Chapter 11

The Central Limit
Theorem

Printed: April 13, 2020

1. Sums of independent identically distributed
random variables

Denote by Z the ”standard normal random variable” with density \/%e*xz/ 2,

Lemma 11.1. EeZ — ¢=t°/2

Proof. We use the same calculation as for the moment generating function:

& 1 o 1
/ exp(itx — §x2)dx = e_t2/2/ exp(—i(:v —it)?)dx = V2r

Note that e=*/2 is an analytic function so f,y e=#/2dz = 0 over any closed path. So

A A 1t 1t
exp —(z — it)? T — e_fcz/2 T exp(—(A —is)? S — exp(—(—A —is)? s =
/_A p—(x—it)/2d /_A d +/0 p(—(A—is)?/2)d /0 p(—(—A—is)2/2)ds = 0

g

Theorem 11.2 (CLT for i.i.d.). Suppose {X,} is i.i.d. with mean m and variance 0 < 02 < .
Let S, = X1+ ---+X,,. Then g
n— NM D
oD g
ov/n

This is one of the special cases of the Lindeberg theorem and the proof uses characteristic functions.
Note that ¢g , m(t) = e~/ when X are independent N (0, 1).
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11. The Central Limit Theorem

In general, ¢gq / \f( ) is a complex number. For example, when X,, are exponential with pa-
rameter A = 1, the conclusion says that

efit‘/ﬁ 42
@Sn/ﬁ(t) =7, \n ¢ /2
()

which is not so obvious to see. On the other hand, characteristic function in Exercise 10.5 on page
119 is real and the limit can be found using calculus

g, jym(t) = cos™(t/v/n) — e /2

Here is a simple inequality that will suffice for the proof in the general case
Lemma 11.3. If zq,

. Zm and wi,

(11.1)

Wy, are complexr numbers of modulus at most 1 then
m
12 0 ¢« Zp

Wy .. Wiy | < Z|zk—wk\
k=1

Proof. Write the left hand side of (11.1) as a telescoping sum

Z1.--2m

wm—g Z1 -

2h—1 (2% — WE) Wiy 1 - -

Wm
O
(Omitted in 2020)
Example 11.1. We show how to complete the proof for the exponential distribution
emVr el (VRN 2y < eTWIVR e oy
N7 € - 1— 4t (e = 1— -t ¢
{1—%) vr r
1 —dt//n+t2/(2n) + it3 /(6n
1-— v
1 il a & + 1+'t t2+ l—i-t2 : AF
=n -_— - — - ——— ... t— — — +... | - —
vn  2n 6nyn vn n 2n  6n2
2 2 i
=n ‘(1 —— + —
n 2n

@)
=Mava Y
Proof of Theorem 11.2. Without loss of generality we may assume m = 0 and ¢ = 1. We have
P8, vm(t) = ox(t/y/n)".

For a fixed ¢ € R choose n large enough so that 1 — =
n, we can apply (11.1) with zx = px(t//n) and wp, =1 — =-. We get

e valt) - (1= &) | <n

—1. For such

mt/m—l—\ < B

X s
N
Noting that lim,, . min{|t||X|?/\/n, X?} = 0, by dominated convergence theorem (the integrand
is dominated by the integrable function X?) we have E mln{

[¢1]X]

2
f,X}—>Oasn—>oo.So
2\"
li t)—(1—=—) |=0.
ng{:o!@sn/ﬁﬂ ( 2n)
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It remains to notice that (1 — %)” — e /2, O

Remark 11.4. If X, L, Z then the cumulative distribution functions converge uniformly: sup,, |P(X,, <
x)—P(Z <zx)—0.

Example 11.2 ( Normal approximation to Binomial). If X, is Bin(n,p) and p is fixed then
P(iX, <p+z/yn) = P(Z <z/p(1 —p)asn— oo.
Example 11.3 ( Normal approximation to Poisson). If X is Poiss and p is fixed then (X, —

A)/VA 2 Zas A — . (Strictly speaking, the CLT gives only convergence of (X, —An)/vnA 2,
Z as n — 00.)

(Omitted in 2020)

2. General form of a limit theorem

The general problem of convergence in distribution can be stated as follows: Given a sequence Z,, of random variables, find
normalizing constants an, by, and a limiting distribution/random variable Z such that (Z, — b,)/an — Z.

In Example 9.1, Z,, is a maximum, a, = 1, b, = logn.

In Theorem 11.2, Z,, is the sum, the normalizing constants are b, = E(S»n) and an = \/Var(Sn), and we will make the
same choice for sums of independent random variables in the next section. However, finding an appropriate normalization
for CLT may be not obvious or easy, see Section 5.

One may wonder how much flexibility do we have in the choice of the normalizing constants a, bn

Theorem 11.5 (Convergence of types). Suppose Xp 2. X and anXn + bn, 2y for some an > 0, by, € R, and both
X,Y are non-degenerate. Then an — a > 0 and b, — b and in particular Y has the same law as aX + b.

So if (Zn —bn)/an — Z and (Zn —b},)/a;, — Z' then (Zn —by,)/a;, = <2 ((Zn — bn)/an) + (bn —b;,) /ay,, which means
that ap/al, — a > 0 and (b, — b},)/al, — b. So al, = an/a, b}, = by, — gan and Z' =aZ +b.

(Omitted in 2020)

It is clear that independence alone is not sufficient for the CLT.

3. Lindeberg’s theorem

The setting is of sums of triangular arrays: For each n we have a family of independent random
variables
Xni,--, Xn

sI'n

and we set Sy, = Xp 1+ -+ Xop,

kam
o

)i’“*:b. Or one can take X, =

Through this section we assume that random variables are square-integrable with mean zero,
and we use the notation

For Theorem 11.2, the triangular array can be X, =

Tn
(11.2) E(Xpk) =0, o0 = E(X7)), s =Y on,
k=1
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Definion 11.1 (The Lindeberg condition). We say that the Lindeberg condition holds if

X2 —
(11.3) Jim = Z/ X2,dP =0 for all € > 0
O Xnk|>esn

(Note that strict inequality fl x Xnde can be replaced by || ngdP and the

nk|>€sn | X i |>E5n

resulting condition is the same.)

Remark 11.6. Under the Lindeberg condition, we have
o2

(11.4) lim max gk =0
n—o0 k<rp S5
Indeed,
2 2 2 2 2
Onk = / X, pdP —I—/ X,pdP <es;, +/ X, dP
|Xnk|§55n |Xn,k|>55n |Xnk|>55n
So

1
maxizk < e+ 5 max de Set o 52 Z 2de
k<rn Sp Sy, k<rn | Xnk|>esn Sn k=1 Xnkl>esn

Theorem 11.7 (Lindeberg CLT). Suppose that for each n the sequence Xy ...Xp ., is inde-
pendent with mean zero. If the Lindeberg condition holds for all € > 0 then S, /sy, Ny

Example 11.4 (Proof of Theorem 11.2). In the setting of Theorem 11.2, we have X,, , = X’%m
and s, = y/n. The Lindeberg condition is

— 1
hmZ/ kiz)dP—hm 2/ (X1 —m)?=0
n—oo N | X —m|>eay/n o n=00 0% JIX,—m|>eoy/n

by Lebesgue dominated convergence theorem, say. (Or by Corollary 6.12 on page 71.)

Proof. Without loss of generality we may assume that s2 = 1 so that o 1O'nk = 1. Denote
Onk = E(e"nk). From (10.13) we have

1 .
k() = (1= StP07,)| < B (min{[t Xk, [tX0]*})

(11.5) 5

< / [t X 2dP + / [t X |2dP < t3co?, + 12 / X2 dP
| 7Lk|<5 | nk|>E

‘X'nk‘zs

Using (11.1), we see that

n
1
ps,(0) = [] (1= 5120%)
k=1

This shows that

(11.6)

IN

n
D T T Z / X2,dP
k=1

nk|>€

=0

@5, (t) — H( — 3t°on)
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)
e /2 —[li= (1= %tzgik) =0.

To do so, we apply the previous proof to the triangular array o, ;2 of independent normal
random variables. Note that

It remains to verify that lim, .o

SOZ Zo (t) _ H e—t2 Qk/2 —t2/2
k._

We only need to verify the Lindeberg condition for {Z,;}:

/ Z2,.dP = O'ik/ 22 f(x)dx
Tl >€ |z|>e/onk

72 dP < O',%k,/ 22 f(x)dr < max / 22 f(z)dx < / 22 f (x)dx
;/ane ; | LSkSTn J|g|>e /o |z|>e/ maxy, ok

:E|>‘€/O'nk

The right hand side goes to zero as n — oo, because by maxi<y<y, onr — 0 by (11.4). ]

4. Lyapunov’s theorem

Theorem 11.8. Suppose that for each n the sequence Xp1 ... Xy, 1s independent with mean
zero. If the Lyapunov’s condition

(11.7) lim 2+5 ZEanky2+5 =0

n—00 g
Sn k=1

holds for some 6 > 0, then Sy, /sn Loz

Proof. We use the following bound to verify Lindeberg’s condition:

Tn

1 5 245 1 245
E ) NIRRT ) NN UEr o Lt
n =1 |Xnk|>53’ﬂ E°Sn nk‘>55n Sn k=1

Corollary 11.9. Suppose X are independent with mean zero, wvariance o and that

supy, B| X5|2*0 < 0o. Then Sp/vn 2 0Z.

Proof. Let C' = sup;, E|X;|*"® Then s, = /n and 82%2221 E(|Xx)?t%) < ¢/n%? — 0, so
Lyapunov’s condition is satisfied. ! O

Corollary 11.10. Suppose X} are independent, uniformly bounded, and have mean zero. If

S Var(X,) = oo, then Sp/v/Var(Sn) 2 N(0,1).
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Proof. Suppose |X,,| < C for a constant C. Then

ZE|X|3<C SC—>0

5. Normal approximation without Lindeberg
condition

One basic idea is truncation: Xn = Xnl\x,|<an TXnl|x,|>a,- One wants to show that Z Xil\x,|<an —

Z and that g > Xkl x| >an 2. 0. Then Sp/sn is asymptotically normal by Slutski’s theorem.

Example 11.5. Let X;, X»,... be independent random variables with the distribution (k > 1)

Pr(X, = =+1)=1/4,
Pr(X;, = kN =1/4F
Pr(X, = 0)=1/2—1/4"

Then o} = §+ (%)k and s, > n"/4". But S, /s, 2, 0 and in fact we have Sn/v/n 2, Z/\/2. To see
this, note that Yy = X/ x|, <1 are independent with mean 0, variance % and P(Y), # Xy) = 1/4F
so by the first Borel Cantelli Lemma (Theorem 3.8) \ﬁ Yo (Ve—Xp)| < % — 0 with probability
one.

It is sometimes convenient to use Corollary 9.5 (Exercise 9.2) combined with the law of large
numbers. This is how one needs to proceed in Exercise 11.2.

Example 11.6. Suppose X1, Xo, ..., are i.i.d. with mean 0 and variance o2 > 0. Then

EZ:1 X

V 2k KR

converges in distribution to N(0,1). To see this, write

Zk 1st _ Zk 1Xk

\/Zk I‘XV2 \llzk I‘X2

and note that the first factor converges to 1 with probability one.
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Required Exercises

Exercise 11.1. Suppose a, is an array of numbers such that Zzzl aik = 1 and maxj<k<y, |ank| =
0. Let X; be i.i.d. with mean zero and variance 1. Show that ZZ=1 Ank Xk 2> Z.

Exercise 11.2. Suppose that X, Xs,... are i.i.d., E(X;) = 1, Var(X?) = 02 < oo. Let X,, =
% Z?Zl X;. Show that for all &k > 0

Jn ()’(;f _ 1) Dy N(0, ko)
as n — oQ.

Exercise 11.3. Suppose X1, Xo,... are independent, X} = 41 with probability %(1 —k72) and
X, = £k with probability %k‘_z. Let S, => 71 Xk

(i) Show that S, /v/n 2 N(0,1)

(ii) Is the Lindeberg condition satisfied?

Exercise 11.4. Suppose X1, X, ... are independent random variables with distribution Pr(X; =
1) = pi and Pr(Xj; = 0) = 1 — pg. Prove that if Y Var(Xy) = oo then

n
X, —
2isa Xk —p0) Dy ),
V> =1 k(1 = pr)
Exercise 11.5. Suppose X}, are independent and have density ﬁ for |z| > 1. Show that
N(0,1).

Hint: Verify that Lyapunov’s condition (11.7) holds with 6 = 1 for truncated random variables.
Several different truncations can be used, but technical details differ:

Shn
vnlogn

%

o Y = Xpl|x, <5 is a solution in [Billingsley]. To show that \/#gn Yo (X — Y%) L. 0 use
L1-convergence.
e Triangular array Y, = Xi! x, < /m is simpler computationally

e Truncation Y; = X1, Xk <VFlogk leads to “asymptotically equivalent” sequences.

Exercise 11.6 ( stat). A real estate aggent wishes to estimate the unknown mean sale price of a
house p which she believes is well described by the distribution which has finite second moment.
She estimates u by the sample mean X,, of the i.i.d. sample Xi,...,X,,, and she estimates the

variance by the expression
n

D (X — X))

k=1

1
n—1

52 =

n

She then uses a formula X,, + 2,5, /v/n from Wikpiedia to produce the large sample confidence
interval for p. To understand why this procedure works, she would like to know that

(Xn — 1)/Sn 2> N(0,1).
Please supply the proof.

Exercise 11.7 ( stat). A psychologist wishes to estimate parameter A > 0 of the exponential
distribution, see Example 2.4, by taking the average X, of the i.i.d. sample Xi,...,X,, and
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defining Ay =1 /X,. Show that Ay is asymptotically normal, i.e. determine a,(\) such that the
a-confidence interval for A is

5\n + an()‘)za/Q

where z,/5 comes from the normal table P(Z > z,/9) = /2.

|
Some previous
prelim problems

Exercise 11.8 (May 2018). Suppose that X;, Xs,... are independent random variables with dis-

tributions

1 1—-k

Prove that

1 i D
> X = N(0,1).
Vinn Pt

Exercise 11.9 (Aug 2017). Let {X,,}»en be a collection of independent random variables with
1

1
_ 2y _ — — 1
P(X,, = +n°) = 5,5 and P(X, =0)=1 nﬂ,nEN,
where § € (0,1) is fixed for all n € N. Consider S,, := X; + --- + X,;. Show that
Sh
— 2>N(0,02)
nY

for some o > 0,7 > 0. Identify ¢ and ~ as functions of 3. You may use the formula

Zn: N
RS

for 6 > 0, and recall that by a,, ~ b, we mean lim,_,o ay/b, = 1.

Exercise 11.10 (May 2017). Let {X,}nen be independent random variables with P(X,, = 1) =
1/n=1-P(X, =0). Let S, := X1 +--- + X,, be the partial sum.
(i) Show that

ES, . Var(Sy)
m ~\n)

lim =1 and li =1.
n—oo logn n—oo logn
(ii) Prove that
Sp — 1
on 981 By N(0,1)

Viogn

as n — oo. Explain which central limit theorem you use. State and verify all the conditions
clearly.

n
1
Hint: recall the relation lim L= 1/E =

1.
n—oo  logn

Exercise 11.11 (May 2016).(a) State Lindeberg—Feller central limit theorem.
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(b) Use Lindeberg—Feller central limit theorem to prove the following. Consider a triangular ar-
ray of random variables {Y,, ;}nen k=1, n such that for each n, EY, , = 0,k = 1,...,n, and
{Yy k}k=1,..n are independent. In addition, with oy, := (3 _; ]EYn%k)l/z, assume that

n
lim — Y EY,, =

Show that
Yn,l +- Yn n D

On
Exercise 11.12 (Aug 2015). Let {Up,}nen be a collection of i.i.d. random variables with EU,, =0
and EU2 = o2 € (0,00). Consider random variables {X,,},en defined by X,, = U, + Uy, n € N,
and the partial sum S,, = X; + --- + X,,. Find appropriate constants {ay,, b, }nen such that
Sn - bn D
an
Exercise 11.13 (May 2015). Let {Upy}nen be a collection of ii.d. random variables distributed

uniformly on interval (0,1). Consider a triangular array of random variables {X, 1 }r=1. nnen
defined as

2, N(0,1).

— N(0,1).

1
Xk = Lymu,<1y — vn
Find constants {ay,, by }nen such that
Xn,1+"‘+Xn,n_
Gn
Exercise 11.14 (Aug 2014). Let X1, Xs,... be independent and identically distributed random
variables with

bn 2. A(0,1),

P(Xi=1)=P(X;=-1)=1/2.

\\ﬁz N(0,1)
sn(n+

1)(2n+1) and > 7, 33 n?(n + 1) without proof.)

Prove that

(You may use formulas 7, j2=1

Exercise 11.15 (May 2014). Let {X,x: k=1,...,n,n € N} be a famlly of independent random
variables satisfying

P (Xnk = \%) =P (Xnk = —\%) = P(X,,=0)=1/3

Let S, = X1+ -+ Xppn. Prove that S, /s, converges in distribution to a standard normal random
variable for a suitable sequence of real numbers s,,.

Some useful identities:

- 1
k=1
K = gn(n +1)(2n+1)
k=1
- 1
k= ZnQ(n +1)?

x~
Il
—_
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Exercise 11.16 (Aug 2013). Suppose X1, Y7, X9, Yo, ..., are independent identically distributed
with mean zero and variance 1. For integer n, let
2 2

1 [ < 1 [ <
Un:ﬁ ;Xj +E ;Y}

Prove that lim,, o P(Up, <u) =1— e~ %2 for u > 0.

Exercise 11.17 (May 2013). Suppose X, 1, X 2,.... are independent random variables centered
at expectations (mean 0) and set s2 = > | E ((X,,%)?). Assume for all k that | X, x| < M, with
probability 1 and that M, /s, — 0. Let Y,,; = 3X,,; + X}, i+1. Show that

Yn71 + Yng + ...+ Yn,n

Sn

converges in distribution and find the limiting distribution.



Chapter 12

Limit Theorems in R¥

This is based on [Billingsley, Section 29]. ‘Printed: April 13, 2020

1. The basic theorems

If X : Q — RF is measurable, then X is called a random vector. X is also called a k-variate random
variable, as X = (X1,..., Xg).

Recall that a probability distribution of X is a probability measure p on Borel subsets of R”
defined by pu(U) = P{w : X(w) € U}).
Recall that a (joint) cumulative distribution function of X = (Xi,...,X,,) is a function F' :
R™ — [0, 1] such that
F(zy,...,xx) = P(X5 < x1,..., X} < xp)

From 7 — A theorem we know that F' determines uniquely p. In particular, if

Tl Tk
F(x1,---7$k)=/ / Fr, - uk)dyr . dyg

then pu(U) = [i; fy1, .- yk)dyr - . - dyg.
Let X, : © — R* be a sequence of random vectors.

Definion 12.1. We say that X,, converges in distribution to X if for every bounded continuous
function f : R¥ — R the sequence of numbers E(f(X,,) converges to Ef(X).

We will write X, 2> X if py, is the law of X, we will also write u, — D; the same notation
in the language of cumulative distribution functions is F), 2, F; the latter can be defined as

F,(x) o, F(x) for all points of continuity of F', but it is simpler to use Definition 12.1.

Proposition 12.1. If X, 2y X and g:RF = R™ is a continuous function then g(X,) o, 9(X)
For example, if (X, Y,) = (Z1, Z3) then X2 +V2 55 72 4 72,

Proof. Denoting by Y,, = g(X,), we see that for any bounded continuous function f : R™ — R,
f(bY,,) is a bounded continuous function f o g of X,,. d

131
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(Omitted in 2020) The following is a k-dimensional version of Portmanteau Theorem 9.7

Theorem 12.2. For a sequence p, of probability measures on the Borel sets of R¥, the following are equivalent:

@
(ii

(iii

) B
) limsup,,_, o n(C) < p(C) for all closed sets C' C RF.

) liminfp o0 pn(G) < u(G) for all open sets G C RF.

) limy,— oo pin(A) = u(A) for all sets A C R* such that u(8A) =0

(iv

Proof. The detailed proof is omitted. Here are some steps:
e By passing to complements, it is clear that (2) and (3) are equivalent.
e Since the interior A° of a set A is its subset, A° C A C A. So pn(A°) < pn(A) < pn(A4) and we get
1(A°) < liminf pp(A) < limsup pn (A) < p(A)
Since OA = A\ A°, we have u(A°) = u(A) = pu(A) so it is clear that (2)+(3) imply (4).

e To see how (1) implies (2), fix closed set C' C R* and consider a bounded continuous function f such that f = 1
on C and f = 0on C° = {x € RF : d(x,C) < €} Then un(C) < [ f(x)un(dx) — [ fu(dx) < pu(C®). Since
lime—0 p#(C%) = u(Nesg Ce) = w(C), we get the conclusion.

O

Definion 12.2. The sequence of measures p, on RF is tight if for every e > 0 there exists a
compact set K C R¥ such that p,(K) > 1 — ¢ for all n.

Theorem 12.3. If u, is a tight sequence of probability measures then there exists p and a
subsequence ny, such that fin, o, 1

Proof. The detailed proof is omitted.

Here are the main steps in the proof: O

Corollary 12.4. If {j,} is a tight sequence of probability measures on Borel subsets of R* and if

each convergent subsequence has the same limit u, then uy, 2, 7

2. Multivariate characteristic function

Recall the dot-product x-y := x'y 2?21 xjyj. The multivariate characteristic function ¢ : RF - C
is

(12.1) ©(t) = Eexp(it - X)

This is also written as ¢(t1,...,tx) = Eexp(z 1tiX5).
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The inversion formula shows how to determine p(U) for a rectangle U = (a1, b1] X (a2, ba] X
-+ X (ag, b such that p(0U) = 0:

e—iakjt]' _ e—ibj t;
it

1 T T kK

Thus the characteristic function determines the probability measure p uniquely.

Corollary 12.5 (Cramer-Wold devise). The law of X is uniquely determined by the univariate
laws t - X = Z§:1 t;X;.

Corollary 12.6. X,Y are independent iff px,y(s,t) = ox(s)py(t)

Theorem 12.7. X,, 2 Y iff on(t) — @(t) for all t € R¥.

Note that this means that X,, = Y iff >t Xj(n) 2, Yot;Yj forall ty,... t

Example 12.1. If X,Y are independent normal then X +Y and X — Y are independent normal.

Indeed, pxiv.x—v(s,t) = px(s+t)py(s—t) = exp((t+5)?/2+(s—1)?/2) = eSQetz, and pxiy(s) =
s2/2,82/2 _ 82
es /e = e5.

Corollary 12.8. If Z,...Z,, are independent normal and X = AZ then Zj t;X; is (univariate)
normal.

Proof. Lets simplify the calculations by assuming Z; are standard normal. The characteristic
function of 5=}, 1;X; is

©(s) = Eexp(ist - X) = Eexp(ist - AZ) = Eexp(is(ATt)-Z) = H e S IATHR/2 — o= s ATE]?/2
i=1

O

The generalization of this property is the simplest definition of the mutlivariate normal distri-
bution. Note that

|ATt)? = (ATt) - (ATt) =t/ AATt = t'St

3. Multivariate normal distribution

[Two equivalent approachesj
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Definion 12.3. X is multivariate normal if there is a vector m and a positive-definite matrix
> such that its characteristic function is

p(t) = exp (im't — 1t'St)

Notation: N(m,Y). (How do we know that this is a characteristic function? See the proof of
Corollary 12.8!)

We need to show that this is indeed a characteristic function! But if it is, then by differentiation
the parameters have interpretation: EX = m and %; ; = cov(Xj, Xj).

Remark 12.9. If X is normal N(m, ), then X — m is centered normal N(0,X). In the sequel,
to simplify notation we only discuss centered case.

The simplest way to define the univariate distribution is to start with a standard normal random
variable Z with density \/%e*"“g/ 2 and then define the general normal as the linear function
X =p+oZ. It is then easy to work out the density of X and the characteristic function, which is
Ox (t) — eit/ﬁ-%zﬂt%

Exercise 12.1 is worth doing in two ways - using both definitions.

In R* the role of the standard normal distribution is played by the distribution of Z =
(Z1,...,%Zy) of i.id. N(0,1) r.v.. Their density is

1
L -5
/2

(12.3) fx) =

The characteristic function Fe't'Z ig just the product of the individual characteristic functions

—t2/2 s . .
[Ti=ie /2 which in vector notation is

Definion 12.4. We will say that X, written as a column vector, has multivariate normal dis-
tribution if X = m + AZ.

Clearly, F(X) = m. In the sequel we will only consider centered multivariate normal distribu-
tion with E(X) = 0.

Remark 12.10. Denoting by a; the columns of A, we have X = Z§:1 Zjaj. This is the universal
feature of Gaussian vectors, even in infinite-dimensional vector spaces — they all can be written as
linear combinations of deterministic vectors with independent real-valued ”noises” as coefficients.
For example, the random “vector” (W;)p<t<1 with values in the vector space C[0, 1] of continuous
functions on [0,1] can be written as Wy = Y 2, Z;g;(t) with deterministic functions g;(t) =
i1 sin((24 + Dmt).

Proposition 12.11. The characteristic function of the centered normal distribution is
(12.4) o(t) = exp (—3t'St)

where ¥ is a k x k positive definite matrix.
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Proof. This is just a calculation:
Eet'X = Feit'AZ — peilA't)Z _ o—|A%*/2 exp (—%(A’t)’A't) = exp (—%t'AA't) = exp (—%t’Et)
O

Remark 12.12. Notice that F(XX') = E(AZZ'A’) = AE(ZZ')A’ = AIA’ = X is the covariance
matriz of X.

Remark 12.13. From linear algebra, any positive definite matrix ¥ = UAU’ so each such matrix
can be written as ¥ = AA’ with A = UAY2U". So ¢(t) = exp(—3t'St) is a characteristic function
of X = AZ.

Remark 12.14. If det(X) > 0 then det A # 0 and (by linear algebra) the inverse A~! exists. The
density of X is recalculated from (12.3) as follows

1 Lia—1 2 1 1 /-1
e — _QHA xII — —2)( > X
J&) = G det(a)© (27572 det(2)1/2°

Remark 12.15. Matrix A in the representation X = AZ is not unique, but the covariance matrix

¥ = AA’ is unique. For example
a1 o] %
Zal |0 1 Zs

1/vV2 1/V/2 [Zl}
—1/vV2 1/V2] |2,

X

can also be represented as
X = [
(Exercise 12.6)

Example 12.2. Suppose ¢(s,t) = e=5"/2=t*/2=pst  Then

==, 1

is non-negative definite for any |p| < 1 and this is a characteristic function of a random variable
X = (X1, X2) with univariate N(0,1) laws, with correlation E(X;X2) = —%gp(s,tﬂszt:g =p If
Z1, Zy are independent N (0, 1) then

(12.5) X1=21, Xo=pZ1++1— p2Z2

will have exactly the same second moments, and the same characteristic function.

Since det ¥ = 1 — p?, when p? # 1 the matrix is invertible and the resulting bivariate normal

density is
1 22 +y% — 2pwy
o= (-

N 2(1— p?)

From (12.5) we also see that X9 — pX; is independent of X; and has variance 1 — p2

4. The CLT
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Theorem 12.16. Let X,, = (X,1,..., Xuk) be independent random vectors with the same dis-
tribution and finite second moments. Denote m = EXy and S, = X1+ --- + X,,. Then

(Sp —nm)/vn >Y

where Y is a centered normal distribution with the covariance matriz ¥ = E(X,X/) — mm’.

The notation is N(0,X). Note that this is inconsistent with the univariate notation N(u, o) which
for consistency with the multivariate case should be replaced by N(u,o?).

Proof. Without loss of generality we can assume m = 0. Let t € R¥. Then X, := t'X,, are
independent random variables with mean zero and variance 02 = t'Xt. By Theorem 11.2, we have

Sn/v/n 2 oZ.

If Y = (Y7,...,Y;) has multivariate normal distribution with covariance ¥, then t"Y is uni-
variate normal with variance 2. So we showed that t’S,,/\/n Dy ¢'Y for all t € RF. This ends the
proof by Theorem 12.7.

O

Example 12.3. Suppose &, n are i.i.d with mean zero variance one. Then (D) ke, > 5y (nk +
D
fk> — (Zl, Z1 + ZQ).

Indeed, random vectors X, = &k has covariance matrix ¥ = 1l and 4 has
& + Mk 1 2 Z+ Za

the same covariance matrix.

4.1. Application: Chi-Squared test for multinomial distribution. A multinomial experi-
ment has k outcomes with probabilities p1, . . ., pg. A multinomial random variable S,, = (S1(n),...,Sk(n))
lists observed counts per category in n repeats of the multinomial experiment.

The following result is behind the use of the chi-squared statistics in tests of consistency.

Theorem 12.17. Zj}:l W 2, Zi+--+ 22,

Proof. Lets prove this for £ = 3. Consider independent random vectors X, that take three values
1 0 0
Of , |1| and |0| with probabilities p1, p2,ps. Then S,, is the sum of n independent identically
0 0 1

distributed vectors X1, ..., X,.

n
Clearly, EXy = |p2|. To compute the covariance matrix, write X for Xj. For non-centered
p3
vectors, the covariance is F(XX') — E(X)E(X’). We have
1 0 0 pr 0 O

EXX')=p1 [0 x[1 0 0]+p2|1| x[0 1 0]+p3|0| x[0 0 1]=]0 py 0
0 0 1 0 0 ps3
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So
pi(l—p1)  —pip2 —Pp1p3
=EXX')-EX)EX')=| —pwp2  p2(l—p2)  —pop3
—Pp1ps3 —p2ps  p3(l—ps)
Then S,, is the sum of n independent vectors, and the central limit theorem implies that
b1
D
ﬁ Sn —n |p2 — X.
p3
In particular, by Proposition 12.1 we have
_ X?
R
bj

: ]:1
where (X1, X, X3) is multivariate normal with covariance matrix 3.

Note that since 2?21 Sj(n) = n, the gaussian distribution is degenerate: X; + Xo + X3 =0.

X?
It remains to show that Z§:1 T; has the same law as Z2 + Z2 i.e. that it is exponential. To
do so, we first note that the covariance of (Y1,Y,Ys,) := (X1/v/p1, X2/\/D2, X3/+/P3) 18

1=p1 —ypip2 —/P1D3 VD1
Sy = |—yPpz 1—p2 —yp2p3| =1—- |p2| % [VP1 Pz /D3
—/P1p3 —y/P2p3 1 —p3 /D3
VvP1 aq
Since vi = |4/p2| is a unit vector, we can complete it with two additional vectors vo = |as | and
\VP3 a3
B
v3 = [B2]| to form an orthonormal basis {v1, vy, v3} of R3. This can be done in many ways, for
B3
example by the Gram-Schmidt orthogonalization to v1, [100]’,[010]". However, the specific form of
va, vy does not enter the calculation - we only need to know that vo, v3 are orthonormal.

The point is that I = v1v] 4+ vavh + v3v} as these are orthogonal eigenvectors of I with A\ = 1.
(Or, because x = v VX + vavhvy + v3vix as v;.x = x - v; are the coefficients of expansion of x in
orthonormal basis {v1,va,v3} of R3.)

Therefore,

Yy = vovh + v3vy
We now notice that Yy is the covariance of the multivariate normal random variable Z = vyZ5 +
v3Zs3 where Zy, Z3 are independent real-valued N (0, 1). Indeed,

3 3
EZZ' = Y viViE(ZiZj) =)  viv]
1=2

i.j=2

Therefore, vector [Y1Y2Y3]" has the same distribution as Z, and Y + Y7 + Y3 has the same
distribution as
1Z]1* = V222 + v Zs||* = |voZol|* + v Zs||* = Z3 + Z3

(recall that vo and vs are orthogonal unit vectors).

Remark 12.18. It is clear that this proof generalizes to all k.
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We note that the distribution of Z +---+ Z? | is Gamma with parameters o = (k—1)/2 and
B = 2, which is known under the name of chi-squared distribution with k — 1 degrees of freedom.
To see that Z22 + Z§ is indeed chi-squared with two-degrees of freedom (i.e., exponential), we can
determine the cumulative distribution function by computing 1 — F'(u):

1 1 27
P(Z3+ 73 > u) = / e~ @20 dy = — / e 2rdrdh = e~ u/2
27 Jo2 4250 2w Jo r>\u

Required Exercises

Exercise 12.1. Suppose X, Y are independent univariate normal random variables. Use Definition
12.3 to verify that each of the following is bivariate normal: X = (X, X), X = (X,Y), X =
(X +eY, X —¢Y).
Exercise 12.2. Suppose that R?*-valued random variables (X,,Y,) are such that X, P, X and
Y, 50 (that is, limy, 00 P(||Yy|| > ¢€) = 0 for all € > 0).

Prove that X,, + Y, oox

Exercise 12.3. Suppose (X,,,Y,) are pairs of independent random variables and X, Dox , Y, o,
Y. Show that (X,,Y},,) 2, i where g is the product of the laws of X and Y.

Exercise 12.4. Let £1,&,... be ii.d. random variables such that E(¢;) = 0, E(¢2) = 1. For

i=1,2,..., define R%-valued random variables X; = [ ggi ] and let S, = > ; X;. Show that
it+1

b

vn

for a suitable 2 x 2 covariance matrix .

S, 2 N(0,%)

Exercise 12.5. Suppose &j,7;,7; are i.i.d. mean zero variance 1. Construct the following vectors:

& — 1y
Xj= (0=
v =&

Let S, = X1 + -+ + X,,. Show that 1(/S,,|? 2y, (In fact, Y has gamma density.)

Exercise 12.6. Use the characteristic function to verify that Remark 12.15 indeed gives two
representations of the same normal law.
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