXs − sXu

u− s

)
(5)

for all 0 < s < t < u, where Ft,s,u = (u−t)(t−s)
u(1+σs)+τ−qs is the normalizing

constant, and

K(x, y) = 1 + θx + τx2 + ηy + σy2 − (xy− qyx)

Notation: (Xt) is a quadratic harness with parameters q, η, θ, σ, τ
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Martingale polynomials

E (pn (Xt; t)| F≤s) = pn (Xs; s) , 0 < s < t, n = 0, 1, . . . .

xpn(x; t) =
n+1∑

k=0

Ck,n(t)pk(x; t).

Take p0 = 1, p1 = x. Then

C(t) :=




0 t C02(t) C0,3(t) . . .

1 C11(t) C12(t) C13(t) . . .

0 C21(t) C22(t) C23(t) . . .

0 0 C32(t) C33(t) . . .

0 0 0 C43(t)
. . .

.

.

.

.

.

.

.

.

.
. . .
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Suppose for each t > 0 the random variable Xt has infinite support.

Theorem 2 If a quadratic harness (Xt) with parameters q, η, θ, σ, τ

has finite moments of all orders and martingale polynomials, then

C(t) = tx + y, t > 0, (6)

and the infinite matrices x = C1 − C0, y = C0 satisfy the q-
commuation equation K(x, y) = 0, i.e.

[x, y]q = I + θx + ηy + τx2 + σy2, (7)

where
[x, y]q = xy− qyx,

In [Frisch and Bourret, 1970], the equation [x, x∗]q = I is the basis of
a ”parastochastic” model of Kraichnan’s equation (Guionnett-Mazza
2004). [Bryc and WesoÃlowski, 2005]: quadratic harnesses with η =
θ = τ = σ = 0 are a classical version of the q-Brownian motion.
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Orthogonal martingale polynomials

C(t) :=




0 t 0 0 . . .

1 γ1t + δ1 ε2t + ϕ2 0 . . .

0 α2t + β2 γ2t + δ2 ε3t + ϕ3 . . .

0 0 α3t + β3 γ3t + δ3 . . .

0 0 0 α4t + β4

. . .

...
...

...
. . .
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Orthogonal martingale polynomials

xpn(x; t) = an(t)pn+1(x; t) + bn(t)pn(x; t) + cn(t)pn−1(x; t), (8)

an(t) = αn+1t + βn+1 , bn(t) = γnt + δn , cn(t) = εnt + ϕn, (9)

and the coefficients in (9) satisfy a system of 5 equations that result
from the q-commutation equation (7).

Theorem 3 ([Bryc et al., 2005]) Suppose (Xt) is a quadratic har-
ness with parameters such that 0 ≤ στ < 1, −1 < q ≤ 1 − 2

√
στ .

Moreover, assume that for each t > 0 random variable Xt has mo-
ments of all orders and infinite support. Then (8) determines {pn(x; t)}
which are orthogonal martingale polynomials for (Xt).
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an(t) = σαn+1t+βn+1 , bn(t) = γnt+δn , cn(t) = (βnt + ταn)ωn ,

(10)

(i) α1 = 0, β1 = 1, γ0 = δ0 = 0, ω1 = 1.

(ii)


 αn+1

βn+1


 =


 q 1

−στ 1


×


 αn

βn


 , n ≥ 1.

Moreover, λn,k := βnβn+k − σταnαn+k > 0 for all n ≥ 1, k ≥ 0.

(iii)

γn+1 =
q + στ

λn+2,0
(λn,2γn + (αn+2βn − βn+2αn)σδn)

+
σαn+2

λn+2,0
(ηταn+1 + θβn+1) +

βn+2

λn+2,0
(θσαn+1 + ηβn+1),

Similar equation for δn+1 and ωn.
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Worked out Example I: [x, y]q = I + θx + τx2

x = Dq

y = Z(1 + θDq + τD2
q)

where

Dq(f)(z) =
f(z)− f(qz)

(1− q)z
, Z(f)(z) = zf(z),

Proof:

[x, y]q = [Dq, Z]q + θ[Dq, ZDq]q + τ [Dq, ZD2
q]q = I + θDq + τD2

q.

Note: Dq(zn) = [n]qzn−1, where [n]q = 1 + q + . . . + qn−1.
Calculation:

(tx + y)zn = zn+1 + θ[n]qzn + (t + τ [n− 1]q)[n]qzn−1.
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Identification of zn with pn(x; t) gives Al-Salam-Chihara polynomials

xpn(x; t) = pn+1(x; t) + θ[n]qpn(x; t) + (t + τ [n− 1]q)[n]qpn−1(x; t).

[Feinsilver, 1990, Section 3.4], [Anshelevich, 2003, Remark 6].

Theorem 4 ([Bryc and WesoÃlowski, 2005]) If (Xt) is a quadratic
harness with parameters −1 < q ≤ 1, σ = η = 0 then (Xt) is Markov
with the transition probabilities Ps,t(x, dy) determined as the unique
probability measure orthogonalizing polynomials {Qn(y)} given by the
recurrence

yQn(y)

= Qn+1(y)+(θ[n]q +xqn)Qn(y)+(t−sqn−1 +τ [n−1]q)[n]qQn−1(y).

Conversely, each such Markov process is a quadratic harness.
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Classical versions [x, y]q = I + θx + τx2

E(Xt1Xt2 . . . Xtk ) = τ(Xt1Xt2 . . .Xtk ), ∀t1≤t2≤...≤tk

Var(Xt|Fs,u) ³ 1+θ
Xu −Xs

u− s
+τ

(Xu −Xs)
2

(u− s)2
−(1−q)

(Xu −Xs)(uXs − sXu)

(u− s)2

(i) Case τ = θ = 0 and −1 < q ≤ 1 corresponds to the q-Brownian
motion of [Bożejko et al., 1997].

(ii) Case θ 6= 0, τ = 0 and −1 < q ≤ 1 correspond to the q-Poisson
process of [Anshelevich, 2001]. It is also a classical version of the
time-inverse of the q-Poisson process of [Saitoh and Yoshida, 2000].

(iii) If τ 6= 0, θ 6= 0, σ = η = 0 and −1 < q < 1, q 6= 0 then
the the laws of q-Meixner process (Xt) are not closed under q-
convolution of [Nica, 1995], and are not the laws of the q-Levy
processes of [Anshelevich, 2004].
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Worked Out Example II: [x, y]q = I + θx + ηy

Operator solution:

x = Dq + ηZ(Dq + θD2
q), y = Z(1 + θDq)

Calculation:

(tx + y)zn = zn+1 + (θ + tη)[n]qzn + t(1 + ηθ[n− 1]q)[n]qzn−1,

These are again Al-Salam-Chihara polynomials

xpn(x; t) = pn+1(x; t)+(θ+tη)[n]qpn(x; t)+t(1+ηθ[n−1]q)[n]qpn−1(x; t), (11)

Note: We must have 1 + ηθ ≥ q+.
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Theorem 5 (work in progress) If (Xt) is a quadratic harness with
parameters −1 < q ≤ 1, σ = τ = 0, and 1+ηθ > max{q, 0} then (Xt)
is Markov with the transition probabilities Ps,t(x, dy) determined as
the unique probability measure orthogonalizing polynomials {Qn(y)}
given by the recurrence

yQn(y) = Qn+1(y) +An(x, t, s)Qn(y) + Bn(x, t, s)Qn−1(y),

where
An(x, t, s) = qnx + [n]q(tη + θ − [2]qqn−1sη),

Bn(x, t, s) = [n]q(t− sqn−1)
(
1 + ηxqn−1 + [n− 1]qη(θ − sηqn−1)

)
.

Conversely, each such Markov process is a quadratic harness.
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Free case: q = 0

Var(Xt|Fs,u) ³ 1 + θ
Xu −Xs

u− s
+ η

uXs − sXu

u− s
− (Xu −Xs)(uXs − sXu)

(u− s)2

Denote by πt the law of Xt.

Proposition 6 ([Bryc and WesoÃlowski, 2004]) For every t ≥ 0,
there exist a probability measure νt such that the pairs (πt, νt) form
a semigroup with respect to the c-convolution,

(πt+s, νt+s) = (πt, νt)Fc(πs, νs).

[Bożejko et al., 1996], [Bożejko and Wysoczański, 2001],
[Krystek and Wojakowski, 2004].
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Classical case: q = 1

Var(Xt|Fs,u) ³ 1 + θ
Xu −Xs

u− s
+ η

uXs − sXu

u− s

Var(Xt|Fs,u) ³ 1 + θ Xu−Xs
u−s

Var(Xt|Fs,u) ³ 1 + η uXs−sXu
u−s

Poisson type time-inverse of Poisson

Xt = Nt − t Xt = tN1/t − 1
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Figure 1: Simulated sample trajectory when η = θ.
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Birth-then-death process

Xt =





(θ − ηt)Zt − t
θ 0 < t < T,

ZT − 1
η t = T

(ηt− θ)Zt − 1
η t > T

Here T = η/θ
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Fix η, θ > 0. Let T = θ/η. Let (Zt)t>0 be a non-homogeneous
Markov process with rates

k 7→ k + 1 at rate (k + 1
ηθ )/(T − s) on 0 < s < t < T

k 7→ k − 1 at rate k/(s− T ) on T < s < t

Zt − Zs|Zs
d
= nb

(
1

θη
+ Zs,

θ − ηt

θ − ηs

)
, 0 ≤ s < t < θ/η ,

ZT |Zs
d
= Gamma

(
1

θη
+ Zs,

1

θ − ηs

)
, 0 ≤ s < T ,

Zt|ZT
d
= P

(
Zθ/η

ηt− θ

)
, t > T ,

Zt|Zs
d
= b

(
Zs,

ηs− θ

ηt− θ

)
, T < s < t .
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Concluding Remarks

(i) Little is known about the non-commutative processes correspond-
ing to [x, y]q = I + θx + ηy.

(ii) Little is known about which q-Guassian processes have classi-
cal versions. Markov, yes [Bożejko et al., 1997]. There are q-
Gaussian processes with no classical version [Bryc, 2001a].

(iii) No general constructions of quadratic harnesses are known.
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